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e Supermanifold (Superfield )

e P-structure (Antibracket (x,x*))
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e Supermanifold (Superfield)

o T'X: a tangent bundle

Def 117X = T[1]X: A supermanifold is a tangent bundle with
reversed parity of the fiber. fiber DO OO O0OOOOOOOOMO
HRERE

- local coordinates
{o#} on X, where p =1,2,---,n
{60*} on T, X, fermionic supercoordinate

Def: form degree dego =0 and degf =1

We extend a smoothmap ¢ : X — M toamap o : IITX — M.
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A function on IIT'X is called a superfield.

¢ = O 4+ gl ¢ Lomguagl ) 4 Lgur . gungln)

o T*M: a cotangent bundle

Def T*[1|M: A graded cotangent bundle is a cotangent bundle
with the degree of the fiber 1.

¢ = Ay € Map(IITX, M).
B el'(IITX ® ¢™(T*[1]M)):

Def: total degree: |¢p| =0 and |B| =1
Def: ghost number: ghF' = |F| — degF’, where F' is a superfield.
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e P-structure

A=Map(IITX — T*[1]M) OO O O
Def: Hom(>.,  A®* A) 000000

o 0
5= <a¢’aB>

0 A2=00000000 odd Laplace operator 0 0 OO

O00000F,Ge Hom(Y,, A%, A 0000

(F,G) = A(FG) — A(F)G — (-1)FDFA(G)
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[0 BV bracket (antibracket) D 00000000
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(F,GH) = (F,G)H + (-1)IFI=VI¢q(F m),
(FG,H) = F(G, H) + (-1)/CIUH=Y(p MG,
(

—1)WFI=DUHI=Y(F (G, H)) + cyclic permutations = 0,

0000 Gerstenhaber bracket
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e (Q-structure
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A(er®) =0
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S=5+51+5+---,
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0(x)=(0,x) 00000006 0000000000
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[1: the Poisson sigma model

M : Poisson [ I [
local coordinate ¢* O OO M O

OF OG
9t DI’

P(F,G) = P(¢)

JO0O0D0PO Jacobi identity 00O D000 Poisson 000000
TM ODOOO0O00 A*(TM) O

o0 0
P = P@J(qﬁ)%i A 950 c A*(TM),
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0000 Poisson OO0 P(dF,dG) 00O 0O0ODO OO Jacobi identity
HRN

[PvP]:Oa

O00O00D0good [, -] O Schouten-Nijenhuis OO0 0 OO O
O006(x) = [P,*] O 62 =00 coboundary 0 OO OOO0OO
[J O Schouten-Nijenhuis O O O O induce O O O P-structure O BV
bracket [ [ [0 Topological Field Theory OO O OO OOOO OO O

supermanifold 0 Map(II7 X, T*[1]M) O 0O O O Action O O

S =S+ 8 = / (B, do) + %P(B,B),

IIrx
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(5,8) =0« |P,P] =0,
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36



§6. 000

0000000000000000Z= [, D® et 0 exact OO
J000(000000000)0000000

00000, 0 observable 1 DO OAIDI OO OO OO

Z W Zy(Or - O,)

Juoogtddoogtddoogudood

D"I@

AL, /DCID Oq--

37



[ 1: Gromov-Witten U [

Poisson sigma model 1 U X: Riemann O O M: Kahler OO 0O U 0
O000000 PO nondegenerate 0000 O0OP ! =w O Kahler
Jo0oooodododdorginalldld A model OO OO

000 &° 0 Zy(Or---0,) O de Rham cohomology 0 O O O

00000 A >10 Z,(O0;---0,) O Gromov-Witten invariant
HREREEN

00 X=8'000000 elliptic genus 0000
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[1 2: Poisson sigma model U [ X: Riemann U 0O M: Poisson [ [
JO000O0POOUDOMN nondegenarate U OO OO0 OOOUO "A
model” 0O 0O OO

000 &’ 0 Z(O;---0,) O Lichnerowicz-Poisson cohomology [
0o
OF = |P, F]

000 A*>10 Z(0,---0,) O unkown
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[1 3: Poisson sigma model 0O X =discld M: Poisson [ L 0 [
0o

HRERNREEN
2(01+-0,) = [ D2 O+ 0,k thzk L 0,)
L

[ Poisson DO OOOOOOOOOONOOO
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JO0O00000: B model

X: Rmann OOM: DOOD0ODOOOOO0OO hODZO((’)l---OT.)
[1 Darboux cohomology [1 [0 [ topological field theory O 00 [ U
000 B-model DO OOO0OO Kodaira-Spencer D O OO OO0
000 A*>10Z,(0,---0,) 0000

e Supermanifold Map (IIT' X, T™(1]T[1| M)

J :TM — TM, complex structure

¢ € Map(IITS, M), A; € T(IT*S @ ¢*(T[1]M))

B, c T(IIT*Y ® ¢*(T*[1]1M)), By € T(IITY @ ¢*(T*[0|M))
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e P-structure

N_[O 9N\ [ B
B 8¢7(9.Bl 8A1’8Bo

e Q-structure (BV action 5)

. . . . 0T .
Sp = B, d¢' — Bg;dA] + J'j(¢)B1; A + ]?(Cb)BOiA{AIf?
7S o’
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§7. Poisson sigma model on disc

Def: 0 0 00O O (deformation quantization)

(M,P) 0 Poisson 000000D0C®(M)00D0O000O0O0DOO
00 C>(M)[[r] D000O
Co(M)[[r]0DOD0DO0OD0D0O0ODO x00000000000CO

) F,GeC®M)[R)]0000F+«G=Y, hB(F,G) 0000
[1 0 By, O bidifferential operator [ [
Bo(F,G) = FG, B1(F,G) = {F,G}O
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i) F,G,HcC<M)|h| 0000000
(FxG)xH=F=x(G+*H)

ooy

i) 0000 F =Y A*Dy(F)000000000000000
D, 000000

OOsymplectic DO OO OOOOOOOOOOOOOOOMO

000 Poisson UOOUOUOOOOOOOOO0OOOOOOAO
Poisson sigma model D O OO OOOO Poisson U OOOOOOMO
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the Poisson sigma model

S=So+Si= [ (B.dg)+;P(B.B),

IIrx

[1 U path integeral
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1. 00 Sy 0000disc 00 Green 00O d,Z(¢p(2), B(w) = (2 —
w)) O gauge invariant [0 boundary condition [0 O [ propagator

Z(¢,B) = %(dz +dy)G(z,w)

000000000G(z,w) = 4 In E=E=)

2. 00 6, 000000000 propagator 1000000000
0000000 (Feynmandiagram)0k 0000000000k O
000000 Bry(F,G) 00000 weight

L ( (i)
k! ((27-(-)2k> /A?—ldG(ui,uvl(J‘)) /\dG(uj7uv2(j))
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000 (wiy Uy (g))s (Wi tyyy) 000000 propagater 00 00
(j =1,---, k)

cf. Operad

3. tadpole OO 0O 0O O [
tadpole D0 O OO0OO00OO0OO2.000000000000
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4. Z(O1---0,) 0 r>30000 moduli OO OOODODOOOO
moduli space 0O OO OO OOO OO
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§8. UL U OODOOO

Topological Field Theory [ [

[1: Nonalbelian BF OO [
X =R?’orRiemann 0, X 00O Lied G O fiber OO0 fiber

bundle D OO 0OOg = Lie G
¢o: X UO g 0O adjoint DU O B: M O connection
d: X O0OOOO, <,>: g0 killing form, FF=dA+ [A, A]

Action

S:/X<B,d¢>+<q5,[B,B]>:/X<gb,F>
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[1: Chern-Simon O [
X: OOO, X OO Lie G O fiber OO0 fiber bundle 0O O [

00O A: connectiond: X O0O0OOO
<,>: g O killing form

Action

1
S:/ <A,dA>+§<A,[A,A] >,
X
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0 O0O000 topoligeal field theory O 0 O [

0:00000 dmX =200000dmX >3 0000000
Jogoboboboboboboodd

JOdimX =2 000 string theory, dim X > 3 U [0 membrane
theory
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A model OO0 U :

dim X = 2 Lie algebroid, (symplectic, Poisson)
dim X = 3 Courant algebroid

dim X =n (?)

B model U 0O [ :
dim X = 2 complex structure

dim X = 3 generalized complex structure
dim X =n (?)

Def: Lie algebroid
A Lie algebroid over a manifold M is a vector bundle & — M with
a Lie algebra structure on the space of the sections I'(£) defined by
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the bracket |e1,es], e1,es € I'(€) and a bundle map (the anchor)
p: & — T M satisfying the following properties:

1, Forany ejex€l'(E), [p(e1),p(e2)] = p(le1,ez]),
2, For any ej,eq €'(€), F e C®(M),
le1, Fea] = Fley, ea] + (pler) ez,

e Poisson sigma model 0 & =T*M 00O Lie algebroid O 0O 0O
HEERN
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Def: Courant algebroid
A Courant algebroid is a vector bundle £& — M and has a

nondegenerate symmetric bilinear form (-, -) on the bundle, a bilinear
operation o on I'(€)(the space of sections on £), an a bundle map
p: & — T M satisfying the following properties:

, e10(exoez) = (e10e)oez+ez0(e10e3),

1

2, /0(61 © 62) — [p(el)v IO(62)]7

3, ei1oFey=F(eioes)+ (ple))F)es,
1

4, ejoey = §D<61 ,€2),
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5, pler)(ea,e3) = (e10ea,e3) + (e2,e1 0e€3),

where €e1,e5 and e3 are sections of £, F' is a function on M.

D is a map from functions on M to I'(£) and is defined as
(DF',e) = p(e)F.

[] [ gerbe
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dimX =3000000

e Supermanifold
E: a vector bundle on M OO0OOFE O fiber metric O (-,-) O

000
T*[2]E[1] 00000

HRERERE

T*p|M: A graded cotangent bundle is a cotangent bundle with the
sum of the degree of the base and the fiber p.

E|p]: a vector bundle with the degree of the fiber p

0000 Map(ITX — T*2]E[1]) 00000
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O0000T*2]E[1] O local coordinate 0 0 0 0O

{¢p" = Ao'}: a map from IITX to M, where i =1,2,---,d.
{B,;}: a superfield on IIT X, which take a value on ¢*(T*[2] M)
A1“: a total degree 1 superfield on IIT'X, which take a value on

¢"(E[1])

fiber metric k

e P-structure odd Laplace operator

o 0 0 a0

A= _
06'0Bs; 0A1% AP
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e (Q-structure
The Courant sigma model

S:SO+S17

. ka
Sy = / — By ;dep" + bAladAlb] ,
117X L

2

- .
S1 = / f1a" () A1“Ba; + 6f2abc(¢)A1aAlelc] :
nrx L

(5,5) = 0 < two f's are structure functions of a Courant
algebroid.
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§9. Summary and Outlook

e Topological Field Theory 1O 0 0 O [

1: Gromov-Witten O O (A model)

Kahler 0O O OO0O0OO invariant (Gromov-Witten invariant) 0 [
[]

2: Mirror U 10 [

A model < B model

3: superstring [J superpotential 1 [0 0 [

4. Poisson U OO OOO0OOOOO

5000000 3D Chern-Simon theory
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6: Donaldson invariant 4D topological Yang-Mills theory

7. A model U 0:

dim X = 2 Lie algebroid, (symplectic, Poisson) groupoid
dim X = 3 Courant algebroid, gerbe

dim X =n (?)

B model 00 I :

dim X = 2 complex structure

dim X = 3 generalized complex structure
dim X =n (?)
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