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| ntroduction

-

Quantum harmonic oscillator interacting with thermal field.

Markovian master equation:

e Effect of environment on the oscillator.

e Used in guantum optics, guantum information, decoherence, etc.
Outline:

1. Non-hermitian eigenvalue problem-biorthogonal eigenbasis in space
coordinate, properties of solution.

2. Application to simple systems.
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System
Oscillator in thermal reservoir (h =c = 1)
H = wpa'a + >k wka,tak + A, Vi(aTay + aa,t)

Weak coupling, trace over the field

i2p(7) = Ch(7)

Collision operator C'=Cy+Cy

Free oscillator Non-hermitian
Cop = wplala, ] Cap = 5(b+ 3)(2apat — alap — pata)
+1(b—1)(2a'pa — aa’p — paal)

Dimensionless variables

uzyt, o = wo /7, r = v Muwoq, b= 5 +n=3coth (3wof) J
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Non-Hermitian eigenvalue problem

fExisting solution: T

e Classical system for anharmonic solids (Prigogine 1962).

¢ Initial value problem (Agarwal 1973), damping basis (Briegel et.al.
1993), finite level system Kraus operator (Nakazato et.al. 2006),
numerical solution with Gaussian ansatz.

Non-Hermitian eigenvalue problem in coordinate space.

Right eigenvector Left eigenvector Biorthonormality

Clfv) = 2ulfu) (9.1C = (gvl2 (Gulfv) = 0w
 CTgu) = 25|9.) 2 | fudlgv] =1

L‘I’ime evolution @) = e T f,){gv]p(0)) J

v
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Separ able coordinates

Bring the equation into separable form.

(1) Center coordinates

(2) Wigner representation

P (Q, P)
1 oe :
= \/—2_7T ) dr e_’Prp(Q,r)

(3) “Action-angle" variables

J=(P?+Q?%))/2b
tana = Q/P

o

b/ 0)\? 9
3 |\ os a—x) *f’”‘"’”]
G, G,
C=—iwy | P— — Q—
“"0( 50 Qap)
1/ 0 b [ 02 ?
= — P [ — 4+ ——
L <8QQ+8P )Hz <8Q2 8P2)
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Right eigenfunctions

Right eigenvalue problem

C’Ffén =zt Ft

mn-— mn

Right eigenfunction

Ffsn(j,a):Neimo‘j%Lﬁ,b(J_)e_J, m>n2>0
Eigenvalue
ST N A
z0-n = tnwg —i(m —n/2)
Equilibrium function
Feq = Foo(J, a) L T
= tool\J, ) = €
. 21h
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-

Introducing weight

Adjoint operator

Orthogonal

Complete

Lyapunov function

o

L eft eigenfunctions

Left eigenvalue problem CctGhr, = 2En gt

oe) 27 _ _
(A|BY)w = /0 dj/o dae’ A*(J,a)B(J,a), e’ ~ 1/Feq

Cl = —mo——z’( J

o, 8—8+8J+i8_2
oo oJ oJ OoJ 4J a2

= (GW):I: — Ffr:rlin

mn

o0 27 ,
/ dJ e’/ / daF F%, ) = 8mm Onn 0o
0 0

>3 Y FE U aFE, (I a) = e sla—ae( - 1)
m=0n=0 =+

@@= 3 (a0 O | £, (F | €7 [p(0) Y

m,n,

= 3 e CmITIE 10(0))wl? J

m,n,t
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Eigenfunctionsin position coordinates

- . N

Weighted scalar product (gw| fHw = / dPdQ P +Q)/2G (P, Q)F(P,Q)
. 1 >
Fourier transform f(Q,r) = N /_OO e'TTF(P,Q), gw(Q,7) ="--
Measure dPdQ e(P?+Q%)/2  _, 7
Un-weighted scalar product gl f) :/ dPdQ G(P,Q)F(P,Q)
- [ draQgm @@
Left eigenvalue problem CtGEr, = 255 GEx
0 o -0 -0 1 02
Adjoint operator Cl = —ivg— —i| —=J—=—J— -
Joint op "0 8a Z(eaJ 87 6J+4J8a2)

Left eigenfunction: Gf,m = ejF,,im # Fiin

Biorthonormal Eigenbasis of a Markovian Master Equation for the Quantum Brownian Motion — p. 8/19




Eigenfunctionsin space coordinates

Right eigenfunction

—Q?/2b—br2/2 m—n 2(p—v)+n—o
e 3 e () -
\/ﬁ pu=0 v= OUJOC <\/% 2V+U(\// T)

Left eigenfunction

)2(u—v)+n—o (2)2v+05 (\/b/_%)

or

s = 30 20 Y

u=0 vr=00=0

=S

Biorthonormal basis

| dQdrgf, = bu, S Q) (@) = 8(Q — Q)3(r — ')

Density functions are expanded in | f,))

() = 1fu){ge¥)

{(gv | as dual vectors serve as projector

o

goo = 6(r) projects out the probability component (diagonal component z = ).
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Symmetry of eigenfunctions

Eigenvalue independent of b
C )| fv (b)) = zv[fu (b))

Unitary operator

C(b') =UC®UT, £ (07)) = Ulfu (b))

Symmetry in Liouville space — symmetry in Hamiltonian H gives symmetry in Liouville

operator L = —i(H x 1 — 1 x H), not vice versa.
+ Q \? _ (V2br)?| [ Q \* V2br Q= (r+1)/2
fon~exp|—| —=) ———| | =) Hv ,
V'2b 4 V'2b 4 r=T—X
Hyperbolic rotation symmetry Rotation angle

! hé inh 6
x _ cos sin x | exp(—6) = T
T’ sinh® cosh#é T
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Wave packet

Wave packet

1 2 2 >
\I/ , - —Q /Qbi—bi’l" /2 — —T 1_ m m b
X = bi/by, b; = temperature of reservoir.

W a density function
e Diagonal component, probability x = x or r = 0.

e Off-diagonal component, quantum correlation, consider Q = 0.

Decoherence process: hotter environment, 0< xqa <1

Coherence process: cooler environment, Xe > 1

e Can be understood as decay of non-equilibrium modes.

o |
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Change in quantum coherence length

Measure of quantum correlation.

Quantum coherence length

I(T)
l = (AT)Q:O
1,
= /() =0 — (N3_g
0. 8
" [, v (0,r|0)dr |
(r")@=0 = T2 _ % (0,r[0)dr 0.6
0.4
Time evolution
1 1 2 3 4 5 T

I(7)

T Vbl (- De 7]
\/ ! Decoherence: x4 =0.1, b; =1, by = 10.

High temperature Coherence: Xe = 10, b; =10, by =1

bf—>kBT/w0, [ —0
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Time asymmetry process

‘ Decoherence: x4 = 0.01, b; = 0.5, by = 50 \

T = T=1 T=25 T =10

‘ Coherence: x4 = 100, b; = 50, by = 0.5 \
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Estimate time scale

Find functional dependence of time
scales that qualitatively described the
processes.

Total change in {

Al = |I(c0) — 1(0))
= distance between solid line

Time to reach
I(t;) = 1(0) £ 2 Al
= 5[1(0) + I(o0)]

Estimate

7, =In|l — x| —In|l —

0<xg<1<xec

4x
(1+v/%)?

I(T)
1 o

0. 8;

0. 6;

0.4

Ti(x)
1.5

0.5

6 X

1, by=5.
5 by=1.
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Td ~ 0.26, Xd — 0.2, bi
Te =~ 148, xc = 5, b;



High and low temperature limit

Estimate

Tj:1n|1—x|—ln‘1—(1f#, 0<xa<l1l<xe
Low T limit

e ~ In(xc), Xe > 1

e Consistentwith W ~ 3" [e”7(1 — x)]™ fmo(by)
High T limit

wo 1
vkgT (Ar)

2
Q=0
e Using the fact

(AT)%:O = 1/b7;, bf ~ kBT/wO and Xd = bi/bf
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Disappear ance of interference pattern

Disappearance of off-diagonal component as decay of non-equilibrium modes.

Example: 4th excited state of simple harmonic oscillator & = |4) (4|

®(1) = foo(3) — 8e™" fio(3) +24e727 fog(3) — 32e737 f30(2) + 16e 747 f40(3)

T =0.02
O(7)
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Summary

-

Solve the non-hermitian eigenvalue problem of the collision operator for a
guantum Brownian particle.

Obtain biorthogonal basis. In coordinate space, the left eigenfunctions are
represented by distribution.

The solution exhibits hyperbolic rotation symmetry with respect to
temperature.

Time evolution of quantum processes can be analysed in terms of the
decay of non-equilibrium modes.
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Some expressions

Caldeira-Leggett equation Cy(Q,r) = —iwg ( Qai) 5 (aPP + b 31322)

Hu-Paz-Zhang equation C\;; (Q, r) = —iwyj (P 50 Q aP) % (apP + bap? + daPaQ)

(m —n)!
27b(m!)3
:I:,uua (:tl)n—i—o' (_1)M+V (m — n)' m v n
Cmn in221/—|—alu! n+ " y o
d;l:n;?éua _ \/2/b 2v4+o0—1 ;I:n,%ua
m—n ml m
L) = Y (—ppn g, m>n
K \n—+u

Some authors define associated Laguerre polynomials L;;} differently. They are related to
Ly by L = (—=1)"L"™ .
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A few examplesof f£ (Q,r,b)

N N

A few examples of fﬁm(Q, r, b) and their decay rate I'gecay = m — n/2, with

CNQZQ/\/%, 7 =/2br.

fﬂim Expansion in polynomials Decay rate
fiolfoo & —Q%+ 472 1

fii/foo  —il+Q + 37 0.5
fao/fdh  LI3+4Q* —4Q2(3 + 37%) + 72 (1 + 17?)] 2

355 551F20° — Q¥ £ Q3+ 372) + $7(1 + §72)] 15
faslfoo o5 (1 —2Q% F2Q7 — §72) 1

fio/foo 25115 —8Q° +12Q1(5 + 72) 3

—6Q2(15 + 372 + 174 + 172(9 + 272 + 17
fio/fe  5hp[105 +16Q% — 32Q5(7 + 372) + 24Q*(35 + 572 + 17) 4

—8Q2(105+ 472 + §7 + 17%) 272 (15 + §7° + 47 + £7°)
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