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Non‐perturba/ve vacuum  
in bosonic open string field theory

•  Schnabl’s solu/on

Ψ

−
1

2π2g2

(1) Ac/on: D‐brane tension 

Gauge invariants 

(2) Gauge invariant overlap: 

[Schnabl(2005),Okawa,Fuchs‐Kroyter(2006)]

[Ellwood, Kawano‐Kishimoto‐Takahashi(2008)]

ΨSch

ΨSch

OV (ΨSch)/V26 =
1
2π

S[ΨSch]/V26 =
1

2π2g2

−S[Ψ]/V26



Bosonic cubic open string field theory

Equation of motion:

Gauge transformation:

Action:

δΛS[Ψ] = 0→

Here, we restrict string fields to twist even sector in the universal space:

Ψ =( t1 + t2b−1c−1 + t3L(m)
−2 + · · · )c1|0〉 + (u1b−2 + · · · )c0c1|0〉

S[Ψ] = −
1
g2

(
1
2

〈Ψ, QBΨ〉 +
1
3

〈Ψ, Ψ ∗ Ψ〉
)

QB =
∮

dz

2πi

(
cT (m) + bc∂c

)

QBΨ +Ψ ∗ Ψ =0

δΛΨ = QBΛ + Ψ∗Λ − Λ∗Ψ



Wiben type interac/on

h(z) =
1 + iz

1 − iz

A

B

〈φi, φj〉 = δj
i

φi :basis of worldsheet fields

f(r)(z) = h−1(e(1−r) 2π
3 ih(z)

2
3 )

|A ∗ B〉 =
∑

i

|φi〉〈f(1)[φi]f(2)[A]f(3)[B]〉UHP



3 string vertex

M

M

M

M

h ◦ f(3)

h ◦ f(2)

h ◦ f(1)



Gauge invariant overlap

Gauge invariant for on-shell closed string state 

〈I|

V (i)

6 数値解のBRST不変性について
OV (Ψ) = 〈I|V (i)|Ψ〉 = 〈γ̂(1c, 2)|ΦV 〉1c|Ψ〉2
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:maber primary with (1,1)‐dim.  

|ΦV 〉 = c1c̄1|Vm〉

δΛOV (Ψ) = 0

Vm

OV (Ψ ∗ Λ) = OV (Λ ∗ Ψ)

In par/cular, it vanishes for pure gauge solu/ons: 

OV (QBΛ) = 0

OV (e−ΛQBeΛ) = 0



Shapiro‐Thorn’s vertex
〈γ̂(1c, 2)|φc〉1c |ψ〉2 = 〈h1[φc(0)]h2[ψ(0)]〉UHP

O

i
h

M
i

h

h1(w) = −i
w − 1
w + 1

h2(w) = I ◦ hI(w) =
1
2

(
w −

1
w

)

〈I|φ〉 = 〈hI [φ(0)]〉UHPiden/ty state:

closed string open string



Gauge invariant overlap for  
Schnabl’s analy/c solu/on

•  Schnabl’s solu/on for tachyon condensa/on 
ΨSch =

∂r

e∂r − 1
ψr|r=0 =

∞∑

n=0

Bn

n!
∂n

r ψr|r=0

= lim
N→+∞

(
ψN+1 −

N∑

n=0

∂rψr|r=n

)

ψr ≡
2
π

U†
r+2Ur+2

[
−

1
π

(B0 + B†
0)c̃(

πr

4
)c̃(−

πr

4
) +

1
2
(c̃(−

πr

4
) + c̃(

πr

4
))

]
|0〉

OV (ψr) :independent ofr

Ur ≡ (2/r)L0

[Ellwood, Kawano‐Kishimoto‐Takahashi (2008)]

OV (ΨSch) = OV (ψ0) = lim
N→∞

OV (ψN+1)



Analy/c computa/on of gauge invariant 
overlap for Schnabl’s solu/on (1) 

•  Note:

〈γ̂(1c, 2)|
(
(L(2)

n − (−1)nL(2)
−n − (−1)

n
2

n

4
c δn:even

)

= 〈γ̂(1c, 2)|(−2in)
∑

m≥0

(−1)m(ηn
2m+1 − ηn

2m−1)(L
(1)
m + (−1)nL̄(1)

m )

〈γ̂(1c, 2)|(b(2)
n − (−1)nb(2)

−n)

= 〈γ̂(1c, 2)|(−2in)
∑

m≥0

(−1)m(ηn
2m+1 − ηn

2m−1)(b
(1)
m + (−1)nb̄(1)

m )

〈γ̂(1c, 2)|(c(2)
m + (−1)mc(2)

−m)

= 〈γ̂(1c, 2)|
−im

4

∑

n≥1

(−1)n(η2n
m+1 − η2n

m−1 + δm,1)(c(1)
n + (−1)mc̄(1)

n )

does not contribute to the gauge invariant overlap.

ψr =
2
π

c1|0〉 + O(L0 − L†
0, B0 − B†

0, cn + (−1)nc−n)

ψ0



(
1 + x

1− x

)k

=
∞∑

n=0

ηk
nxn

[I.K.(2008)]



Analy/c computa/on of gauge invariant 
overlap for Schnabl’s solu/on (2) 

•  Rela/on to the boundary state

〈γ̂(1c, 2)|ψ0〉2P1c =
1
2π

〈B|c−
0

generaliza/on

[Kawano‐I.K.‐Takahashi(2008)]

[Kiermaier‐Okawa‐Zwiebach(2008)]

|B∗(ΨSch)〉 ≡ e
π2

s (L0+L̄0)

∮

s
Pe−

R s
0 dt[LR(t)+{BR(t),ΨSch}]

= |B〉 +
∞∑

k=1

|B(k)
∗ (ΨSch)〉

= 0



Analy/c computa/on of gauge inv. 
overlap for Schnabl’s solu/on (3) 

〈B| = 〈0|c−1c̄−1c+
0 exp

(
−

∞∑

n=1

(
1
n

αn · ᾱn + cnb̄n + c̄nbn

))

For the Schnabl solu/on with a parameter                                :λ

Ψλ =
λ∂r

λe∂r − 1
ψr|r=0 =

∞∑

n=1

fn(λ)
n!

∂n
r ψr|r=0 = −

∞∑

n=0

λn+1∂rψr|r=n

OV (Ψλ) = 0

(λ != 1)

OV (ΨSch) = OV (ψ0) = 〈γ̂(1c, 2)|ΦV 〉1c |ψ0〉2

=
1
2π

〈B|c−
0 |ΦV 〉



Gauge invariants for Schnabl’s solu/on

S[Ψλ] =
{

1/(2π2g2) (λ = 1)
0 (|λ| < 1)

[Schnabl(2005),Okawa,Fuchs‐Kroyter(2006)]

Our result:

is consistent with

OV (Ψλ) =
{

1/(2π)〈B|c−
0 |ΦV 〉 (λ = 1)

0 (|λ| < 1)

(Ψλ=1 ≡ ΨSch)

: pure gauge solu/on

: nontrivial solu/onΨSch

Ψλ|λ| < 1

λ = 1



Erler‐Schnabl’s solu/on

ΨES =
2
π

1
√

1 + π
2
KL

1

I ∗ Û1c1|0〉 ∗
(
1 +

π

2
KL

1

)
BL

1 Û1c1|0〉 ∗
1

√
1 + π

2
KL

1

I

=
2
π

∫ ∞

0
dt

∫ ∞

0
ds

e−t−s

π
√

ts
|t + 1〉 ∗ Û1c1|0〉

(
1 +

π

2
KL

1

)
BL

1 Û1c1|0〉 ∗ |s + 1〉

=
∫ ∞

0
dt

∫ ∞

0
ds

e−t−s

π
√

ts
Ût+s+1

(
2
π

c̃

(
π

4
(s − t)

)
+

1
π

QBB̂c̃

(
π

4
(s − t)

))
|0〉

A simple solu/on (“phantomless” solu/on)

Note: 1
√

1 − K
=

∫ ∞

0
dt

e−(1−K)t

√
π

√
t

[Erler‐Schnabl (2009)]



Evalua/on of gauge invariant overlap 
for Erler‐Schnabl’s solu/on

•  Using some rela/ons: 

we can compute the gauge invariant overlap as follows:

∫ ∞

0
dt

∫ ∞

0
ds

e−t−s

π
√

ts
(t + s) = 1

Ûr+1 = r(L0−L†
0)/2r−L0 , c̃(x) = exK1 c̃(0)e−xK1

OV (ΨES) = 〈γ̂(1c, 2)|ΦV 〉1c |ΨES〉2 = 〈γ̂(1c, 2)|ΦV 〉1c

2
π

c1|0〉

=
1
2π

〈B|c−
0 |ΦV 〉



Evalua/on of the ac/on for  
Erler‐Schnabl’s solu/on (1)

ΨES ∗ ΨES ∗ ΨES = −
4
π2

∫ ∞

0
dt

∫ ∞

0
ds′ e

−t−s′

π
√

ts

∫ ∞

0
dxe−xÛt+s′+x+1

c̃

(
π

4
(s′ − t + x)

)
c̃∂̃c̃

(
π

4
(s′ − t − x)

)
|0〉

+QB(· · · )

〈I|Ûr+1 = 〈0|Ur, 〈0|c̃(x)c̃∂̃c̃(y)|0〉 = − sin2(x − y)

Note:

〈I|QB = 0

S[ΨES] =
1

6g2
〈ΨES, ΨES ∗ ΨES〉 =

1
6g2

〈I|ΨES ∗ ΨES ∗ ΨES〉



Evalua/on of the ac/on for  
Erler‐Schnabl’s solu/on (2)

〈ΨES, ΨES ∗ ΨES〉 = −
4
π2

∫ ∞

0
dt

∫ ∞

0
ds′ e

−t−s′

π
√

ts

∫ ∞

0
dx

e−x〈0|Ut+s′+xc̃

(
π

4
(s′ − t + x)

)
c̃∂̃c̃

(
π

4
(s′ − t − x)

)
|0〉

= −
4
π2

∫ ∞

0
dt

∫ ∞

0
ds′ e

−t−s′

π
√

ts

∫ ∞

0
dx

d

dx
e−x

(
t + s′ + x

2

)2

〈0|c̃
(

π

2
x

t + s′ + x

)
c̃∂̃c̃

(
π

2
−x

t + s′ + x

)
|0〉

= −
1
π2

∫ ∞

0
dx

∫ ∞

0
dye−x−y(x + y)2

(
− sin2 πx

x + y

)

=
1
π2

∫ ∞

0
dre−rr3

∫ 1

0
du sin2 πu =

3
π2

S[ΨES] =
1

2π2g2



Numerical solu/on by level trunca/on 

•  Numerical solu/on in the Siegel gauge：  b0|ΨN〉 = 0
[…,Sen‐Zwiebach (1999),…]

[Gaiobo‐Rastelli (2002)]

[Kawano‐Kishimoto‐Takahashi (2008)] 
and the latest result

Evidence of gauge equivalence:

S[ΨN]/S[ΨSch]

ΨN ∼ ΨSch

OV (ΨN)/OV (ΨSch)(1) (2)

(L,2L)‐trunca-on

(2,4) 0.9485534

(4,8) 0.9864034

(6,12) 0.9947727

(8,16) 0.9977795

(10,20) 0.9991161

(12,24) 0.9997907

(14,28) 1.0001580

(16,32) 1.0003678

(18,36) 1.00049

(L,3L)‐trunca-on

(2,6) 0.9593766

(4,12) 0.9878218

(6,18) 0.9951771

(8,24) 0.9979302

(10,30) 0.9991825

(12,36) 0.9998223

(14,42) 1.0001737

(16,48) 1.0003754

(18,54) 1.0004937

(L,2L)‐trunca-on

(2,4) 0.8783238

(4,8) 0.9294792

(6,12) 0.9501746

(8,16) 0.9606165

(10,20) 0.9677900

(12,24) 0.9723211

(14,28) 0.9760046

(16,32) 0.9785442

(L,3L)‐trunca-on 

(2,6) 0.8898618

(4,12) 0.9319524

(6,18) 0.9510789

(8,24) 0.9611748

(10,30) 0.9681148

(12,36) 0.9725595

(14,42) 0.9761715

(16,48) 0.9786768



On filng of the value of the ac/on
•  an extrapola/on for the value of the ac#on:

[Gaiobo‐Rastelli (2002)]
FN(L) =

N∑

n=0

an

(L + 1)n

(L = 0, 2, 4, 6, 8, 10, 12, 14, 16; N = 9)data for (L,3L)‐trunca/on

F9(∞) = 1.00003

10 20 30 40 50

0.997

0.998

0.999

1.000

1.001

1.002

1.003

L

S[ΨN]/S[ΨSch]



Extrapola/on of the gauge invariant overlap?
If we use the same fit func/on in the same way as the ac/on naively, we have

10 20 30 40 50

0.85

0.90

0.95

1.00

1.05

1.10

F9(∞) = 0.442107

The filng does not work well. 

However, if we take a fit func/on: 

10 20 30 40 50

0.94

0.95

0.96

0.97

0.98

0.99

Fexp(∞) = 0.99954

Fexp(L) = a0 exp
(

−
a1

L + 1
−

a2

(L + 1)2

)

A good filng func/on (!?)

L

L

using data for (L,3L)‐trunca/on
(L = 0, 2, 4, 6, 8, 10, 12, 14, 16)

OV (ΨN)/OV (ΨSch)



Numerical solu/ons in Asano‐Kato’s a‐gauges

•  Asano‐Kato’s a‐gauge (b0M + a b0c0Q̃)|Ψa〉 = 0

a = ∞
a = 4.0
a = 0.5
a = −2.0

(6,18)‐truca/on

 0.9609438 
 0.9244886 
1.0045858 
 0.9798943

(?)
higher level?

...
...

S[Ψa]/S[ΨSch]

OV (Ψa)/OV (ΨSch)

a = 0 b0|Ψ0〉 = 0

b0c0Q̃|Ψ∞〉 = 0a = ∞
⇒ Siegel gauge:

⇒ Landau gauge:

For a‐gauge solu/on,(1)

(2)

[Asano‐Kato(2006)]

[I.K.‐Takahashi, 0902.0445]

QB = Q̃ + c0L0 + b0M



Gauge invariants for AK’s a‐gauge solu/ons 
 ((L,3L)‐trunca/on)

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! """"""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""
""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""#######################################################################################################################################

#########################################################################################################$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$
$$

$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&'''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''

'

''((

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

S[Ψa]/S[ΨSch]

OV (Ψa)/OV (ΨSch)
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!

!
!
!
!
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""""""
""""

" "

"

"
"
"""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""

#############################################################################################################################
##########

#
#
####################################################################################################

$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$
$$$$$$$$$$$$$$$$$

$$$$
$

$

$

$

$$
$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%

%

%%%%%%%%%%%%% %
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&
&&&&&&&&&&&&&&&&&&&&&&&&&&&&&

&&

&

&&& &&&&&&&&&&&&&&&&&&&&&

&&

&&&&&&&&&&&&&
'''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''

'
'

((

0.88 0.90 0.92 0.94 0.96 0.98 1.00 1.02
0.88

0.90

0.92

0.94

0.96

0.98

1.00

S[Ψa]/S[ΨSch]

OV (Ψa)/OV (ΨSch)

Gauge invariants for AK’s a‐gauge solu/ons 
 ((L,3L)‐trunca/on)



Summary (1)
•  We have evaluated gauge invariants (ac/on 
and gauge invariant overlap) for numerical 
solu/ons in AK’s a‐gauges by level trunca/on 

•  Our numerical results suggest: 

•  It is consistent with the gauge equivalence: 

L → +∞ S[Ψa,L]|L → S[ΨSch] = S[ΨES]
OV (Ψa,L) → OV (ΨSch) = OV (ΨES)

Ψa ∼ ΨSch ∼ ΨES



Takahashi‐Tanimoto’s solu/on

•  “Iden/ty based solu/on”
Ψ0 = QL(eh − 1)I − CL((∂h)2eh)I
QL(f) ≡

∫

Cleft

dz

2πi
f(z)jB(z) CL(f) ≡

∫

Cleft

dz

2πi
f(z)c(z)

In the following, we take

h(z) = log

(
1 +

a

2

(
z +

1
z

)2
)

= − log(1 − Z(a))2 −
∞∑

n=1

(−1)n

n
Z(a)n(z2n + z−2n)

Z(a) = (1 + a −
√

1 + 2a)/a a ≥ −1/2

[Takahashi‐Tanimoto (2002)]

h(−1/z) = h(z), h(±i) = 0



Half‐integra/on and iden/ty state
(zz′ = −1, |z| = 1, Re z ≤ 0)

primary field (dim h)

(ΣR(F )A) ∗ B = −(−1)|σ||A|A ∗ (ΣL(F )B)

ΣL(R)(F ) =
∫

Cleft(right)

dz

2πi
F (z) σ(z)

F (−1/z) = (z2)1−hF (z)

ΣL(F )I = −ΣR(F )I

I ∗ A = A ∗ I = A : iden/ty element with respect to the star product

Cleft Cright

z z

1 1−1 −1

ii

−i−i

(σ(z)A) ∗ B = (−1)|σ||A| ∗ (z′2hσ(z′)B)



Wedge state

M

M h(z) =
1 + iz

1 − iz
M

h(z)
2
r

|r〉 = bpz(〈r|) : wedge state

φ

φ

φ

•
•

•2π

r

r ! 1

〈r|φ〉 = 〈fr[φ(0)]〉UHP

fr(z) = h−1(h(z)
2
r )



Iden/ty state

M

M

φ
•

•
h(z)2

hI(z) = h−1(h(z)2) =
2z

1 − z2

φ

〈I|φ〉 = 〈hI [φ(0)]〉UHP

|I〉 = |r = 1〉 = 2L†
0 |0〉

= · · · e− 1

2k−1 L−2k · · · e− 1
8L−16e− 1

4L−8e− 1
2L−4eL−2 |0〉

L†
0 = L0 +

∞∑

k=1

2(−1)k+1

4k2 − 1
L−2k



On the TT solu/on

•  Formal pure gauge form:
Ψ0 = exp(qL(h)I)QB exp(−qL(h)I)

exp(±qL(h)I) = exp(±qL(h))I
Gauge parameter string field:

exp(±qL(h)) : ill‐defined for  a = −1/2

qL(f) ≡
∫

Cleft

dz

2πi
f(z) :cb : (z) Non‐trivial solu/on (?)



On the TT solu/on (1)

It is difficult to compute                                      directly, 
because                             is divergent.          

S[Ψ0], OV (Ψ0)

〈I|(· · · )|I〉

Iden/ty based  solu/ons may be “singular.”

Alterna/vely, we inves/gate string field theories around         .Ψ0



SFT around the TT solu/on
•  Expansion around the TT solu/on:

Sa[Φ] = S[Ψ0 + Φ] − S[Ψ0]

= −
1
g2

[
1
2

〈Φ, Q′Φ〉 +
1
3

〈Φ, Φ ∗ Φ〉
]

Q′ = (1 + a)QB +
a

2
(Q2 + Q−2) + 4aZ(a)c0 − 2aZ(a)2(c2 + c−2)

−2a(1 − Z(a)2)
∞∑

n=2

(−1)nZ(a)n−1(c2n + c−2n)

jB(z) = cT m(z)+:bc∂c :+
3
2

∂2c(z) =
∞∑

n=−∞

Qnz−n−1

(Q′)2 = 0

δΛΦ = Q′Λ + Φ ∗ Λ − Λ ∗ Φ δΛSa[Φ] = 0

δΛOV (Φ) = 0



On the new BRST operator

•  cohomology of Q′

a > −1/2

[I.K.‐Takahashi (2002)]

the same as the original QB

a = −1/2 no cohomology at ghost number 1 sector

Ψ0 : pure gauge

Ψ0 : tachyon vacuum (!?)

no open string

Note: vanishing cohomology around Schnabl’s solu/on          [Ellwood‐Schnabl (2006)]



Numerical solu/on in SFT 
around the TT solu/on (1)

•  We solve the EOM: 

in the Siegel gauge  
by level trunca/on with the itera/ve algorithm: 

Q′Φ + Φ ∗ Φ = 0

c0b0(c0L(a)Φ(n+1) + Φ(n) ∗ Φ(n+1) + Φ(n+1) ∗ Φ(n) − Φ(n) ∗ Φ(n)) = 0

L(a) = {b0, Q′}

= (1 + a)L0 +
a

2
(L2 + L−2) + a(q2 − q−2) + 4(1 + a −

√
1 + 2a)

b0Φ = 0

Φ(n) !→ Φ(n+1)Using the above we can define

L 0 2 4 6 8 10 12 14 16 18
dim. 1 3 9 26 69 171 402 898 1925 3985

dimension of the truncated space in the Siegel‐gauge:

[cf. Gaiobo‐Rastelli(2002)]



Numerical solu/on in SFT 
around the TT solu/on (2)

c0b0(Q′Φ(∞) + Φ(∞) ∗ Φ(∞)) = 0If the itera/on converges

We also check the “BRST invariance”:

‖b0c0(Q′Φ(∞) + Φ(∞) ∗ Φ(∞))‖/‖Φ(∞)‖ # 1

We evaluate the gauge invariants: 
(1) poten/al height: 

(2) gauge invariant overlap:

fa(Φ) = 2π2

(
1
2

〈Φ, c0L(a)Φ〉 +
1
3

〈Φ, Φ ∗ Φ〉
)

OV (Φ) = 2π〈γ̂(1c, 2)|ΦV 〉1c |Φ〉2

Projected part of the equa#on of mo#on

[cf. Hata‐Shinohara (2000)]



Construc/on of stable vacuum solu/on

•  The ini/al configura/on for 

•  The ini/al configura/on for 

•  The ini/al configura/on for   

a = 0 (Q′ = QB)

Φ(0) =
64

81
√

3
c1 |0〉

itera/on

Φ1|a=0

a = ε (0 < |ε| ! 1)

Φ(0) = Φ1|a=0

itera/on

Φ1|a=ε

conven/onal tachyon vacuum solu/on

a = 2ε

Φ(0) = Φ1|a=ε
itera/on

Φ1|a=2ε

...

the nontrivial solu/on for (0,0) trunca/on



Poten/al height for Φ1
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a



Gauge invariant overlap for Φ1

0.4 0.2 0.0 0.2 0.4

0.0

0.2

0.4

0.6

0.8

1.0

a

OV (Φ1)



Stable vacuum solu/on 
•  For                  ,   numerical results suggestL → ∞

Φ1 :nontrivial tachyon vacuum

a > −1/2

a = −1/2

Φ1 = 0

a > −1/2

a = −1/2

Ψ0 : pure gauge

Ψ0 : tachyon vacuum (!?)

fa(Φ1)

a

−1

−1/2



Construc/on of unstable vacuum solu/on

•  The ini/al configura/on for 

•  The ini/al configura/on for 

•  The ini/al configura/on for   

a = −1/2

Φ(0) = −
32

9
√

3
c1 |0〉

the nontrivial solu/on for (0,0) trunca/on

itera/on
Φ2|a=−1/2

a = −1/2 + ε (0 < ε " 1)

Φ(0) = Φ2|a=−1/2+ε

itera/on
Φ2|a=−1/2+2ε

a = −1/2 + 2ε

Φ(0) = Φ2|a=−1/2

itera/on
Φ2|a=−1/2+ε

...



Poten/al height for Φ2

a

fa(Φ2)
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Poten/al height for Φ2
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a

fa(Φ2)



Gauge invariant overlap for Φ2

OV (Φ2)
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Gauge invariant overlap for Φ2
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Gauge invariant overlap for       (near ‐1/2 )

OV (Φ2)

a

Φ2
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  Gauge invariants forΦ2|a=−1/2

(L,3L)

(0,0) 2.3105796 −1.0748441

(2,6) 2.5641847 −1.0156983

(4,12) 1.6550774 −0.9539832

(6,18) 1.6727496 −0.9207572

(8,24) 1.4193393 −0.9377548

(10,30) 1.4168893 −0.9110994 

(12,36) 1.3035715 −0.9237917

(14,42) 1.2986472 −0.9056729

(16,48) 1.2357748 −0.9229035

fa(Φ2) OV (Φ2)

(L,3L) Extrapola-on of  

(4∞,12∞) 0.98107

(4∞+2,12∞+6) 0.98146

fa(Φ2)

FN(L) =
N∑

n=0

an

(L + 1)n

Filng func/on:



Unstable vacuum solu/on

•  For                  ,   numerical results suggestL → ∞

:nontrivial vacuum 
 (perturba/ve vacuum!?)

a > −1/2

a = −1/2

a > −1/2

a = −1/2

Ψ0 : pure gauge

Ψ0 : tachyon vacuum (!?)

Φ2 = 0

Φ2
a

−1/2

1

fa(Φ2)



•  We constructed stable solu/on and unstable solu/on in the 
expanded theory around TT’s iden/ty based solu/on. 

•  We evaluated the gauge invariants for the obtained solu/ons. 
•  Numerical results suggest the vacuum structure is like this: 

•  This is consistent with the expecta/on that 

Summary (2)

a > −1/2
a = −1/2

Ψ0 : pure gauge

Ψ0 : tachyon vacuum

fa(Φ) fa(Φ)

a = −1/2a > −1/2

ΦΦ
Φ2

Φ1

−1

1



Discussion
•  Our result on TT’s  solu/on suggests that the 
TT solu/on (a=−1/2) may be “gauge 
equivalent” to the Schnabl solu/on (λ=1) and 
give an alterna/ve approach to inves/ga/ng  
the nonperturba/ve vacuum. 

•  Regular solu/ons?  Defini#on of the space of 
string fields? 

•  Extension to superstring field theory?
[Erler(2007), Aref’eva‐Gorbachev‐Medvedev(2008), Fuchs‐Kroyter(2008),…]


