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§ Introduction and Motivation

Recently noncommutative gauge theory have

been investigated enthusiastically.

It is interesting not only as a model of nonlo-
cal field theory but also as a low energy effec-
tive theory of strings on nonzero NS-NS B-field

background.

D-brane on flat and
constant B-field background
|l
Noncommutative gauge theory
(Moyal product)

Seiberg-Witten (1999) and its references and citations,...

With the nocommutative parameter:
5 1 1 "
07 = —(2na’)? ( B ) :
g+ 2mra’B g — 2wa’B
this Moyal product is given by

8 .8
1 . ia
f(z) *g(x) = f(x) exp 2heit par ) ¥®);



More generic backgrounds?
curved and nonconstant B-field...

Deformation Quantization
There are some techniques to construct non-
commutative associative * product as a gener-
alization of Moyal product on R*".
Kontsevich, Fedosov, Omori-Maeda-Yoshioka, De Wilde-Lecomte,...
Most general one is that on Poisson manifold.

Nonlinear o-Model of Strings
There are some tractable cases by using CFT.

If the relation between them becomes clear on
more generic backgrounds, deformation quanti-
zation may be useful to study string theory on
nontrivial backgrounds.

Formally there are prescriptions to construct
general * products, but to investigate the re-
lation concretely, explicit form of x product is
more useful.



Here we construct x product explicitly in
tractable but nontrivial case:

on 2 dimensional constant curvature space
S?, H?
by using Fedosov’s deformation quantization.

B. V. Fedosav, "Deformation quantization and index theory,” Berlin, Germany: Akademie-Verl (1996).

The resulting * products form su(2),swu(1,1)
algebra which is known as fuzzy sphere, hyper-
bolic space algebra respectively.

Fuzzy Sphere in String Theory (an example)

Strings on S? (radius R3) with H = dB

|
SU(2) WZW model at level k£ (~ R2)

D-brane in SU(2) WZW at k£ — oo

V. Schomerus et al,...

3
OPE among boundary fields

|
Fuzzy sphere algebra My (C)

cf. Madore



§ Fedosov's x Product

Fedosov’s procedure to construct * product:

1. Weyl algebra bundle (W, 0) on (M, Q)
< input: V,60 with parameter £/

Its section is given by
2n
= I . . .
{I.(‘t' y‘ I;}} — Z JFJ;. ; T-{jltl--r|'-"!l.l'.|l]-rq{'l:}rt;‘rl T 3;""0)’1 llr*"" i 'IIA" HJ”'
2k4+p=0.k=0 g=I0 pP:q:
The o product is Moyal type with respect to y':

e [ _in @ ij D _ 1. pi e gk — g
O f_'}i]]( - E{HLL: . W) where 51“ = —é'u.:,_fe F4\ H'j‘w;ﬁ-w d = ﬁj-

2. Abelian connection D on W
<« Input: u,

Genera_l connection D on W is :
Da = Va —éda + ;(roa — (—1)la o r) where § = H’t_-)-'-:;-,.
D is called Abelian iff D? = 0.

3. one to one map between Wy, and C*°(M)|[[Ah]]
= map o,Q

W, is flat section for an Abelian connection D, i.e,,
Da = 0 for a € Whp,.

Fedosov’s x product is defined by

“ay % by == 7(Q(a0) 0 Q(by)), ao, by € C=(M)[[H]]




In fact this is noncommutative and associative product and

[”.n? h'];, = ?.-h{ﬂ.“._ h”} T O{hz),

where { . } is Poisson bracket with respect to (2.

{_/ B (Cmm *

T g™

We can calculate this * product order by or-
der in / at least formally for general symplectic
manifold (M, €2).



Difficulties to obtain explicit formula of this
*x product to fuli order in h :

e Construction of an Abelian connection D.
Exact solution of iteration equation for r:

r=0p+ 6! (v(wﬁy“-ej) +R—0;+Vr+ ;r o r)
]

* Construction of the map Q.
Exact solution of flat section equation:

Da = 0, i.e.,

Vﬂ—6u+%(roa—aor)=0, acW

More concretely,
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In special case we can get explicit formula of
Fedosov’s * product.

* Flat space R*"
= Moyal product:
ao * by = ag exp (3,267 :%;) by, 0 = —6%*:constant
* 2 dimensional constant curvature space
positive curvature : sphere S?

negative curvature : hyperbolic space H?

In the former case, we can carry out Fedosov’s
procedure rather trivially.

In the latter case, we get explicit formulae by
adjusting input parameters, i.e.,
we select V, 0, u, 2; to be able to solve iteration
equation for r easily.

In practice we required stronger conditions for
r which gives an Abelian connection D:

1
Vr—l—}—ror:U,
2

r = 5,[L—f- (5_1 (V(wtjyzﬁj) + R — Ql)

and solved them.



For rotationally symmetric 2 dim. space with
a metric:

ds® = e®")(dr? + r?’d6?),
a symplectic form is given by
Qo = e2Mrdr A d6.

In this setup, we solved stronger conditions for
r, by adjusting input parameters:

r = yly*rdr,

and obtained the map @Q by solving Da = 0 for
this r :

2
@ = Q(ao(r,6) = a0 (G(r.y"),0+ %),
where G(r,y') is given by
Gry')
/ e®pldr’ = ylr.

Then we have obtained a * product:

ao(r, ) * by(r, 9)= (ao (G(r& y'), 0 + y—z)

.exp(—%(a;:il BE}?_BEQ ﬂfl).)b” (G("'a y'),0 + %‘2))

1__
2—3
e




S5° case

We embed S? in R? as
(X1)2 + (X2)2 + (X3)2 e R2
and parameterize as
2R?r : 2R?r 5 r? — R?
= r2+R2C059 A = r2+R251n9, » i Rr2—|—R2’
then we get the explicit formula of a * product
with

1

r2 4 %gr(rz + R?)

1— E%;IT‘(TZ + R?) '

G(r, yl) — \

Using this x product we get

Iy ho
(X, X7, = i—e* XF,
R

‘ X1x X1+ X2 X2+ X3 X0 = R (1 — /7).

L

This is fuzzy sphere algebra (~ su(2)) with

radius R\/ 1-— %. Namely, we have obtained
“fuzzy sphere” by deforming S? using our x prod-
uct!



H*- case

We embed H? in R}? as
_(-Y-D)E + (Y1)2 4+ (YE)E - —R2,
and parameterize as
R2 4 2 2R%r 2R%r
Y? = R 2 Y! = Rz-rzcosﬁ', Y= R 2
then we get the explicit formula of a x product
with

sin 0,

r2 4+ E%T(R2 — r?)

G(Ta yl) — :
\ 1+ %T(RE — 7r?)

Using this * product we get

YO, Y, =itY% [V, Y, =iLY',[Y, Y2, = —iLY?",
0 0 1 1 2 X 2 h2
—Y'x YO+ Y« Y 4+ Y2 Y2 = —R? (1 - /).

This is fuzzy H? algebra (~ su(1,1)) with ra-
dius R,/1 — %. Namely, we have obtained
“fuzzy H*” by deforming H? with our * product!



Large R limit of fuzgy____gi’_g_ H 3

For the complex coordinates z := re,z :=
re~ %, we have commutation relations with our

* product :

2, 2] = —211”24(1?2 +zx2)(R*+ Z * 2),
for ‘fuzzy S?,’ and

(2, Z]. = —5%(1%2 —z*x2Z)(R*— Z % 2)
for ‘fuzzy H?’

They are both reduced to fuzzy R? (Heisenberg
algebra) in the large R limit,i.e.,

(2,Z], = —— as R — oo.

Using our x product, we get

h—0

S? —— fuzzy S?
R—:—m\'{ J'H—}D-o

R? «— fuzzy R?

h—0

R%m]\ /‘\R—-}DO

H? «—— fuzzy H?

h—0



§ Comparison with Conventional Fuzzy Sphere

There is a one to one mapping:

su(2) representation matrix for spin

|
function expanded by Y,.(¥,¢),l < N

N
2

Conventionally we identify

- My.,(C) ~ fuzzy sphere algebra

The induced noncommutative associative prod-
uct between functions is

Klml *Nﬁzmg

N l
—— Z Z (_l)m\/(21+1}(zf1+1}{212+1) l 51 ls
4 m "'m]_ _m2

I=|l; —lg| m=—lI

=
-(—1MN+1{£ N E}Yé,m
2 2 2

N is noncommutative parameter and
Yilml*Nnng — ﬁ1m1ﬂ2m2

for N — oo.



ThIS *N characterlzes fuzzy sphere:

[X? X].y = i€ 2l x+

V/N(N+2)

Xty X4+ X258 X?24+ X3 %y X3 = R2

where X', i = 1,2,3 are given by

1 27 .
X = R\/ 5 (“Y1(9,9) + Y1,-1(9, ¢)) = Rsind cos o,

2r
Ry/—-i(Y11(9, @) + ¥1,.1(9, ¢)) = Rsin9sin o,

2 4
X" =R ~3—}G,u(ﬁ,{p) = Rcos V.

o
|

Comparing *y with our = product, we expect
the correspondence between the noncommuta-
tive parameters as

— +O( 1 ﬁ‘
2Rz N T \N2) |

To understand the meaning of ~, we should
investigate « and %, more precisely.




We can write down our x product between
spherical harmonic functions as:

Hnnl{'ﬁﬁ H‘:’] * Yizﬂiz[ﬁ’{‘p} =

Y; cos™! (cos ¥ + Ezj Y; cos ! [ cos®) — Tl—h
Iy . 2 R2 s 2 larrie C ER‘E 1P .

The products x5 and x are expanded as:

Elml *N Kgmz — Klmllflzmg
1

1
+Lﬁ Z C.!,a!-lm]-‘fzmzﬂsml'ihmz ¥ (Nz ’
I+11+12=0dd

Hlml % Iflgmg e
h

ﬁZ
+— Y . Yaiuiih +o( )
2 Llymqyloms- T Ty
2R3, L bl 4R?

limy Yéfmz

What is the relation between

/ ?
CE._.“TH]EETHQ and Cf,h-m]fgmz g



From explicit calculations, we get

[0, + 1) (2l + 1)(20 + 1)

_ T 1y
Citymigm, = (—1)™T™a o
[ I ly
-(ml +my —my —mz)
(C)MET (0 4 b+ 14 1) (et
(r1+:22 I= Y (cﬁc 2t1—1) (c+z —13—1),
_ f,.'f(h + = s + 1 = L)L+ 8 = )
\ (i + 1+ 1+ 1) ’
and
C;hm:hm;
_ (ma+ma)! (20 +1)(2l + 1)L+ 1) (b — ma)!(la — ma)! (L — my — my)!
~ bt | | a7 (L + ma)!(lz + m2) /(I + my + mg)!
3. (=1)"(2r)! (
— ri(l —r)(2r — 1 — my; — my)!
Z (—1)?*9(2p)!1(2q)!, T (p + q + r — my — m, — Li2H)
plgi(ly — p)!(la — @)1 (2p — 1, — my)!(2q — I, — my — 1)IT (p + g + r — BE2H H}
B Z (—1)7*9(2p)!(2q)!mal (p+ g + r — my — my — Ltldd) )
Plal(ly —p)!(la — @)1 (2p — L —my — 1)!1(2q — Iy — mp)'T (p+q + 7 — Lttatt)

for m,,m, > 0.

Generally,

Criymytamy 7 Clpmytyms®



§ Summary and Discussion

* We have obtained explicit formulae of = prod-
ucts on 2 dim. constant curvature spaces
S?, H®> by completing calculations along the
Fedosov’s procedure for deformation quanti-
zation.

* We have shown that they form
fuzzy S*, H* algebra i.e., su(2),su(1,1) alge-
bra.

* We applied them to our general formulation
of [A-K] and solved U (1) noncommutative BPS

equation to O(h?).

e We compared our s product on S? with con-
ventional x, product for fuzzy sphere in the
nearly commutative region.

Naively -%; ~ i1 + O (5), but precisely their
relation is rather complicated.



* We can get different x products by other choice
of the input parameters. If we explicitly get
one which has simple relation with conven-
tional x,, it might give some suggestions to
string theory.
cf. L. Freidel - K. Krasnov, hep-th/0103070.

* More explicit examples?
For Kahler coset space,
S. Aoyama - T. Masuda, hep-th/0105271,
T. Masuda, Poster Presentation@Tohwa Symposium (2001).

* Deformation quantization provides associative
* product by definition.
In string theory, on nonzero H = dB back-
ground, corresponding x product from OPE
IS nonassociative.
Therefore some generalization of deformation
quantization is required in noncommutative con-
text.
L. Cornalba - R. Schiappa, hep-th/0101219.



