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Introduction

* Sen’s conjecture:
Witten's open SFT D25-brane
3 tachyon vacuum

« Vacuum String Field Theory/ (VSFT)

D-brane

~ Projector with respect to Witten’s * product.
(Sliver, Butterfly,... )
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D-brane ~ Boundary state <« closed string

Closed SFT description is more natural (!?)

S=30.QU + 3T TP

E) * [E) = |§)

1 1
S—E(P‘Q(:[)—I—g(:[)‘(p*@ (—I—“')
HIKKO cubic CSFT (Nonpolynomial CSFT)

|B) * |B) = |B) (7)
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Star product in closed SFT

* product is defined by 3-string vertex:
| @1 % P2)3 = 1(P1]2(P2|V (1,2,3))

e HIKKO (Hata-Itoh-Kugo-Kunitomo-Ogawa) type
(XB) —e; XM — 0,X2)|vp(1,2,3)) =0

and ghost sector (to be compatible with BRST invariance)
with projection: ]
. ] r

- | *do (r) _7(r)
V(1,2,3)) = p1p203|Vo(1,2,3)), e = gﬁ ﬂezﬂ”m —Lo ")
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Overlapping condition for 3 closed strings

as

Interaction point
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« EXplicit representation of the 3-string vertex:

solution to overlapping condition

1
V(1,2.3) = [ 5(1,2.3)k(123)Pp10200 - 2T 5(53, a7'a2")

a3

1 (r)_(r)

Xy [ 142 2wy gy | P12

3 |p1,a1)1|p2,a2)2|p3,as)3

3
" ]- T S r — S
F(1,2,3) = S % N;fnlzain} o\ + vmar”) (Vras)~1®)

1
+§a£;1) ansﬁ + vm ar”{r} (x/_as)—lbts}
r=1n>1 dogazag

( Gaussian!)
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gfn, N?",; : Neumann coefficients of light-cone type
~ mnoya2x3 ~ ., -~
NTs = NNy
' QT + g |
_ 3
e Vm D(=mariq/ar) mm -\
- Y. =Y arlog|as|

M T

[
|
—t
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Star product of boundary state

The boundary state for Dp-brane with constant flux:

< . oo ) i
|B(ch_)> — exp (_ Z T_La—noa—n + Z (c—nb_n + C—n.b—n.))

n—=1 n—=—1
x cgeré|pll = 0,21) ® 10) ghs
iy Rl
O‘Li, — [{1+F) 1(1_F)] ) p,v=0,1,---,p,
o', = -4, ij=p+1,---,d—1.

We define the string field ®g(z+, a):

[@p(z, @) = ¢bg|B(z™)) @ |a)
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|®p(xt, @) and |V (1,2,3)) are “Gaussian.” @ is orthogonal.
Using Yoneya formula for Neumann matrices, we have obtained

|Bp(zt, 1)) * |@p(yT, az)) = d(zT — y1)Cef |2 (x", a1 + a2))

“idempotency equation”

C is given by .
C = [u(1,2,3)][det(1 — (N3%))] 2"

3 —
where p(1,2,3) = e~ 70 Lr=1 g

C is divergent because N33 is co X oo matrix.

However, by regularizing with parameter T':
- - _ T

N33y N33 o~ Mg

C can be simplified drastically for d = 26.
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We use Cremmer-Gervais identity to evaluate the regularized C.

L

| s

Tl P —TT Qo

i Tog P — Ty

>

T
The result is C = 2°T3|ajasas| for T — 40.

On the other hand, we have computed C numerically
by truncating the size of N32 to L. We have observed
C ~ L3|(a1/a3)(ag/a3)|, therefore, T ~ |U£3|/L.
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ldempotency equation

|[@(a1)) * [@(az)) = K’a%cy|®(ar + az))

where C(—)|_ _— %(C(} —+ EO),
K(~ T~ 1 = o0): constant and ajas > 0

&zcﬂ+ IS a “pure ghost” BRST operator which is nilpotent,

partial integrable and derivation with respect to %= product.

The boundary state which corresponds to Dp-brane is
a solution to this equation in the following sense.
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« Boundary state as an “idempotent” :
25(@) = [d Pt fat) epata)/a

f(x1) is a solution to f(z+)? = f(z1).

1 (zt e€X)

Namely, “commutative soliton” f(iﬁl) — { 0 (otherwise)

for some subset & of R4—P—1

@ (1)) * |@f(az)) = KPa%cd |® (o + a2))
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* “Non-associative” product for coefficient functions
In “non-commutative” background.

KT operator:

Vo.0. = €XPp (—E%dafdojlﬁ(u)ﬂije(a — a"r)Pj (ﬂ"r))

3 2w+o, 2w+0¢ ..
1= exp —E/ da'/ do'P;(c)0" e(o,0")Pj(o”)

Te T

Note: there is an identity

Voo P))D = Vp(oo)|B(Fy; = —(071)5))
Vp(oe): Tachyon vertex at o,

lp))p: Dirichlet type Ishibashi state,
|B(F)): Neumann boundary state (p = 0).
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In the Seiberg-Witten limit: o ~ /2, g;; ~ €,
Vo.0.1P1)) Doy * VB,0.1P2)) D,z

_d - doy [doy g, -
~ det™2(1 — (N33)?%) ﬁﬁ . f . e' @12V . 1p1 + P2)) Doy Lo

v

a1+a2($|/dyfal(y)ﬁﬁ,dclB(y)>&1 * /dyfgaz(yf)ﬁﬁ,aclB(yI))ﬂz

~ [det™2(1 — (N33)2) 278(0)] fu, (z) 03 Gas ()

where

f(ll ('I:J 4}3 g&g (1]3}

(=B +pAr T ’

e (CDRNR (14 25)
= fai(x) Z (2k + 1)! z k+ 1

k=0 " 1=0

- —
sin(—A8A)sin((1 4+ B)A — 1 9 -
= fo,(z) (—BA)sin((1 + B)A) o () (3: 1 A gt

Joo (33} .
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In particular, one of the two a-parameter becomes zero,
this induced product becomes Strachan product :

sin A

f(m} 3 g(fﬂ)lﬁ:{} or —1 = f(x) By

which is also called the generalized star product: %o .

g(x)

By taking the Laplace transformation with an ansatz:
fa(z) = a®~1f(x) the idempotency equation is reduced to

sin A

A

f(x)

Projector eq. with respect to the Strachan product
which is commutative and non-associative.

Feature of the HIKKO * product
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Fluctuations

Infinitesimal deformation of “idempotency equation”
around ®g(z+t, a):

5¢B(mJ‘,a1] * @B(yJ', ﬂ:g:\} + @B(:BJ', U—’l) *® JtIlB(yJ‘,ag]
= ﬁd_p—1($l — yJ‘)CcEl_ﬁq)B(mJ‘,, a1 + az).
do
Ansatz: §®p(zT, o) = §£2—V(a)@3(ml,a)
iy

By straightforward computation in oscillator language, we found scalar
and vector type “solutions™.

Vs(a‘) —: eikﬂ-xﬁ{g} . kPG“ka — a!—lj
VV(J) — Cvaﬂ'XveikFXy(U} ‘s k#Gpuku = 0,
(G*” = [(14 F)"n(1 — F)~1J* : open string metric).

2004/6/22 seminar@QOsaka Univ. 17



In computation of tachyon mass using Neumann coefficients,
we enconunter

ALY

at least naively. — regularization

By truncating the level of string = as is proportional to |ay|,
we obtain on-shell condition uniquely:

(—B) 2 kuG"hy 4 (1 4 g)'kuG"hy = 1 for Vg
where /3 = (}:1/(]23

—  open string tachyon: k,GM*"k, = o'~ 1.
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For vector type fluctuation oy ®pg, we compute
oy ®p(a1)) * |®p(az)) + |Pp(a1)) * |0y Pp(az))
((=B)>FuGT Rl 4 (1 4 gy kG Rt lyecd |5y @ g(ag + a2))
+((_ )a!kP,G'ﬁyky o (1 + ﬁ}{k“rk _G”‘yky)

X [=icuGrvh, g U Ce |65 @ p(an + @) + -0 |-

v

We obtain massless condition k,G*"k, = 0.

However, the transversality condition is subtle because
. 9
0 0 oo sin“ wpB
(=8)° = (1+8)°) Tp2; 5 5P ~ 0 X co.
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On the other hand, using LPP formulation for the HIKKO closed
SFT, the equation for the fluctuation is reduced to

(% —E1 [V (o1)] + 9£ Ef;[V(az )] + j£ _V({Tg)) |B(zL)) = 0.

A sufficient condition for this solution : primary with weight 1

2,V (00)] [B@Y) = ——Sn(or) V (Sn(on) [B)

Oy
— open string spectrum!

However, 33,- iS a particular mapping.
Is this a necessary condition?
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By modifying the vector type fluctuation i
Vs(o) =: e*n X" s Wy (0) =: €udo XH(o)e™ X (),
V(o) = V(o) — (Cub! ky /4m) Vs (o),
where 8 = 7(0 — 01)/2 = —2x(1+ F)"'F(1 — F) 1,
we obtain the finite transformation

(do)® Vs(o)|B(zh)) = (dA)2Vs(N)|B(zh)),

e

(@)W (@) BE) = (@A IBEH) - = ATVs()IB(E)

where "
A = d'k,GMEky, E=—i(uGM'Ek,/2.

i1, 222 are linear mappings
— A =1 for Vg and A:Oforf/V.

We should note the singularity at the interaction point for 17’1;.
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Interaction
point

Around the interaction point for A =0
doVy (o)|B(z™))
= dz [V (2)|B(z1)) — 2 ((2 = 20) 71 + O((2 — 20)°) ) Vs(2)|B(z))]

(% —E1[V('71) f%zz[v(ﬂ’z)] + f%v(‘m)) |B(z))

— ip E Vg(z0)|B(z1)) = iEj{{;—:Vs(J)IB(fﬂl))

— the transversality condition 2:E = (,GM*"k,, = 0 is imposed.
Correct open string spectrum!
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Cardy states and idempotents

« On the flat ( R9) background, we have * product formula
for Ishibashi states :

PL oy * [P ))ag = Ccg |PT + Po))ag+as-

[pT)) satisfies (L, — L_y)|pt)) = 0, but is not an idempotent.
Its Fourier transform |B(x+)) which is a Cardy state gives an
idempotent.

Conjecture

Cardy states ~ idempotents in closed SFT

even on nontrivial backgrounds.
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Cardy states |B):
1. (Lp—L_p)|B) =0.
1 r IS .
2. (B|gzLotLo—13)| B!y = > NG oxi(q),

N

BRE ‘nonnegative integer.

Closed SFT:

1. (Lp — L_n)|B) =0, (Lpn—L_,)|B’Y =0,
— (Lp— L_,)|B) x|B’)y = 0.

2. idempotency: |B) x |B’) = g p/C|B).

2004/6/22 seminar@QOsaka Univ.
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+ Orbifold (M/I")
twisted sector: X (o 4+ 27w) =gX (o) (g €T)

(g-twisted) * (g’-twisted) ~ (gg’-twisted)

— x product of Ishibashi states should be
|9>>Of1 * |g,>>af2 ~ |gg’))a’1—|-a2

Group ring CIT. D _geT Agég € cll, Ag € C

eg * egl — egg/
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I':nonabelian e — e; = Z €g (C;: conjugacy class).
geC;
Formula: e; xe; = N.Fe,

cillesle i
¢

N k— |I‘| 2 airreps. . (C:_-(a) : character)

Z ¢! (@) e;, pla) . p(B) — 5&,.513{'3}-

1:class

!

Cardy states: |a) = T Z C{a Voilt)), |2)) Z 1g))

1:class geC;

idempotents: pla) —
II‘I

_c -1,
o; =a(e,g).g €Ci, xi(q) = Try, (9g"°"2) = o(h,g)xy (q)

— |a) : idempotents in closed SFT (?7)
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« Fusion ring of RCFT

SitS;1Sg
S11

k
6/&*6 _N €L, N’LJ :Z
l

idempotents: P(®) = §*

lo
t:primary

!

Cardy states: [a) = )

v:primary

\/S—hlz))

Suppose  [2))a; * 7)) as ~ N-f;t k))ai+az
then Cardy states |a) ~ idempotents in closed SFT

2004/6/22 seminar@QOsaka Univ.
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TP, TP/Z, compactification

Explicit formulation of closed SFT on TP, Tb/Z,
IS known.

3-string vertex is modified:
(—1)p2w2_p1w3|VO(1m 2, 3u)>a

f
(—1)P1"36([nd — nd 4+ wi])[Vo(1u, 2¢, 31))

- cocycle factor <« Jacobi identity,

- matter zero mode part.

. untwisted-twisted-twisted : different Neumann coefficients TS
- Zi9 projection

n--r '”-3 '

We can compute * product of Ishibashi states directly.

2004/6/22 seminar@QOsaka Univ.
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Ishibashi states:

—yoo 1,i .V Gk
|L(09 p. 'w)))u = Zn:l ”ai_"Guo ka_nlpe w)&
o0 1

_ N 1.1 Y sk
(0, nT)))y = e Zr=1/2 T = GO £,

oTco = G; pi,wj:integers such as p; = —F;;w/,

F=—(G+B—-(G-—B)O)(1+0) 1 (nf)* = 0,1 : fixed point.

* products of these states are not diagonal.
— We consider following linear combinations:

Dirichlet type (O = —1)

nfyy = (det(2Gi)) 1S (=1)P™ [u(=1,p,0)))us

pi

n)e = |e(=1,n7)))s

Neumann type (O # —1)
1
— 4 wmf +wF,w
mf, F)y = (det(2GgY)) T Y (—1) ™ FF(0, —Fw, w)))u,
_D mInfinfE.nf

m/,F)y = 272 ) (=)™ R0, nT))),

nfe{0,1}D

where (mf)! =1,0, G;' = (G+ B+ F)"'G(G—- B — F)~L.

2004/6/22 seminar@QOsaka Univ.
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* product (Dirichlet type)

|ﬂ’{a ﬂjla al)u * |’l‘1§, yJ_E a?)u

_1 —p—
= (det(2G;5)) "1 (2m)PsP(0)s2 | 6P (zt — y )

X p2 det_ﬂ%(l — (ﬂf""'?')z)cﬁlni,yﬁ ay + az)y,
L)y * |n§?yL?a2)t
— (det(2G;;)) 3 (2m)P5P (003D, 64 (@t — yh)

x i det ™2 (1 — (T33)?)det™ 7 (1 — (N®)?)cf [nd, yt, a1 + o),
1

|n{,:c

|n{3$ :al)t * |ng: yl:az)t

= (det (ZGU)) ‘i_ 5,D

ni.n3

D ~ d—2 ~
X 7 det =2 (1 — (T*30)?)det™" 2 (1 — (N33)?)ef nd, yt, o1 + az)ue

5d—p—1 (CBJ‘ . yJ_)

_d+D-2 ~ _ _
C := pidet™ 2 (1—(N?)?) (~|ajazaz|T™?)

D ~ d—2 ~
= pldet™2z(1 — (T33t)%)det™ 2 (1 — (N33)?),

follows from Cremmer-Gervais identity for D + d = 26.
C' — 12 det— 2 =30 3u) 2 —d-2 53312

= py det 2(1 — (TPvuw)*)det™ 2 (1 — (N°?)%)

cannot be evaluated similarly — other method
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|fn;f, a:J‘, a)y = %(211'5([}))—‘0 ((det(2G1—j)]}T |fn;f, a:J‘, a)y =+ ct(2ﬂ5(ﬂ))%|nf, ZﬂJ', u:}t)

are idempotents:

nd, 2t ar) s * [nd,yt an)r = 67 8P (@ — yh)Cefnd, vt oq + )+,
‘12772
|?1‘;{,:EJ',(11):1:* |n;{?'yJ_:«a2>:F = 0.

ct 1S given by

D
4

/ M, — _ — (Tluly 2
cy = CE: (E_Tﬂ(aj 1-|-a2 1) det(1 — (T (a3, a1, 2)) )) !

det(1 — (N33(aq, a2, a3))?)
which is evaluated by I-loop amplitude as

ct(Zﬂ'S(U))g = 2%({:[&1;(2(%‘]}% — ﬁa{e,g)(det@(}‘}ﬁ :

— |nf, 21, a)+ : Cardy state for fractional D-brane.
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regularize

:

T/2
doubling

~ doubling of open string 1-loop

2004/6/22
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A |_,0
: + 7r|a3|
T | == i
| : |
Modulus of torus 7 : +— Mandelstam mapping using ¥?-function
_ T T
e Il ~ for T — 0

8|as sin(maz/as)|

— Including ghost contribution, we reproduce C ~ |ajasas|T 5.
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Boundary 1 = u
N =
? 7 || .
mou < i cut /2/ 0 2
i i Boundary 2 : Zy 2V
Ratio of 1-loop amplitude:
.. D —1
n(T 2 _ o _ L e —1,
( ??( ~) ) (_21?5(_[]]}_Dn(_1:]_ﬂ Z EITTTPG p/2
Jo(7) -
_D . D _1 , C’
— 27 2(2md8(0)) det™2(2G) = 3 T — +120

2004/6/22 seminar@QOsaka Univ.
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Similarly, we obtain Neumann type idempotents:

1
1det1(2G,") D
fF I o f F xt + 24 |m/, F, ot
m-,r,o — m-,r,r .0y m-,r,r ,o )
|m{5F:a1>:|: * |m§* F, aZ}:I: - 521’ .mfc C[_]E_|'m§ﬁFﬁa1 + ai’-)ﬂ:ﬁ
1*7°°2

|'m{::«F3a1>i * |m£* F, aZ)ZF = 0.

(%) Neumann type idempotents are obtained from Dirichlet type by T-duality :
uilnf, o)1 g = |m? =nl,F,a)y )
In fact, we can prove

UjlAx B)g = (WfA) « UiB)ym. 9= § ) €0D.Ds2)

for both vuu and utt 3-string vertices. (F = G + B)

Uy is given by Kugo-Zwiebach's transformation for the untwisted
sector and

Ular(BUy = —ET'an(g(E)), Ular(B)Uy = B~ G, (g(E)),

_D . nfmfrmf f
uilnp=27"2 3 (=nmmEm A g,
mfe{0,1}P
for the twisted sector. (Fy);; := F;; (2 < j), 0 (otherwise).
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Summary and discussion

« Cardy states satisfy idempotency equation
in closed SFT (on RP, TP, Tb/Z, ).

« Variation around idempotents gives open string
spectrum.

* |dempotents ~ Cardy states
. detalled correspondence?
* Closed version of VSFT? (Veneziano amplitude,...)
* Relation to the original HIKKO theory?
* More nontrivial background? (other orbifolds,...)
* Supersymmetric extension? (HIKKO’s NSR vertex,...)

2004/6/22 seminar@QOsaka Univ. 36



 3-string vertex in Nonpolynomial CSFT

3 2

A «— closed string version of Witten’s * product
1

We can also prove idempotency straightforwardly:

[@p(xT)) = [2p(yT)) = 8(z" — yT)Cweg by |2p(zT))
(Computation is simplified by closed sting version of MSFT. )
* n-string vertices (n=4) in nonpolynomial CSFT?
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