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« Cardy states: (L, — L_,)|B) =0
(B|gz ot 1o=12)|BY) = 3, N pxi(a)
C
v
* |[dempotents in Closed SFT

| B) * |B") = dp pC|B)
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Introduction

D-brane ~ Boundary state <« closed string

S=30.-Q¥ + iV .V x T

Witten cubic open SFT, VSFT |E) * |E> — |E>

v

1 1
S—j@'Q(I)_I_g(I)'@*@ (—l—“‘)
HIKKO cubic closed SFT (Nonpolynomial CSFT)

|B) * |B) = |B) (7)

Boundary states

Projectors (sliver, butterfly,...)
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|18 (zt, o)) * [2(y T, a2)) = d(zT — yT)Cef |BR(zT, a1 + az))

“idempotency equation”
- _d—2
C = [1(1,2,3)][det(1 — (N33)2)]"2

Regularization: N33 — N3 ¢~(m™ii  C ~ |ajagas|T 3 for d = 26.

[@p(z+, a)) = ¢g by |B(zh)) @ |a)
|B(z1)) : boundary state for Dp brane

HIKKO closed string * product:

as
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 3-string vertex in Nonpolynomial CSFT

3 2

A «— closed string version of Witten * product
1

We can also prove idempotency straightforwardly:

[@p(xzh)) * |[2B(yT)) = d(z — yT)Cweg by |@B(xT))

( n-string vertices (n=4) in nonpolynomial CSFT? )
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Cardy states and idempotents

« On the flat ( RY) background, we have * product formula
for Ishibashi states :

|pf_>>051 * |P%‘>>a2 — CC(_)'_IP% + P%))al—l—az-

ipT)) satisfies (Lp, — L_y)|p~)) = 0, but is not an idempotent.
Its Fourier transform |B(a:J-)) which is a Cardy state gives an
idempotent.

Conjecture

Cardy states ~ idempotents in closed SFT

even on nontrivial backgrounds.
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Cardy states |B):
1. (Ln,—L_,)|B) =0.
1 T & :
2. (Blg2or T 2)|BY) = 75, N pxi(a).

Ni

BRE ‘nonnegative integer.

Closed SFT:

1. (Lp — L_n)|B) =0, (Lpn—L_,)|B’Y =0,
— (Lp— L_,)|B) x|B’)y = 0.

2. idempotency: |B) x |B’) = g p/C|B).
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+ Orbifold (M/I")
twisted sector: X (o 4+ 27w) =gX (o) (g €T)

(g-twisted) * (g’-twisted) ~ (gg’-twisted)

— x product of Ishibashi states should be
|9>>Of1 * |g,>>af2 ~ |gg,))a’1—|-052

Group ring CIT. D _geT Agég € cll, Ag € C
eg * egl - egg/
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I':nonabelian e — e; = Z €g (C;: conjugacy class).
geC;
Formula: e; xe; = N.Fe,

cille;lei™ ¢ e

@ (Cl.(a] : character)
1

k __
N |[‘| Za :1rreps.

idempotents: pla) —

) ¢, (@) e;, P@xpB) =35 ,pP0B)
i P>

1:class '\

¢ orthogonality of characters

Cardy states: |a) = ﬁ Z C{a Voilt)), |2)) Z l9)) .

1:class geC;

_c -1, .
o; =0(e,9),9 € Ci, x7(q) = Try, (99"°72%) = o(h,9)x" (9

— |a) : idempotents in closed SFT (?7)
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« Fusion ring of RCFT

S;18:1S7
k k e Ll 3!
eZ*eJ:N’&J €L, N’LJ :Z
~ Su
idempotents: P(®) = STa Z S;a€i pla),pB) — EQLSP{'-S}.
t:primary o\

unitarity of S

C , . Sai .
ardy states: |a) = ) = 12))
v:primary le

Suppose  [2))a; * 7)) as ~ N-f;t k))ai+az
then Cardy states |a) ~ idempotents in closed SFT

2004/7/14 QFT2004@YITP 10



e Comments

General idempotents: P = )~ eaP(O‘), €Ea=0,1: PxP=P

/

different from Cardy condition

% : associative in group ring and fusion ring

:

* . non-associative Iin HIKKO closed string field theory
— associative among Ishibashi states (on RP, TP, TP/Z,)

Witten * product: hon-commutative in open string field theory
— commutative among wedge states (sliver states)
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TP, TP/Z, compactification

Explicit formulation of closed SFT on TP, Tb/Z,
IS known.

3-string vertex is modified:
(—1)p2w2_p1w3|vﬂ(1ua 20, 3u))a
o f
(—1)P36([nd — nd + wi])|Vo(Lu, 2¢, 3¢))

- cocycle factor <+ Jacobi identity,
- matter zero mode part.

- untwisted-twisted-twisted : different Neumann coefficients f’r’l’_fns,
- Zio projection

We can compute * product of Ishibashi states directly.
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Ishibashi states:

—yoo 1,i .V Gk
|L(09 p. 'w)))u = Zn:l ”ai_"Guo ka_nlpe w)&
o0 1

_ N 1.1 Y sk
(0, nT)))y = e Zr=1/2 T = GO £,

oTco = G; pi,wj:integers such as p; = —F;;w/,

F=—(G+B—-(G-—B)O)(1+0) 1 (nf)* = 0,1 : fixed point.

* products of these states are not diagonal.
— We consider following linear combinations:

Dirichlet type (O = —1)

nf)u = (det(2G;) 3 3 (=1)P™ (=15, 0))us
Pq
nfy == Juo(=1,n)))s.
Neumann type (O # —1)
mf, Py = (det(2G5")) * 3 (1) ™ R0, — Fuw, w)))u,
mf, Py, = 277 S~y R 0,0,
nfe{0,1}P

where (mf)! =1,0, G;' = (G+ B+ F)"'G(G—- B — F)~L.
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« Neumann coefficients in the twisted sector

Lotrprsqtsy Latrgrsgts
Vo (Lus 26, 3¢)) = p2 e2® T +2a a0,y ind i nd)

_ Flt [t
Z ant £t"'n.s o ﬁnr,ms ™55 Z Tmlt Itms o 'l}ms Z Tﬂf J []' _ _2T{]{] ’
t It t_ft t ft
~ QMg
QpMg + QgNy
11 =1 =\ —11rsAasl > cos™ (Df_;ﬂﬂ)
Too — » T [A+T)7 Ty =—-2) - = —o0
r.s=2,3 n=
2 - — T332 7| , E P
C := p,det (1 —(N9)%) : 5
D ~ d—2 ~ : i
= ppdet™2(1 — (T°%)%)det™ 2 (1 — (N??)?), e e
~ |ajazas|T™? ‘
follows from Cremmer-Gervais identity for D + d = 26. ELH | —ma
0
T

C':= p?det = (1 — (T33)?) de
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Results :

|nf, T, a)y = %(2#5([}))_‘0 ((det(2Gij)]’% |nf, T, a)y ct(Zﬂﬁ({]))%nf, oL, a)t)

are idempotents:

|n{$mla al):l: * |ﬂ‘,§, yJ_a f:'52‘->:|: — San nf‘s(m J_) CC3-|?1£~. 'yJ_f.al + aE):I:?
1*7°%2
|n{,:ﬂl,a1)i * |n§,yJ‘,ag):F = 0.

ct IS given by

- D
e = (f = [ Baitragh) det(l = (T11(ag, 0, 02))) | ©
e — = =

c’ det(1 — (N33 (a1, as, a3))?) !
which is evaluated by open string 1-loop amplitude as

cf{2ﬂ'5{[}))? = 24 (det(2G))2 = /o(e,g) (det(2G))4

— |nf, 21, a)+ : Cardy state for fractional D-brane.
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V1(u + (17/203)|7)
V1 (u — (a17/2a3)|7)

p(u) = (a; + az)log — 2miaqu

—_————
regularize
1 1
T/2

T v Modulus of torus +

: } 7| _ T T

: I 17|~ _

: ! € 8|ag sin(mray /a3)] for ' — 0

:

: ! |
oy =.=, E Mandelstam mapping:

l

— Including ghost contribution, we reproduce C ~ |ojaas|T 3.
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T v 5

al
2
&

| =

rixs 4l

Boundary 2 _— ’

- -

Boundary 1

\

(M

Ratio of 1-loop amplitude:
—1

n(7) % - —D z\—D E-iﬂ"f’p(}‘_lpfz
(55) " | emaE)Pnc 3

_D - D _ C’ ~ .
— 27 2(27w4(0)) " det™ 2(2G) = v T — +10

)| =
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Similarly, we obtain Neumann type idempotents:

1
1deti(2G 5! D
[’ F.a™ )z = 5 (zm(s(o)?D) m?, F,at, a)y + 25 |m?, Fzt, a),|

[m{ F, :EJ_? al):l: * |m§ F, yla'_?-):l: — 5Df f 5(3:_]_ — {th)c Ca—|m={- F, :BJ_:« aq + (12}:&:«
2

my, m

-

Im{ F, ;{;J-? al):l: * |m§ F, yl:« 052>:F = 0.

(%) Neumann type idempotents are obtained from Dirichlet type by T-duality :
uilnf, o)1 g = |m? =nl,F,a)y )
In fact, we can prove

UllAx By = (U} A) x UIB))g(p)s 9= ( —F }]) € 0(D, D;7)

for both vuu and utt 3-string vertices. (F = G + B)

Uy is given by Kugo-Zwiebach transformation for the untwisted
sector and

Ular (B = —ET'a(g(E)), Ular(BE)Uy = B~ G, (g(E)),

_D . nfmfrmT f
uilnp=272 3 (nmm Il g,
mfef{o,1}P
for the twisted sector. (Fy);; := F;; (2 < j), 0 (otherwise).

2004/7/14 QFT2004@YITP 18



Summary and discussion

« Cardy states satisfy idempotency equation
In closed SFT (on RP; TP TP/Z, ).

« Variation around idempotents gives open string spectrum
(on RD).

* ldempotents ~ Cardy states
. detailed correspondence ?

* Closed version of VSFT? (Veneziano amplitude,...)
* Relation to the original HIKKO theory?

* More nontrivial background? (other orbifolds,...)

* Super extension? (HIKKO NSR vertex,...)
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“non-commutative” extension

KT operator which was introduced to represent noncommutativety in SFT :
i [27+oc 2n40c g
Vo0, = €xp (—4] do‘f do’' P;(d)0% (o, J’]Pj(a’))

1

In the Seiberg-Witten limit: o ~ € "’2, gij ~ €, €—=>0

ar4as (| [ f dyfa,(¥) Vo, B(Y))ay * / dy"gag(y’)f’a,aJB(y’))az}

_d ~ sin(—pBA) sin((1 + 3)A) ‘
~ [det™2(1 — (N3%)?)276(0)] fa 5
[det™2( ( )?) 2m6(0)] fo, (@) (—B)(1 + B)A2 Gaz(T)
where B=—, A= —-0Y—
a3 20x' OaJ

By taking the Laplace transformation with an ansatz:
fa(z) = a®~1f(z) the idempotency equation is reduced to
sin A

f(2)——f(2) = f(@)

l.e., projector eq. with respect to the Strachan product which is
commutative and non-associative.

\

feature of the HIKKO closed SFT * product
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