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Introduction and summary

It is important to make detailed investigations of nonperturbative formulations for
string theory. Several formulations such as string field theories or matrix theories
have been proposed.

It is preferable to understand relations among them to develop them correctly.

Dijkgraaf and Motl suggested that there is a correspondence between

Green-Schwarz-Brink’s light-cone superstring field theory (1983)
and
Dijkgraaf-Verlinde-Verlinde’s matrix string theory (1997) .

We concentrate on their interaction term:
LCSFT MST
3-string vertex twist/spin field






Comparing

. ; . 1 .
X )| V) ~ |o — oim| 2ZE|V) ; X' (2)05(0) ~ z 27'5(0)
— 1~ an . 1 .
IX*(o)|V) ~ |o —omnt| 22'|V) 0X"(2)oa(0) ~ z 207"(0)

(|lo— omt| = 0) (2,2—0)
we guess the correspondence:
V) > oo
ZY|V) - TG
ZYV) - o7

If the above correspondence is true, we expect that the OPE of the
twist field in MST is reproduced by the 3-string vertex in LCSFT.

d—2
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2 05(2,%) - 06(0) ~ [|z|(li|zl)2]



We have explicitly evaluated it in bosonic LCSFT as:

T (L [3]_|_L{3 )

(R(3,6)|e l=3l [V (1ars 202 3a3)) |V (4—ay155—azs 6—a3))

T T 29 —6
N [lmwg (l”gmmp ,3) ] R(1, 4))|R(2,5))
(tree)

(1) , #(1)y T ,4(2) (2
(R(2,5)|(R(1L, )]s L0 10 (Lo +15")
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The result is consistent with the correspondence if we identify
IR) <+ 1

and T ~ |0 — o] ~ |2] .



Similarly, we have evaluated the fermionic sector as:

3 =3

(Rle (V) |V (Y)|V) ~ §**87'T2|R)|R)

T M 7y T @, 72y . L
(R(Rle”arfo HEo )7 (B0 )i () vkl (v) V) ~ 6%*571T 2| RY

@ +E®

(RleTos] )sia(y)|V)sib(Y)|V) ~ 6176%0T—2|R)|R)

T (1), 71y T (2), 7(2)y .. .2 .
(R|(Rle @10 o) ;maz (Lo +L6) sia vy vy s3b(y) V) ~ 610 59PT—2| R)

On the other hand, the OPEs among spin fields are
»(2)2I(0) ~ 27164,
24(2)x8(0) ~ 2159,

Ez(z)Ea’(O) ~ z_%\/lz

12 0°(0), -



Our results on the contractions are consistent with the correspondence:

H; : v (Y)|V) - I3
Qs SUY)VY < nes
Q4 FUY)V) & =i

which are given by

In our computations in LCSFT, we found a simple expression of the prefactor

¥ [E ¥ 3 ( [cosh¥];; [sinh¥]; ) _ ( v (Y) -i{—alzgl_%siﬁfy])r
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Comment

In , we evaluated the coefficients of
the idempotency relation for the boundary states as
T/2

—3 —
|B>O£1 *T|B>a2 ~ |(1123|T |B>th1—|—a2 )

in the HIKKO closed SFT (d=26) . 3

Therefore, in the case of

T (1), 300, T, (2, 72
(R(2,5)|(R(La)e ot HE0 B D 1 o8 NV 005 anboa))
we expected that the coefficient behaves as ~ (T7%)% = 17°

for bosonic LCSFT.

This estimation is consistent with the conformal dimension of the twist field:

1 1 , - - -
(E + 1—6) (conf. dim. of 66) X 2 (66 -00) X (26 — 2) (transverse) = 6.
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 Brief review of light-cone superstring field
theory (GSB: SO(8) formalism)

Green-Schwarz formalism — light-cone gauge
String field &: functional of z*+,2— and

X' o) =a'+i) —(ape™ Pl +ape "N, (o], of,] = ndnim087, -
n=0
1 . in2- B LA )
9%o) = 9%+ ) ;['H*Qiem'“' +nQ%e ey, {Q%,Q%} = abnimod®,---
n#=0
('rl — e%, ’f]* — e_%)

bra-ket representation

_ i1y -jrmy--agly-brkye- iy ~ 71 ay b1 i ya
@) = Z f:n"‘,a_e;l?,l Cny Xy Q—h o Q—k] rrlen ' AT)

(o, p*, A?) : conjugate momentum of (z—, z*, 9%)
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Free Hamiltonian and super charge

a '(Lo+ Lo — 1),
1 . . . :
—p'p'+ Y o ol + ) (n/a)Q”, Q% +

2

n>1 n>1
1
Ep*p‘ + ) &, an+ ) (n/a)Q,.Qn +
n>1 n>1
Z f}(aaQ—n n?
neZ

V2a~?! Z Q% &t .

neZ

They satisfy the SUSY algebra:
{QE,Q5} = 2Hd% + 207 (Lo — L)d%,
{Qs, Qg} = 2H5% — 2a” (Lo — E0)5é’53
Q4 Hol =0, [Q%,Hol=0, {Q%,Q5} =0,
up to the level matching condition Ly — Lo = O .
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Connection condition for 3 closed strings

Cﬁi

Delta functional

3

g

(S{ﬂ[l —|— (8 )] —|— &3)58{X1{3] — E-)lXi':l} — @gxi(z))és('ﬂ(a) — @]_‘19(1} — @2‘[?{2])
= (a1, XD, 92D |(ay, X2 92| (g, X13) 923V (1, 2,3)).

|

3-string vertex
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Oscillator representation

V(1,2,3)) = (2m)°0(a1 + a2 + a3)0°(p] + P5 +P5)0° (AT + A3 + A3)
w3 Z N (@) al) +61) &0 )+ Ny (o) +a0))P— 70 P2
xeE Qe nNIL Q1) —VEA T ar ' a NI
where

Pt = aﬂ)g — a2p§, A% = a1 A5 — a7, QI_/:,,IG = %("7:&1@‘1” + n*ilé"_‘n
and the Neumann coefficients are explicitly given by

—1
- (8 2% Qg — _
S __ - s
Nmn — —(123 (— —|— —) NmNn’
m n

N 1 I'(—ma,y1/a)
o a,m!T(1 —m(1 + ary1/ar))

3
123 = a1a203, (4 = 1), To = Z o, log |a,| .

r=1

mTo/on
’




Interaction terms of Hamiltonian and super charges are
constructed from SUSY algebra:

H=Ho+g.H +¢’Hy+ ---,
Q* = Q% +9:Q* +g%Q% +---, Q% =0Q%+g,Q% +g%Q% +
{Q*,Q°} = {Q*,Q°} = 2H**, [Q*, H]=[Q* H]={Q*Q"} =0.

The first nontrivial terms Hl, a Qd Should satisfy

° i(r ; 3' h(r alr r
S QiMIeh + 3 @dMied) = Z Q51ah) + ZQ )|0%) = 2|Hy)s%,

r=1 r—= 1 r=1

3 "
> Q10 + Z a"1@d) =0
r—=1

up to the Ievel matching condition Ly~ — L§”? =0, (r =1,2,3),

They are given by the following form:
|H(1,2,3)) = Z'ZI0Y(Y)|V(1,2,3)),
Q4(1,2,3)) = Z's"(Y)|V(1,2,3)),
1Q7(1,2,3)) = Z°5*%(Y)|V(1,2,3)).
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Zi = Pz — (X123 Z a;lnﬁgd(_r: ’
Here 27 = P/ — a3y a7'nN.a"’, commute with the connection condition
a a 0123 _ r ~AI(r)a
Y* = A% -— T'nN
vz & et

and the prefactors are given by some particular polynomials:

vI(Y) = 69 — A YeY? 4 b i 3 JYevbyeyd
123 6(a123)% *7°
43 .
. ﬁ'(alzg)g T;Jbgabcdefgh}rc}rdyeyf Ygl,rh
16 ..
+ 8'( )45‘13EabcdefghYayb}rcdeey_fygyh’
A\ X123
§7°(Y) = 29, Y%+ ———uig e?elelotydyeyTyoyh,
‘(X723
id = u b 16 ; bede fghy b d i h
8, (Y) = — m‘};C‘!t"“"]'iz" Y° 4+ 3 '}r;ds“ ceelgnYy Y Y Yy’ Yesy",
3{]{123 7!(]1123
s(Y) = f(sm(Y) — is5(Y)),
seY) = E(.s;ﬂ(Y)Jrz's;,ﬂ(}r)),,

i
i Taa ~ S | ia
7= ( ~i )9 ada — Yaa’s Yabe = ”ﬂab'?; as Labed = [abﬁd]
a
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 Brief review of matrix string theory

From BFSS’s Matrix theory (dimensional
reduction from 1+9 dim. U(N) SYM to1+0 dim.) ,
compactifying on the circle in the target space,
we have 2 dimensional action:

2 1 . 1
S = /dt/ do tr(——(D”XE)E +6Tpo — —g%F2,
Jo 2 4 K

1 : : 1 : :
+ 45X X2 + LTy [x 6]
495 gs

At the free string limit: L gs — 0
gyMm

main contribution comes from [X*, X7] =0
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Diagonalizing the matrices, (U_lXiU)mn = w%&m,n
periodicity up to U(N) gauge transformation X*(o + 27) = VX*(o)V 1
implies ' (o + 27) = gx'(o)g~ L, g€ Sn.

matrix string theory

CFT

worldsheet field — z? ,02.,02, (m=1,---,N)

target space R3N /S



Twisted sector: long strings

Interaction
~ exchange of eigenvalues

19
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Interaction: exchange of eigenvalues Zs twist field/ spin field
. . 1 .
(0z5,(2) — 0%, (2))(06(0)) (nm) ~ 27 2(77°6(0)) (nm)
— . — 1 .
(8:{::1{5] — Oz, (5})(0-5_({]))(?1?11] ~ E_E(U%E(D))(nm) ’

(69(2) — 6%,()) (Z(0)) () ~ z-%jﬁwia(zﬁ(o))mm;.,

Interaction term:  gsV o' / d?z Vi

Lorentz scalar, conformal dimension (3/2,3/2)

Vint = Z (Tzzz%'jij)(nm)

n<<m

1 3
conformal dimension: (E X8+ 5) t273
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* Review of previous results on the correspondence

Correspondence in the bosonic sector
We fix and drop (n,m) and rewrite as =}, — =%, — X"

Comparing the OPE of the Zo twist field: 9X'(2)a5(0) ~ 2_%7%5(0),
(MST) dX*(2)o5(0) ~ z 207%(0),

1 .
Z'\V),

with the result of L axMi(gy) + 8XDi (o)) V) ~
direct computation 2 am|aras| /2|01 — olng |1/
1

(LCSFT) : L BX Wi (01) + XD =)V ~ Zv),

4m|ay23|1/ 2|0y — U'i(;gpm

we expect the correspondence: VY, & o0&
?
|Q'f) = Z'\VY, <« T'o,
QYY) = Z'V), <+ o7,
|H1> = Z'ZJ V)b — TIFt
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Correspondence in the Fermionic sector

In the MST side, we consider type IIB version.

We fix and drop (n, m) and rewrite as 0 — 02 — 0%, 0% — 02 — 0°.
The OPE of spin fields is  #"®)='(0) ~ 273 j;w:;é 2%(0), 6°(2)Z*(0) ~ 272 jiv:;a 2¢(0),

G o = ja (. sa -1 "M i i
Yaa 2°(0),  09(2)X%(0) ~ 272 —=7,, ¥°(0),

0*(:)E4(0) ~ 27 - 7

and then " (6°(2) +1i6(2)) (B — 2454 (0) ~ |27} (—i)7}s (BT — iT'E?)(0),

V2
(MST) (for z =2z > 0).

From direct computation,

1
we have }\(l}a(ﬂ'l)|v> ~ }».(1)“(—0'1)|V) ~

Ye|v),

47 |a123|1/2 |0y — oy |12

1 1 Ll | -~ L |
2+ 1Y (naWenE + o aweinit) |

S (LCSFT)

where AMe(g)) =
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Suppose V)e < (22— 24%%)(0),
77*041/2 )
Y* & Ap=-—% (\/Eea(z)“\/éea(z)),

then we have following correspondence:

a a i ava . (X123 i i civa
Y |V)f — :A+(Z}E > )::—1( = ) 'Taa.(z 3t — 3y ),

B=

a (123 . : 1 i waci
YeY? V) & —i 5 = (2 >3 — quﬂ})z 2"),

3
o .~
YYPY° V) —( 1223) ult (B2 +ix'%%),

2

1

Y°YYeYd V) « (0”223) (abcdzﬁzﬂ +Et’fb“;‘dﬁ«”‘“‘zazb)
é -

YaYbYchYe|V>f s G123 u abcde_fgh u:a (Zazt —ini Ea)

2 31° ’

3 .
« z s s 1 .. . .-
Yevbyevdvey/ |V, < — ( 123) gabedefgh i (z*z-'f + Eﬁ})zﬂzb) ,

oo
M

(M

(8] .~ .
YaYtchYcIYerYg|V)f o _( 1223) Eabcde_fghﬂr;a(zaz}t + iztza) \

Yovlyevydyey/ yoyh|vy, (a1223

4
) Eabcdefgh(zéii + Edi{i) ,

and  YYYevtyeydyey/yovh|v), =0 < A% (DS 4+ 2484 :=0.



Here, we note various relations of gamma matrices:

yidkl [i5 _ k]

abed = YabVed]’
. 1 -
2 _ bed. hyt
tajbcd - EEQ PR tej_fgh, ’
. 1 .
ighkl abedefgh yijkl
tajbcd — _EE e tejfgh ]
: - 1
toped = — i Siktmnpatabed >
i ik kI _ 1 j
Eabcdefghétj — ’TfachdTe?T;?:i ’
) - 1 e 0 1 T e
TesToo = 3 (5?5,:.‘50,!:5&,6 + 8a,6735 + 05,576 + 5005 YapVih — YasVap — ﬂébﬁ’z)
1| ikl ij kel 1 i jlel jkel i 1
+16 (Tfﬁiﬂ‘g +vh T — 5(7;’;‘"‘7‘? ST ™) + géi,ﬂﬁ,‘,m"*rf-m” :
and define
. . 1 1
mab (Y) — ﬁab + ,Tj;,},:lbya}rb . 5 TzimnTE;TﬁnYaYbYch
(]
. k! kl __abedefghwyreydyeywv fyvagvh
Glad YoiYabt YYyYry’'y‘y
123
2 .

L - - 6aﬁsabcdefgh}ra}fb}rc}rd}feyf Yg}rh .
Q323

24



Using the above relations, we obtain the correspondence:

Hy) = o7(Y)|V)e < 16%7%7,

Q%) =  s4(Y)|V)e < 16|aizs|in*SéEY,

Q% = F4Y)|V): <+ 16|aias|in*TiEe,
mi(Y)|V) < —16%4%P.

Combing the boson and fermion part, we have

Hi) — 7'3%Fi%7,
Q‘l”) o oXeFint,
Q‘l”) o TIYigXe.
(LCSFT) (MST)

2y, g, g ! fix (n,m),z,z, N : fix
without level matching projection

25



SUSY algebra in MST

Free Hamiltonian and super charge H,

for (X% 0°,0°) :

which satisfy

Qo

1 _
g(LO + Lo — 1)9

1 dz . .
—— —,z(@X’@Xz -+ 9“‘89“‘),
2 271

1 dz . - -
—_— —_Z(BX‘BX"' - 9“’89“),
2) 2m

d : :
j£ z'z%'?’;agaiaxz(z) ;
27

dzZ 1 . = .~
j{ zz~'.0%10X"(2),
271

{Q2,Q%} = 26%°H, + 6%°(Lo — Lo),
{QS,QE} — 26%°H, — 5‘15(&) — En) .

{Q&,Q% =0,

[qu HD] — ﬂ:

[Q&, Hy] = 0.
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From the correspondence, we define

d NP d 1 NP
H, = /2_07121;-323(0-) :f Z'ZEE%T‘E‘%jEJ(z,E),
T
. do _._.-. i
QF = \/E/ —oX'T'YY o) = fﬂf—z?aﬂ“ 7i%i(z, ),
Q¢ = fm/_/—‘r Y24 (o) = —V2n —zg '3 (2, 2) .
Using the OPE such as

1,7

: . 3 0 1 -
X" (2)T7(0) ~ =z72 > o(0) +z727Y(0),

. _1 'n‘* . A 1 T?* 5 = . ]. k = k o )
a ? - 2 S 2 — a — AT YR (0
0%(z)Xx*(0) z \/E*TME (0) + = ﬁ(gf}*ﬂaﬁ‘ﬂ (0) 3’1'0,& (0)),
we have {Q%, Q%) + {Q%, Q%Y = 26°°H,,

{04,050 + {02, Q% = 26%H,,
{ngéi}‘F{Q?SQE} = 0,

(o, Fal +[Q, ol =0, (MIST)
[Q%, H1] +[Q%, Ho] = 0.
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Contractions I1n bosonic LCSFT

Let us consider the contractions in the bosonic LCSFT for simplicity
The 3-string vertex is the same form as the bosonic part of
Green-Schwarz-Brink’s LCSFT without the prefactor:
V(1,2,3)) = (277]255(0:1 + a2 + -‘113)524(P§ + pi + 'pfé.)[.u(al, 2, 113)]2
xe} TN (@Dal) 461600+ 5 N (a0 +a0)P- 30 P? gy
where  (aq, az,a3) = e~ Xz,

The reflector (bra, ket) is given by
(R(1,2)] = (0™ Zn w(@ e 4876 (97) 24524 (p} + p}) ,
R(1,2)) = (2m)*48%4(p} + ph)e™ n F@mn @ HELIED g)
The reflector can be regarded as “1” in a sense because
(@] = (R(1,2)|®)2,  (R(1,2)|R(2,3)) = id3,1 -
We expect a correspondence: |V (1,2,3)) <+ oo
|IR(1,2)) < 1

29



30
We expected that o6(z,2) 06(0), (|z| — 0) corresponds to

(3), 7(3)
Ly ' +L,

N
(R(S, 6}|E |&3|[ |V(]—C};1:« 2&21 3&3}} |V(4—a1: 5—{:123 6—&3}} (tree)

or

_T M0y T (@), FO)
(R(2,5)|(R(1,4)]e artFo tEo )mag (Lo +1o 7))

V{]-Ctl !-2111'233{13}} | V{4—&1 !5—&2!6—03)}

(1-loop) with T ~ |z].

We fix ar (a4 = —ax1, a5 = —a2) and do not insert the level matching projection.

At least formally, computation of the above quantities can be performed because
the reflector and the 3-string vertex are Gaussian form with respect to the oscillators.
For T'= 0, using the quadratic relations among the Neumann coefficients:

SNTUNE, = nl6mmes, SO NTUNE= —NL, 3 NAN = (a123) 27
I.t [.t It

we have  (R|V)|V) « |R)|R), (R|{(R|V)|V)  |R)

with divergent coefficients given by the determinant of the Neumann matrices.



In the contraction (tree) with T # 0,
we have the determinant factor of the Neumann coefficients from nonzero modes,
which was evaluated using Cremmer-Gervais identity:

—6
- - 2 T
2 —12 33 33 10
[p(a, a2, az)]“det (1— NTJ{ZNT;'E)‘ ~ 2 [|a123|1f3] ’

n+m

- _ntmmp _
for T — 40, where (Npjy)nm =e *sl” /nmNgD

From zero mode, we have a logarithmic factor:

12

—br(p1+p4)* [ T ] 824 '

€ ~ P1+ P4) (T" — +0),
2log(|as|/T)

which we have evaluated using the Mandelstam map:

—T}H'—mT o - - _
bp = a3 Y vame STNING [(1- NELNE) ] = —log(1 - 7).
n,m>1
plz) = ojloglz — Zoc) + s log(z — 1) — aslog(z — Z5) — o log =, (Lo —+ 2x0),

dp
T = plz4) — p(z-), et L

31



_

The result is

(R(3,6)|e lasl™? O IV (1lags2a2:3a3)) |V (4—aps D—ass 6—a3))

21—6
~ 272012 r log 1 |R(1,4))|R(2,5)).
lag23]1/3 lay23|1/3 , ,
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In the contraction (1-loop) with T # 0,
similar calculation manipulating the Neumann coefficients seems to be difficult.
Instead, we have used a = p™ HIKKO formulation with LPP vertex to evaluate

the determinant factor. Namely, comparing the expression of
3(—k3|6(—ke|(R(2,5)|(R(1,4)|A1A2|V(1,2,3))|V(4,5,6))

(A1,2: propagator) for LCSFT and o« = pT HIKKO SFT, we evaluate the
factor by computing CFT correlator on the torus:

<bT1 ETl sz BTZ céeik3X (Ug) Céeikﬁx (U6)> ’
T

where  br, = [¢, du (g—ﬁ)_ b(u),--- and the generalized Mandelstam map is
QVeN DY ) = |as|(log By (u — Uglr) — log 81 (u — Us|r)) — 2miayu,
, dp
T = plu_)— p(uy), =
L

For T' — 40, the modulus 7+, which is pure imaginary, is given by
_im T

T

8|as|sin(may /|ag|)
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In computation of the correlator, we evaluate residue at the interaction points w4
for ghost sector and treat « = p™ carefully.

The result is

_ T L[ﬁ1}+}3{1ﬁ]- l'L{EjJﬁEEE _
(R(2,5)[(R(La)|e a1 B a5 B By (1, o0 80 )V (4- 015 apr6oas))

- 2—13W—12| - (10 r 1}{3)2} _E|R{3,6}} .

g
|ay23]1/3 |aeg 23]
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On the other hand (MST side), a CFT correlator of Zstwist fields for RPpehaves as
D

(05 (c0)05(1)05(2,2)a5(0)) ~ ||=|7 (log =) %] *
for |z| ~ 0.

. 3 z
Note: the modulus 7 of the associated torus becomes e~ 7 ~ |1_6| for z e R, |z| = 0.

If we identify T ~ |z| andtake D =d—2 =24
singular behavior of contraction of the 3-string vertices is consistent with:

IV (1,2,3)) <> oo
IR(1,2)) <> 1
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A simple form of the prefactors

Noting the triality of SO(8), let us define new gamma matrix:

. . 0 ~ o~
7" = (V) (3,0),G,8) = ( ; b ) ,  793° + 3% = 26%015.
Then, the prefactors given by GSB can be rewritten as

X _ [er] ( [c-osh}"’].ij [sinh}”']i_f} )
[sinh¥']s; [coshY].: |
_ ( V(YY) i(—anzy) T2s(Y) ) |
( ;

—ar123) T2594(Y) mb4(Y)

1

— YaAa — 2 2 yasa 9 _
Y = yo n ’ Y =0.

—123




Using arelation,  £(¥)5* = (—1)/15%£(¥) — (=) l2goy ' (¥)

and the Fierz identity
) .IL[E, 1)

M||N|y—a -~ (=1 - -
M4pNcp = (=1)MIIN12 ;: P Sk (N o
0

We can easily check the SUSY algebra
> Qleh + Z QX1 = Y GEIah + 3 @RI — 21,

r— 1 r—1 r—1
a(r) 5b ~b(r) a

> QiOPah + 3 APl = 0.

r—1 r=1

For example, ZQD ) ZUF)); V) +ZQH’°]E [F(¥)]ialV)

—Q123 ij

zz( *' a@z-zﬂ [f"’m 2(For) - '(r':n}r]
(

;Pabcd 133

1
1,,-“—0.’1-'_3 16 - 4! "ab

with f(Y) —1y/—a123 sinh Y

for) - Froryyaetety] vy,
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The Fourier transformation of the prefactors in the fermionic sector is

( [cosh¥'];; [sinh)¥].; ) _ ﬁ 56 ( [coshg|;; —i[sinhg];. ) eﬁéﬂYﬂ
[sinh¥'|4; [coshY].. /| 16 t[sinhg|;; —[coshg].; :

This form is useful for concrete calculation of contractions.

The (expected) correspondence in the fermionic sector can be rewritten as

- : S S
e
[Slll }’/]&j [CIDS ly]&}; n*¥ayJ _yayb

(LCSFT) (MST)
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Contractions In super LCSFT

Let us consider contractions in the fermionic sector.

The 3-string vertex with prefactors is essentially written by

eal?ﬁ:;qfl-a}’ﬂlv(],z?g))f — JS(AT_I_AE_I_Ag)eafzaqﬁaﬁa
xeZ @ e 'nNIL.QL —VE T el inNL(#QID+AQTT) gy

The reflector for fermions:

2 I(1) HII(2) (2) HII(1)
(R(l, z)l _ <O|ea1_a2 Zn 1(Q Q Qn Q )6 (A —|—A(2))

2 11(2 (2)
IR(1,2)) = 3\ £ A®))emi—a2 2, (-QMe"? Q%M )|0)

For fermionic oscillators such as {a,al} = 1, we have a formula
E%aﬂffu+ha€%aTNuT+paf|U}

— det2(1 4+ MN) 2N (+MN) "M 45u(14+MN) " Mp+p(1+MN) I

- E{,uﬂw)(1+ﬂ-fN}—1aT+%a1‘N{1+MN)-laTm)

( M, N : anti-symmetric matrices)
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40
We find that both

2

(3) 7 (3) a a a a
R(3,6)|e” |a1;|':Ln +Lg ]Ealn $123 Y123 V(lays2a.s3a fe_a1223¢'456Y456 V(4—a,s 5y 6_0.))s
1 2 3 1 2 3

(tree)

(1) 4 1) (2) , #(2)

and  (R(2,5)|(R(1,4)|e =1 Fo Lo Doz (Lo +La)
T2 Yi58 |V (10, 20, Bay) e e~ aas Pise Vb |V (4 5_.. 6_,.)) (1-00p)

are not of the form 7. (++)ab?. 4+ gy

Therefore, schematically, the contractions in the fermionic sector are computed as

_ T sy 3, 7(8)
<R(3= 6)|8 = (Fo™+Ls )f(Y123)|V(1a1'-" 20!2? 30:3))1' Q(y456)|v(4—a1= 5—a2= ﬁ—aa))f
= 0%(A1 + A2 + Mg + As)det®(1 — (N77,)*) f (P123)9 Pase)e ™ - 552|0)

and
(R(2,5)|(R(1,4)|e” a1 Fo +E") =25 (L7 +L57)
X J‘?{}VlzgjHf(]'*'—"l ’ 20!2 ’ 30!3)}1" g(y‘ﬁﬁ} |V(4—al ’ '5'—0:2 ’ 6—0:3))1‘

= 0%(As + Ae)det®(1 — (N7 ?)?) f d* X1 f (P]25)9 Vise) €™ 32 0)

where f(x),g(x) = coshx or sinhx .
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Here, Viaz ~ —Vise ~ —Ciraz(Az2 + As5) (tree)

- C -~ 4~ ."2&1&2
Cir = ﬂlzaf\r-%;g—(l - {N%?E}z} INISTE ~4/

V' lesIT

- _nT _ _mT
J.l'rﬁ}ﬂ — y/—NSE |':13| {N%?.fg]nm = e |33|1.-"-nmNEf'ne lag|

Chm = ndn,m. {

and
Vi%3 ~ Vis6 ~ —2Cy paz(Ad — airz/az)? (1-loop)
Cyrr = ca23No) (1 — (N122y2y-1502) 9253 (lng i)_l
1T T/2 (12 T/2 T/2 ™ 5 lag|
(N(12)

. mT
T,fz)n—v’_ nNPe “02), (ﬁfll:"'lfgg}{lz}}n.m.ze “uz] VamN12)(12) Tag,)
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Noting 456 = —(123,
[cosh(iY) + sinh(:Y)] = [coshY + isinhY ]!

we evaluated the prefactors by the Fierz transformation such as:

[cosh ¥'];j[cosh ¥ |jz

[sinh ¥'];5[sinh ¥']; .

[cosh ¥'];[sinh ¥] 4,

__1 { 1} ,..ﬂl a2 AL v
Z Zp}' “F(cosh Y 591%2p cosh ¥'); 4

9 4
165,31 (m) 3(Y) + (YY),

_4 ( 1} Aﬂl 2 . AL v .
- Z (Zp}f P(sinh ¥ 491 a'—’PmnhF}i}d

9 4

_ (—1)P F0102p g o il
4 Z kC(sinh¥123 571792 cosh ¥123) 4

(2p)! |
T
2 \z . 8
—Bn*s : 83(Y o(Y?),
N ik (|a123[) ”rﬂa_ayc (Y)+ O(Y?)



« Small T behavior of the Neumann matrix products

From the structure of Neumann coefficients, the following identities hold:
i = c10aNG ,O'NES, (1— (NE,)%) T CIRS,,, (125 2 0)

bij = a1aaN3, ,C' (1 — (Ngf';zﬁ)‘l CING,,  (irj > 0)

gl - Tog det (1 — (N§5,)?) = —ans.

|os| o = b1ib1;

|a3|%5ij = b;1815 — b; jy1 -

Similarly, we can derive the following identities for (1-loop) :

_ ~ (12 C \' -2z ~(12)(12)\2\~1 [ C j~12
aij:agNi("/z)( ) Ni("/z)( )(1_(N1E’/2)( ))2) ( ) Nig’/2)’

(12) (12)
i J

_oa2n2) [ C _(na2a2y2\ T C T ca2)
i = 5Ny (0(12)) (1 Nrjz ) ) (‘1(12)) KZE
o - (12)(12) ajog
6_Tlog det(1 — (NT/z )?) = —a—3@11 )

(3] a1
T = a—gbﬂblj a

(3] a9

S_Tbij = a—gbﬂalj —bijt1-

(tree)
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From the result in the bosonic LCSFT , we can read off the leading behavior
of the determinants:

det(1 — (N33,)%) = 2~ Ta(—p) T §(1H9+0) (1 4 gy i3 (9+3) (%)+
a3
o)

boo = 2(—B)(1 + B) lﬂ“‘— + - (tree)

det(1 — (NG 1292) ()2

T/2
1
_ 27 3
= 2 ‘}4{ 3)%_%(1+3+1 3J{1—I— .5' L2 %(34—3) u (lﬂg i) + ...
las| 6%y
cr = log ({—»'3}_1;"3(1 + !5'}5) — 2(ago + boo) » (1-loop)
for T — 40.

Using the above data and exact identities for T=0 ,
we can solve some “differential equations” and evaluate the contractions.
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The results are

“H{H{" . (LCSFT)

LP+i®)

(RleTosl coshY;;|V)[cosh ¥ || V) ~ 6'%67'T~2|R)|R)

W Fy T (2), 7(2) ik <
a0 70 )¢ =a3 (0 0 feosh ¥ )4 V) [eosh ¥ 1| V) ~ 667 T2|R)

(R|(Rle >
i, s bk gkt
<>  ¥I¥Y(2,2)X°'X%(0) ~ PE (MST)
“QaQb (LCSFT)
(3)
(Rle o0 00 ) i | V) sinh ¥ ] 5 V) ~ 595572 Ry| R)

~Z+E() - Z P+

(R|(Rle [sinh¥;5|V)[sinh¥ ] ;|V) ~ 6'769T—2|R)

5id §ab

—  NTi(5,z)%059(0) ~ (MST)
|z|2



“HlQilH :

HQ(];_LQ?H :

3), 73)
(R|e |a3I(L Lo )[coshY]zJ|V)[sth]ka|V)

~ JZkT_E’Y ("9(2) (1))(Uint)|R>|R)

«—> XI¥Y(2,2)2TF(0) ~

3, 73)
(Rle Tl 0 0 ) [ink Y], [V) sinh¥ ] | V)
~ T_l'yJ (19(2) ))(Umt)’de(ﬁ(g) (1))(Uint)|R)|R)
«—> zf‘i:i(z,z)zjif’(o) ~ % ﬁ,a QC’de@d(O)

These are consistent with the expected LCSFT/MST correspondence!
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Conclusion and future directions

We have confirmed the correspondence of interaction terms between
LCSFT and MST by computing the contractions in LCSFT explicitly.

The singular behaviors are the same.
We found a simple expression of the prefactors.

More detailed correspondence? (o, Pr) <> (m,n, [do,N),---.
(a-dependence, level matching projection,...)

Relation to Green-Schwarz's LCSFT (SU(4) formalism)?

Higher order terms of both LCSFT and MST?

pp-wave background? (prefactor, contact terms,...)

Covariantized superstring field theory ? (using “pure spinor”?)
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The remaining contractions (1-loop)

“HlQ?” :

Q}al

(R|(Rle—ar B0 TR0 )~ (Lo +L5)

~ Esz—EWJ {}"(3} fﬁ}}(ﬂ-intHR}

[cosh ¥ 5|V ) [sinh ¥ [1.a| V)

.y . - 1 &k .
<> BIT(2,2)2%5F(0) ~ ——=~'. 6°(0)

ziz /22: ca

T (1) T (2) , 7(2)
(RI(Rje a1 E0 +E0 ) a5 (Eo + Lo [sinh¥1;4|V)[sinhY]; [V)

~ T_l"}";—l{}tf ){G'mt)"}r'db{}l{g} {5}){U’1nt}|R}

.. L E 1
«—>  20Si(z,5)2I5l0) ~ —~7. 0%y ()

||ca

Precise relation between space-time fermions?
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