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Introduction
• In our previous work, we have investigated 

the tachyon vacuum solution in marginally 
deformed background using K’Bc algebra. 
[T. Takahashi’s talk]

• Here, we will extend it to the case of SSFT.

• Identity-based marginal solution in SSFT 
[I.K.-Takahashi (2005)] 

• KBc → GKBcγ [Erler (2010)]

• K’Bc → G’K’Bcγ [This talk]
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Identity-based marginal solution in 
Berkovits’ WZW-like SSFT

• In [I.K.-T.Takahashi(2005)], we have constructed a type 
of marginal solution in WZW-like SSFT:
Φ̃0 = −Ṽ a

L (Fa)I

Ṽ a
L (Fa) =

�

CL

dz

2πi
Fa(z)ṽ

a(z)

Fa(−1/z) = z2Fa(z)

ṽa(z) =
1
√
2
cξe−φψa(z)

η0

�
e−Φ̃0QBe

Φ̃0

�
= 0 :EOM is satisfied.
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Identity-based marginal solution in 
modified cubic SSFT

• A solution is obtained from                       　: Φ̃0 = −Ṽ a
L (Fa)I

ΨJ = e−Φ̃0QBe
Φ̃0

ΨJ = −V a
L (Fa)I +

1

8
ΩabCL(FaFb)I

V a
L (f) ≡

�

CL

dz

2πi

1
√
2
f(z)(cJa(z) + γψa(z))

CL(f) ≡
�

CL

dz

2πi
f(z)c(z)

QBΨJ + ΨJ ∗ ΨJ = 0

Ja(z, θ) = ψa(z) + θJa(z)

:supercurrent



OPEs of supercurrent
• Component fields of supercurrent satisfy

ψa(y)ψb(z) ∼
1

y − z

1

2
Ωab, Ja(y)ψb(z) ∼

1

y − z
fab

cψ
c(z),

Ja(y)Jb(z) ∼
1

(y − z)2
1

2
Ωab +

1

y − z
fab

cJ
c(z),

Ωab = Ωba, fab
cΩ

cd + fad
cΩ

cb = 0,

fab
c = −fba

c, fab
df

cd
e + fbc

df
ad

e + fca
df

bd
e = 0.

In this case, energy momentum tensor T (z) and its super partner G(z) are given by a general

Sugawara construction [45]:

T (z) = Ωab : (JaJ b+∂ψaψb) : (z) +
2

3
ΩadΩbef

de
c : (J

a :ψbψc : +ψa : (ψbJc − J bψc) :) : (z), (3.5)

G(z) = 2Ωab :Jaψb : (z) +
4

3
ΩadΩbef

de
c :ψ

a :ψbψc :: (z) , (3.6)

where Ωab is the inverse of Ωab: ΩabΩbc = δa
c . In fact, they satisfy the following OPEs:

T (y)ψa(z) ∼ 1

(y − z)2

1

2
ψa(z) +

1

y − z
∂ψa(z) , (3.7)

T (y)Ja(z) ∼ 1

(y − z)2
Ja(z) +

1

y − z
∂Ja(z) , (3.8)

G(y)ψa(z) ∼ 1

y − z
Ja(z) , (3.9)

G(y)Ja(z) ∼ 1

(y − z)2
ψa(z) +

1

y − z
∂ψa(z) , (3.10)

T (y)T (z) ∼ c

2

1

(y − z)4
+

1

(y − z)2
2T (z) +

1

y − z
∂T (z) , (3.11)

G(y)G(z) ∼ 2c

3

1

(y − z)3
+

1

y − z
2T (z) , (3.12)

T (y)G(z) ∼ 1

(y − z)2

3

2
G(z) +

1

y − z
∂G(z) , (3.13)

and the central charge c is given by c = 3
2dimG − fac

df
bd

cΩab [45].

Let us consider the Berkovits’ open superstring field theory on the above CFT background.

The action has the same form as the flat one:

S[Φ] = − 1

g2

∫ 1

0
dt〈〈(η0Φ)(e−tΦQBetΦ)〉〉 (3.14)

although T (z) and G(z) in the definition of the BRS operator19 are given by (3.5) and (3.6).

The star product among string fields in the action is constructed by LPP’s method [38] in

terms of conformal mappings and correlators in the above CFT. In order to make QB nilpotent,

we assume that the total central charge in the matter sector is c = 15. With this setup, we

shall show that

Φ0 = −Ṽ a
L (Fa)I , (3.16)

Ṽ a
L (Fa) =

∫

Cleft

dz

2πi
Fa(z)ṽa(z), Fa(−1/z) = z2Fa(z) , (3.17)

19The BRS operator is given by the matter Virasoro operators T (z), G(z) and ghosts (b, c, φ, ξ, η) as:

QB =

∮

dz

2πi

[

c

(

T − 1

2
(∂φ)2 − ∂2φ + ∂ξη

)

(z) + bc∂c(z) + ηeφG(z) − η∂ηe2φb(z)

]

. (3.15)

18

are primary fields and have dimension 1/2 and 1, respectively.ψa(z), Ja(z)



BRST operator around the solution
• Expanding around the solution in the action of the 

modified cubic SSFT, the BRST operator becomes:

V a(f) ≡
�

dz

2πi

1
√
2
f(z)(cJa(z) + γψa(z)), C(f) ≡

�
dz

2πi
f(z)c(z)

Q� = QB + [ΨJ , · }∗ = QB − V a(Fa) +
1

8
ΩabC(FaFb)

L�
n ≡ {Q�, bn} = Ln −

1
√
2

�

k∈Z
Fa,kJ

a
n−k +

1

8
Ωab

�

k∈Z
Fa,n−kFb,k,

G�
r ≡ [Q�,βr] = Gr −

1
√
2

�

k∈Z
Fa,kψ

a
r−k,

Fa,n ≡
�

dσ

2π
ei(n+1)σFa(e

iσ)

L, G are deformed in the matter sector. 



NS action without GSO projection in 
modified cubic SSFT

• String fields have Chan-Paton factor as in the table:

• NS action: Grassmann
parity(ε)

worldsheet 
spinor(F) CP factor

even even 1
odd even σ3

even odd σ2

odd odd σ1

S[Ψ] =
1

2
��Ψ Q̂Ψ�� +

1

3
��Ψ3��

��A�� ≡
1

2
Tr (σ3�I|Y−2A�)

Ψ = Ψ+σ3 + Ψ−σ2

GSO(+)        GSO(-)

Q̂ ≡ QBσ3

Y−2 = Y (i)Y (−i), Y (z) ≡ c(z)δ�(γ(z)).
Picture changing operator with picture number (-2)

Q̂(ΦΨ) = (Q̂Φ)Ψ + (−1)�(Φ)+F (Φ)Φ(Q̂Ψ),

��ΦΨ�� = (−1)(�(Φ)+F (Φ))(�(Ψ)+F (Ψ))��ΨΦ��,
��Q̂(· · · )�� = 0.



GKBcγ string fields in SSFT
• KBc with CP factor

• G,γ :

K =
π

2
KL

1 I, B =
π

2
BL

1 Iσ3, c =
1

π
c(1)Iσ3

G = GLIσ1, γ =
1

√
π
γ(1)Iσ2

GL =
1

2
(G + G�),

G =

�
dz

2πi

�
π

2

�
1 + z2G(z) =

�
π

2

∞�

n=0

�
1/2
n

�
G2n− 1

2
,

G� =

�
dz

2πi

�
π

2
z
�

1 + z−2G(z) =

�
π

2

∞�

n=0

�
1/2
n

�
G 1

2−2n.

[Erler(2010)]



GKBcγ algebra
• KBc algebra in SSFT

• G,γ :

• δ :

[Erler(2010)]

Bc + cB = 1, BK = KB, B2 = 0, c2 = 0,

Q̂B = K, Q̂K = 0, Q̂c = cKc − γ2

G2 = K, Q̂G = 0, Q̂γ = c∂γ −
1

2
(∂c)γ,

Bγ + γB = 0, cγ + γc = 0

δc = 2iγ, δγ = −
i

2
∂c, δG = 2K, δK = 0, δB = 0

δΦ ≡ GΦ − (−)F (Φ)ΦG = (Gσ1)Φ, ∂Φ ≡ KΦ − ΦK =
π

2
K1Φ



String fields: G’, K’
• Around the solution         :

• Replacement:

QB → Q�

Gr → G�
r, Ln → L�

n

ΨJ

Q̂ = QBσ3 → Q̂� = Q�σ3

G,K → G� = G�
LIσ1, K� =

π

2
K�L

1 I

δ → δ�Φ ≡ G�Φ − (−)F (Φ)ΦG� = (G�σ1)Φ,

∂ → ∂�Φ ≡ K�Φ − ΦK� =
π

2
K�

1Φ



G’K’Bcγ algebra
• K’Bc algebra in SSFT

• G’,γ:

• δ’:

Bc + cB = 1, BK� = K�B, B2 = 0, c2 = 0,

Q̂�B = K�, Q̂�K� = 0, Q̂�c = cK�c − γ2 = cKc − γ2

G�2 = K�, Q̂�G� = 0, Q̂�γ = c∂�γ −
1

2
(∂�c)γ = c∂γ −

1

2
(∂c)γ

Bγ + γB = 0, cγ + γc = 0

δ�c = 2iγ, δ�γ = −
i

2
∂�c = −

i

2
∂c, δ�G� = 2K�, δ�K� = 0, δ�B = 0



Solutions using G’K’Bcγ
• NS action without GSO projection around the solution              :

• Equation of motion:

• A class of solutions to EOM (a version of [Erler(2010)])

S�[Φ] ≡ S[Φ + ΨJσ3] − S[ΨJσ3] =
1

2
��Φ Q̂�Φ�� +

1

3
��Φ3��

Q̂�Φ + Φ2 = 0

ΨJσ3

Φf � =
�

f �
�
c
K�B

1 − f � c + Bγ2

��
f � =

�
f �

�
c
K�f �

1 − f �Bc + Q̂�(Bc)

��
f �

G�2 = K�

f �(G�) = f0(K
�) + f1(K

�)G�

Note:

:a function of G’



Tachyon vacuum and half-brane solution 
in the marginally deformed background
• We consider two examples:

• Tachyon vacuum solution:

• Half-brane solution:

f � =
1

1 + K� ,
1

1 + iG� =
1 − iG�

1 + K�

ΦT =
1

√
1 + K�

�
c + Q̂�(Bc)

� 1
√
1 + K�

ΦH =
1

√
1 + iG�

�
−icG�Bc + Q̂�(Bc)

� 1
√
1 + iG�

(a version of [Erler-Schnabl(2009), Gorbachev(2010)])

(a version of [Erler(2010)])



Vacuum energy for tachyon vacuum 
solution

• The action is evaluated as:

• We use an expression:

• K’ is given by

S�[ΦT ] = −
1

6
��γ2 1

1 + K� c
1

1 + K� ��

1

1 + K� =

� ∞

0
dt e−t(1+K�)

K� = K − J +
π

2
CI,

J =
π

2

� ∞

−∞
dtfa(t)Û1J̃

a(it)|0�, fa(t) ≡
Fa(tan(it +

π
4
))

2π
√
2 cos2(it + π

4
)
,

C =

�

CL

dz

2πi
(1 + z2)

Ωab

8
Fa(z)Fb(z) =

π

2

� ∞

−∞
dtΩabfa(t)fb(t).

J̃a(z̃) = (cos z̃)−2Ja(tan z̃) in the sliver frame



Expansion of the exponential
• The N-th order of J in the exponential can be computed as

=
πN

4N

� t

−t
dy1

� y1

−t
dy2 · · ·

� yN−1

−t
dyN

� ∞

−∞
dt1fa1(t1)

� ∞

−∞
dt2fa2(t2) · · ·

� ∞

−∞
dtNfaN (tN)

× Ût+1J̃
a1(it1 +

π

4
y1)J̃

a2(it2 +
π

4
y2) · · · J̃aN (itN +

π

4
yN)|0�.

(y1 = 2t
N�

k=1

uk − t, · · · , yi = 2t
N�

k=i

uk − t, · · · , yN = 2tuN − t.)

e−tK+tJ |O(JN )

=

� 1

0
du1

� 1−u1

0
du2 · · ·

� 1−u1−u2···−uN−1

0
duN tNe−t(1−u1−u2···−uN )KJe−tu1KJe−tu2K · · · Je−tuNK

= tN
� 1

0
du1

� 1−u1

0
du2 · · ·

� 1−u1−u2···−uN−1

0
duN

� ∞

−∞
dt1fa1(t1)

� ∞

−∞
dt2fa2(t2) · · ·

� ∞

−∞
dtNfaN (tN)

×
πN

2N
Ût+1J̃

a1(it1 +
π

4
y1)J̃

a2(it2 +
π

4
y2) · · · J̃aN (itN +

π

4
yN)|0�



Extended Feynman’s formula

(tij ≡ ti − tj, uij ≡ ui − uj の略号を用いた。) となるが、右辺の大括弧内の第１項の部分は、
duidti積分を行うと Ia12 が出てきて

Ia1n (
2it1
T

+ u1) =
1

n!
(n− 1) · 2Ia12 (

2it1
T

+ u1) · (n− 2)!In−2

+
1

n!

n∑

i=2

∫
di

cos(2itiT + ui)f
a1ai

b

cos(2it1T +u1) sin(
2it1i
T +u1i)

×
∫

d2 · · · dǐ · · · dn
〈
J̃ b(

2iti
T

+ui)J̃
a2(

2it2
T

+u2)· · · ˇ̃Jai · · ·J̃an(
2itn
T

+un)

〉

=
2

n
Ia12 (

2it1
T

+ u1)In−2 +
1

n

n∑

i=2

∫
di

cos(2itiT + ui)f
a1ai

b

cos(2it1T +u1) sin(
2it1i
T +u1i)

Ibn−1(
2iti
T

+ ui) (165)

のようになる。ここで
∫
di ≡

∫ π
2
−π

2
dui

∫∞
−∞dtifai(ti) の略号を用いた。ここで数学的帰納法を用

いよう。n− 1まで (163)が正しいとすると、(165)は

Ia1n (
2it1
T

+ u1)

=
2

n
Ia12 (

2it1
T

+ u1)In−2

+
πT

4n

n∑

i=2

∫ π
2

−π
2

dui

∫ ∞

−∞
dtifai(ti)fc(ti)

cos(2itiT + ui)f
a1ai

bΩ
bc

cos(2it1T +u1) sin(
2it1i
T +u1i)

=
2

n
Ia12 (

2it1
T

+ u1)In−2

+
πT

8n

n∑

i=2

∫ π
2

−π
2

dui

∫ ∞

−∞
dtifai(ti)fc(ti)

cos(2itiT + ui)(f
a1ai

bΩ
bc + fa1c

bΩ
bai)

cos(2it1T +u1) sin(
2it1i
T +u1i)

=
2

n
Ia12 (

2it1
T

+ u1)In−2 (166)

となり、nの場合が示された。(最後で (149)を用いた。) (163)を用いると、In = 2
nI2In−2 とな

るので、

I2m =
2m

(2m)!!
Im2 I0 =

1

m!
Im2 , I2m+1 = 0 (167)

より、

Imat =

〈
exp

(∫ π
2

−π
2

du

∫ ∞

−∞
dt′fa(t

′)J̃a(
2it′

T
+u)

)〉

mat

=
∞∑

n=0

In =
∞∑

m=0

1

m!
Im2 = exp

(π
2
TC

)
= exp

(
π2

4
T

∫ ∞

−∞
dtΩabfa(t)fb(t)

)
(168)

となる。

B Feynmanの公式の一般化
eX の変分はXと δXが非可換なときでも一般に

δ(eX) =

∫ 1

0

dαe(1−α)X(δX)eαX (169)

22

と表せる。これは eX+δX − eX の δX に関して 1次の項であることに注意し、この種の表現を
δXの無限次まで一般化しよう。つまり、

eX+δX = eX +
∞∑

N=1

(eX+δX)|O((δX)N ) (170)

のように展開し、右辺の和の中の (169)に似た表現を求める。（(169)の指数関数のXの係数は
積分範囲で全て非負であるので、sliver stateを挟む string fieldの展開に応用できる。）まず、素
直に展開すると

(eX+δX)|O((δX)N ) =
∞∑

n=0

1

n!
(X + δX)n|O((δX)N )

=
∞∑

n=N

1

n!

n−N∑

k1=0

n−N−k1∑

k2=0

· · ·
n−N−k1−k2···−kN−1∑

kN=0

Xk1(δX)Xk2(δX) · · ·XkN (δX)Xn−N−k1−k2···−kN

=
∞∑

k0=0

∞∑

k1=0

· · ·
∞∑

kN=0

1

(k0 + k1 · · ·+ kN +N)!
Xk0(δX)Xk1(δX) · · ·XkN−1(δX)XkN (171)

と表せる。この δXの前後にあるXの冪を全て
∫
dueuX に置き換えることを考える。(169)を

ヒントにし、(δX)2の具体例を計算して類推すると一般に

(eX+δX)|O((δX)N )

=

∫ 1

0

du1

∫ 1−u1

0

du2 · · ·
∫ 1−u1−u2···−uN−1

0

duN e(1−u1−u2···−uN )X(δX)eu1X(δX)eu2X · · · (δX)euNX

(172)

が成り立つことがわかる。証明は、各指数関数を展開し、ベータ関数の積分表示:

B(p, q) =

∫ 1

0

dt(1− t)p−1tq =
Γ(p)Γ(q)

Γ(p+ q)
(173)

を用いると、数学的帰納法によりできる。

これを用いると、以前に導いた表現 (38)の、被積分関数の中だけでも成り立つ関係式：

e−xπ
2K

L′
1 I = e−xπ

2 CÛx+1Pu exp

(∫ x

−x

du

∫ ∞

−∞

dt

8
√
2

Fa(tan(it+
π
4 ))

cos2(it+ π
4 )

J̃a(it+
π

4
u)

)
|0〉 (174)

が得られる。
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と表せる。これは eX+δX − eX の δX に関して 1次の項であることに注意し、この種の表現を
δXの無限次まで一般化しよう。つまり、

eX+δX = eX +
∞∑

N=1

(eX+δX)|O((δX)N ) (170)

のように展開し、右辺の和の中の (169)に似た表現を求める。（(169)の指数関数のXの係数は
積分範囲で全て非負であるので、sliver stateを挟む string fieldの展開に応用できる。）まず、素
直に展開すると

(eX+δX)|O((δX)N ) =
∞∑

n=0

1

n!
(X + δX)n|O((δX)N )

=
∞∑

n=N

1

n!

n−N∑

k1=0

n−N−k1∑

k2=0

· · ·
n−N−k1−k2···−kN−1∑

kN=0

Xk1(δX)Xk2(δX) · · ·XkN (δX)Xn−N−k1−k2···−kN

=
∞∑

k0=0

∞∑

k1=0

· · ·
∞∑

kN=0

1

(k0 + k1 · · ·+ kN +N)!
Xk0(δX)Xk1(δX) · · ·XkN−1(δX)XkN (171)

と表せる。この δXの前後にあるXの冪を全て
∫
dueuX に置き換えることを考える。(169)を

ヒントにし、(δX)2の具体例を計算して類推すると一般に

(eX+δX)|O((δX)N )

=

∫ 1

0

du1

∫ 1−u1

0

du2 · · ·
∫ 1−u1−u2···−uN−1

0

duN e(1−u1−u2···−uN )X(δX)eu1X(δX)eu2X · · · (δX)euNX

(172)

が成り立つことがわかる。証明は、各指数関数を展開し、ベータ関数の積分表示:

B(p, q) =
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を用いると、数学的帰納法によりできる。

これを用いると、以前に導いた表現 (38)の、被積分関数の中だけでも成り立つ関係式：
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Note:
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Evaluation of the action
• u-ordered exponential:

• Computation of the CFT correlator:

e−tK�
= e−tπ
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4
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�)J̃a(it� +
π

4
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Result for tachyon vacuum solution
• Finally, we obtain

• This value is the same as a D-brane tension. Namely, the 
vacuum energy of  ΦT is the same as that of the tachyon 
vacuum in the original theory.

• A key relation is the same as the bosonic case:

S�[ΦT ] =

� ∞

0
dt

� ∞

0
ds e−t−s (t + s)2

12π2
=

1

2π2

e−T π
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du
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T
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��

mat

= 1

[Erler(2007), Gorbachev(2010)]

[T.Takahashi’s talk]



Vacuum energy for half-brane solution

• Noting the structure of the CP factor, we have

• Thanks to the J-independence of the matter sector, computations 
are almost the same as [Erler(2010)] using G’K’Bcγ algebra.

• The result is the same as that of the undeformed background:

S�[ΦH ] =
1

6
(−A1 + A2),

A1 = (cG�Bc, Q̂�(cG�Bc))�, A2 = (cG�BcG�, Q̂�(cG�Bc)G�)�
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1

1 + K�Ψ
1
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0
dt

� ∞

0
ds e−t−s��Φe−tK�

Ψe−sK���

A1 =
3
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24
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9
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24

π4
S�[ΦH ] =

1

4π2

a half of a D brane tension



Gauge invariant overlaps for the 
solutions

• Definition:

• Note:

• In the same way as [Erler(2010)], we can evaluate the gauge 
invariant overlaps for the solutions using G’K’Bcγ algebra:

��Φ��V =
1

2
Tr(σ3�I|V(i)|Φ�)

V(i) = c(i)c(−i)δ(γ(i))δ(γ(−i))Vm(i,−i)

Vm(z, z̄) : a matter primary field with dim (1/2,1/2)

��ΦΨ��V = (−1)(�(Φ)+F (Φ))(�(Ψ)+F (Ψ))��ΨΦ��V ,
��Q̂�(· · · )��V = 0.

��ΦT ��V = ��c e−K���V ��ΦH��V =
1

2
��c e−K
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Evaluation of the gauge invariant 
overlap

• Performing calculation in the ghost sector, we have more explicit 
expression in the sliver frame:

• If there is no correlation between J and Vm , the value is the same as 
the original theory thanks to the J-independence formula.

• However, generally, the above gauge invariant overlap may depend 
on the current J.
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mat

J ∼ ∂X9Ex. Vm ∼ ψ0ψ̄0



Phase shift for the solutions in the 
gauge invariant overlap

• Let us consider the case:

• The result of explicit computation is

Vm(i,−i) = e
i
2k9X

9(i)e−
i
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9(−i)J =
i

√
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CL

dz

2πi
F (z)

�

Phase factor due to the deformed background

(k9)
2 = 2/α� : on-shell condition



Field redefinition induced by an identity-
based marginal solution

• Let us consider the identity-based marginal solution ΨJ 
corresponding to

• The BRST operator around it can be rewritten as

• It induces a field redefinition:

• The action can be rewritten as

J(z, θ) = ψ9(z) + θ
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[I.K.-Takahashi(2005)]



Gauge invariant overlap and  field 
redefinition

• We consider a gauge invariant overlap with

• In this case, we find

• Using the above, the gauge invariant overlap is evaluated as
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This is the same phase factor as that of two solutions
around the deformed background corresponding to the 
bosonic case in [Katsumata-Takahashi-Zeze(2004)].



Concluding remarks I
• We have constructed some solutions of the theory around an identity-

based marginal solution ΨJ in cubic SSFT using G’K’Bcγ algebra. 

• Around ΨJ , the BRST operator is deformed: QB → Q’ 

• Correspondingly, string fields are deformed: G, K → G’, K’

• GKBcγ and G’K’Bcγ have the same algebraic structure.

• We have explicitly computed vacuum energies for tachyon vacuum 
ΦT and  half-brane ΦH solutions in G’K’Bcγ algebra and it turned out 
that they are the same as those of the original theory. 

• It implies vanishing vacuum energy for the identity-based marginal 
solution ΨJ  as in the bosonic case although it seems to be difficult to 
evaluate it directly.



Concluding remarks II
• We also evaluated the gauge invariant overlap for those solutions and 

found the relation:                                           which is the same as that 
of the undeformed background.

• If we take a closed tachyon vertex of Dirichlet type for the gauge 
invariant overlap for ΦT and ΦH, the phase factor appears according 
to the marginal deformation.

• The phase shift is consistent with the value due to a field redefinition 
induced by the identity-based marginal solution ΨJ.

• These results just correspond to the bosonic ones [T.Takahashi’s talk].

• It may be interesting to investigate the algebra in the theory around 
the identity-based universal solution in SSFT, which has a homotopy 
operator, constructed in [Inatomi-I.K.-Takahashi(2011)] in SSFT.

��ΦT ��V = 2��ΦH��V



Comment on level truncation
• Level truncation of the Erler-Schnabl solution in bosonic SFT（evaluation of 

kinetic term: Erler-Schnabl, including cubic term: Arroyo-I.K.(2011-2012))

Furthermore, we have used the Padé-Borel approximation. For a function f(z), which is Ẽ2(z) or Ẽ(z)
in our case, expanded as

f(z) =
∞∑

n=0

fnzn, (10)

we define f̂(z) by replacing the coefficients as

f̂(z) =
∞∑

n=0

(fn/(pn)!)zn, (p > 0) (11)

and take an (m,n)-Padé approximant f̂(z)|mn for f̂(z). Then, we have a Padé-Borel approximant [2]:

f(z) !
∫ ∞

0
dt e−t f̂(ztp )|mn (12)

In the case of Ẽ2(z) (8) and Ẽ(z) (9), which are even functions of z, we adopt the p = 1/2 approximation
after [1] (and m = n = L for Ẽ2(z) and m = n = 3L/2 for Ẽ(z)) and then we set z = 1 to get each value.
More explicitly, we have used

Ẽ2,PB|LL =
∫ ∞

0
dt e−t ̂̃E2(

√
t)|LL, (13)

ẼPB|3L/2
3L/2 =

∫ ∞

0
dt e−t ̂̃E(

√
t)|3L/2

3L/2 =
∫ ∞

0
dt e−t2(2t) ̂̃E(t)|3L/2

3L/2 . (14)

L Ẽ2 Ẽ2,P|LL Ẽ2,PB|LL Ẽ ẼP|3L/2
3L/2 ẼPB|3L/2

3L/2

0 −0.85247 −0.85247 −0.85247 −0.654908 −0.654908 −0.654908
2 −0.914146 −0.85247 −0.85247 −1.33686 −1.38342 −1.38798
4 −1.03467 −0.787834 −0.871988 −0.532599 −0.421667 −0.358173
6 −0.930637 −0.787834 −0.871988 −1.55434 −1.19306 −1.08516
8 −1.06335 −0.992052 −0.983242 −0.167462 −1.14097 −1.00745

10 −0.904984 −0.992052 −0.983242 −1.87271 −0.919443 −1.07258
12 −1.10973 −0.992013 −0.984516 −0.166042 −0.850702 −1.05767*
14 −0.841643 −0.992013 −0.984516 −1.83972 −0.972165 −0.933839**
16 −1.20564 −0.99608 −0.993936 +1.83619 −1.00666 −0.92572*
18 −0.709632 −0.99608 −0.993933 −4.22806 −1.01865 −0.981341**
20 −1.39169 −0.999595 −0.993687 −1.1971 −1.02464 −1.01792*
22 −0.449641 −0.999595 −0.993574 −0.188021 −0.994601 −1.00019**
24 −1.75829 −0.997321 −0.995001 +12.4404 −0.997754 −1.01338**
26 +0.0590993 −0.997321 −0.993171 −24.5744 −0.999148 −1.02392**
28 −2.46306 −0.99769 −0.993253
30 +1.03342 −0.99769 −0.989787

Table 1: Numerical results. Ẽ2, Ẽ are direct evaluations. Ẽ2,P|LL, ẼP|3L/2
3L/2 are evaluated by a diagonal Padé

approximation. Ẽ2,PB|LL and ẼPB|3L/2
3L/2 are evaluated by (13) and (14), respectively. (Actually, values with *

are evaluated by the first expression of (14). The values with ** are evaluated by NIntegrate in (14) and
other values in (13) and (14) are evaluated by Integrate with an option PrincipalValue in Mathematica
8.) The cubic terms for the levels L = 18, 20, 22, 24, 26 are evaluated by our C++ program.
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P: Pade approximation,  PB: Pade-Borel approximation

Ẽ = 2π2E = −2π2S[Φ](L,3L) truncation


