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Introduction

Witten’s bosonic open string field theory (d=26):

1 /1 1
S| = —— (—(lIJ,QBlI!> + —(U, U % \IJ)).
gs \ 2 3
There were various attempts to prove Sen’s conjecture
since around 1999 using the above.

Numerically, it has been checked with “level truncation
approximation.”

Analytically, some solutions have been constructed.

Here, we generalize “Schnabl’s analytical solutions”
(2005, 2007) which include “tachyon vacuum solution” in
Sen’s conjecture and “marginal solutions.”



In Berkovits’ WZW-type superstring field theory (d=10)
the action in the NS sector is given by

L D LD
Swsl®] = - [0 dt(((no®) (et Qpet?))) .

There were some attempts to solve the equation of motion.

Numerically, tachyon condensation was examined using level
truncation.

Analytically, some solutions have been constructed.

Recently [April (2007)], Erler / Okawa constructed some
solutions, which are generalization of Schnabl / Kiermaier-
Okawa-Rastelli-Zwiebach’s marginal solution (2007) in
bosonic SFT. We consider generalization of their solutions
and examine gauge transformations.



Main claim

- bosonic SFT
Suppose that ¥ is BRST invariant and nilpotent:

Qe =0, ¥ *t =0. Then,

s

1
Plh) — P« . 1) x Py
1+ v % A (a+5)

gives a solution to the EOM: Q¥ (*?) 4 w(*hA) 4 w(*h) — g,

where QgP,=0, P,xP3=P,,5, Py,o=1,
QA =1 - P,.

3
Inthe case |r = a+ 1) = P, : wedge state, we have A" = g /ﬂ daBIP,.
¢ = UJUAeJ(0)|0), : Schnabl / Kiermaier-Okawa-Rastelli-Zwiebach’s

a=p=1/2 marginal solution for nonsingular current is reproduced.
fy — A T L ) )
Q— AQeUU1Bye10), . gehnabl's tachyon vacuum solution is reproduced_/

a=8=1/2, A=oc




5 isfi i " super SFT
Suppose that ¢ satisfies following conditions: .

n0Qed =0, ¢xdp=0, dpxnyp=0, d*Qpp=0.

-~

1
! = log(1 + P, P = - 3
Then, “m o8(1+ Pax foy* Fs),  fa 1 — 19d * QpAletsh * &
1
* = =3
1 — oAt x Qpo
1 .

> = * o,
1 — Qpo * noAletsh)

. 1
PP — _log(1 — P, % % P = ¢ x . .
(4) g( f{d} ﬁ)i f[et} ¢ 1 — QuA©+D) % nod> ’

@,E-‘:}:ﬁ} = log(1 + P, * f(2) * Ps), fz) = ‘{5

®(57 = —log(l— Pox f5* Ps),  fa) =

. . _aleB) (e8) ,
give solutions to the EOM:  mo(e *® Qge®™® ) =0, (i=1,2,3,4)

where nNoPo = 0, QBPHZOa Pa*Pﬁ:Pa-{—ﬁa Po—o =1,
n0QsAY =1 - P,.

: " v o T 2
In the case P, : wedge state, we find A" = f dalog (;) (EJ;‘L +ta— - GILBf‘) P,.
S 100

¢ = CUJUrcte™?9(0)[0), (i =0, a=p=1/2

. Erler / Okawa’s marginal solutions for nonsingular supercurrents are reproduced.




Witten’s bosonic open string field theory
Action: S[lI’]——i( (U, QYY) + — (‘I’ W x 11;))
g*
String field: |¥) = ¢(x)c1|0) + Ap(w)a’ 1|0) + iB(a)co|0) + - - -

dz m 0
BRST operator: @B = %me cT™ + bcdc + 3

0
Witten star product: A

/

/2 = <
/2 0 &
. \
T

Equation of motion:. QBY + W x ¥ =0

Gauge transformation: AW = QA + P« A — A x P



Preliminary

e “sliver frame”. z = arctanz (2 :UHP)

: . . ) dz\ "
Z
M
LZ
L=
R L i
p e
2 4 0 /4 /2 -1 0 1
( )h--l—l _
In particular, we oftenuse £, =L, = L, + Z 4&:2——1['”” K, = =L, + L_,,

k=1

2(—1)k+1 )

By = by = bn—l-Zmbzka B, =b_, =b; + by,
k=1 o

. 1 1. . 1
and £ = Lo+ L], Kf‘f"“:EKli;f:, B=0B,+ B, B =§Bli



. 2 Lo 2 Lo 7'2—4 r2_18
Using U, = (_) — (—) e~ a2 L2t et \we have a * product formula:
T T

UlU, (&) -+ (mﬂ}lm * UIU wl{yl) + P (Tr)|0)
=Ul 1Ursm11(31 + 3 §—1)) -+ du(Tn + E(‘“ — 1)1 (91 — E(T — 1))+ P (G — g(r — 1))]0)

M M
C#--rr
Glﬂ 8 2
R L R L
__ 8w ~ 87 o = - - w
4 Yi Y vy T 4
\ star product /
M
A C!r+a—11ﬂ
R L|R L *
_ (r+4s—1)m ~  wr-—=1) -y + mi(a—1) (r4s—1)w
4 Yi A * 4 4

For the wedge state: |[r=a +1) = UQHUQHIO) = P,, wehave P, * Psz= P,,5.



e Associated with the wedge states, we have

T i
AD) = Efu da BEP, suchas QA" =1 - P,

With BRST invariant and nilpotent 4,

Fa

QB@B:UB ¢*1ﬁ=03

we have a solution to the equation of motion

F Y

Pplh) — P Y * Py

. *
1+ ¢ % A(a+B)

= D (—1)*Pax (P ALY s ip 5 Py
k=0
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1

1+ 1 x Aletd)

1 .
—P, * = * I x AltH)))
14 1 % Al+P) (Qe(l+% )

1

* _ *
14+ 1}') % A(at+8)
1

* = *
1+ )« AletB)
]_ Y -~ 1

* - * 1P * 1 * = %
14 ¢ x Aleth) . 1 4 Ae+B) x qfy

QeI (P = Pa*QB( )*Tf’*Pﬁ
1 ‘l,i'; P

- % 1 *
1+ 1 % Alats) g
1 )

- P,
1+¢’*A(“+ﬁi'*¢* 7

1

1+ 1) % Ale+s)

— P, ,,j:, % (QBA(a+ﬁl) *

— P, P % (I — Payp) * % 9 * Py

= P,

Ps

-~

‘l,f)*Pﬁ

—P, * *@*Pﬁ*ﬂl*

= = *
1+ 1 % Alet8) 1+ ¢ x AletB)

— _@{n,_ﬁ} ” ID{”"HJ .

Notel. M\¢) is also BRST invariant and nilpotent.
—s (A can naturally include 1-parameter.



Note 2.

In general, for ‘I’(a”ﬁ)(’ﬁb) = Po * 1+ 9 * Ala+B) % 1 % Pg
we have Qe ™? () + TP (1) x W(*P) ()
1 1
= Py * * (QY + Y x 1) *

-
1+ 9 % Ale+tB) 1+ Alth) %

We canregard v — U (y) = P, « Y * Pg

1+ % A@+d)

as a map from a solution to another solution:
Qe+ Y*xp =0
= Qe¥I(Y) + ¥ () T () = 0
Composition of maps forms a commutative monoid:
TR (@) () = B (Y), (e, B0, 8" 2 0)
T () = .

Ps.

11



« Example of BRST invariant and nilpotent )
d; — As’ﬁz’s + Arn/‘wLm :

Ys = QsAo, Ao = U]UBf¢c|0),

Ym = UlU,¢J(0)]0).

where J(z) = (,J*(z) is “nonsingular” matter primary of dimension 1:

ab
CaCog™ =0,  T(y)I(z) ~ ——— +
(y—2) y—=z

i T(z) 4 e

In particular, As =0 ==> marginal solution

Am =0 == tachyon solution

Due to the nonsingular condition for the current,
we find nilpotency ;

cCad(€) cCpd®(0) ~ 0

12
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Marginal solution
From a BRST invariant, nilpotent 9y, = UJU;¢J(0)|0)  which satisfies
(Bo — ES)'@Em = 0, we can generate a solution

BB S AP, x (o x AN 3 s By = S A
k=1

n=1

_ s T
Yma = Ul+,rf+1Un+:ﬂ+lﬂJEE{5 — a))|0),

T L = vee- 3 ' K _f Ll ke
Ymktr = (_E) /n- dryse: /n dry U‘*+.~'*+1+E:’=| T U“+J“+1+Zf‘ 1 TEH J(I{ﬁ B ; e I::zu:-}-l Tﬂ)
1 5o T k o T k 1 T k T k 0
X [—; t{ziﬁ — o+ ET‘{]}C(ZW - — Eﬁ]} + E(L{Z[ﬁ — o+ ;fﬂ) + L(Z(ﬁ — o — ;T:]})]l )

TR~ N An /.d*rk
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Tachyon solution

« From a BRST invariant, nilpotent P = QBUIU:LB{‘E]LIU)
which satisfies (B, — B})¥s = 0, we can generate a solution:

P (@h) Z( l)k);k‘*‘lP % g * (A(‘H'm * g )’" *x Pg = Z Al

k=0

Each term is computed as
n—1 _l)tz—l—i{n _ 1}1

’q‘l’sm = P, * (QBELU} * ..F:r_-] * {Pﬂ, * ﬁu * Pﬁ — I]R_l = — Z ( I'(n 1 I}T Btw:;r?mh:ﬂa
—~ !
"-I’E:;ﬁ} = U:, n+ﬁ].+:+u+ﬁ+1Uﬂ(ﬂ+ﬂ}+t+n+ﬁ+1 [
~2Be(T (B~ e+ t+ n(a+B))E (B a—t—n(a+h))
1
+o{eC@—atttn@+ e +e@-a—t-n@+m)]]o.
o0
Then, we can re-sum the above as ~ y(«.3) Z )\Hlatw(”vfﬂ le=o0 -
1=0
. . . As
Here, expansion parameter is redefined as As =

A +1
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The solution can be rewritten as  W(*FA) = i (P-) K1 (o 4 3)2 2 P (1/2:1/2)

where K, =L, +L_;, D= L,— L} are BPZ odd and derivations w.r.t. %,

and W(1/2:1/2) is the Schnabl’s solution for tachyon condensation at

As =1 & A = 0.

By reqularizing it as ) o 1 (,B)
y w Asg=1 = I\]F]—I:;c ﬂ:-i-ﬁ Za“"b le=o | »

the new BRST operator around the solution QL satisfies

QLACHD) = QpA©HD) 4 YB|, _ x ACHE) 4 AlHD) ygl@d)|, | = T,

which implies vanishing cohomology and

1
(e,8) — _
S[v Ias=1]/Ves = 222 = T5s.

This resultis (e, 3)-independent.
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perturbative vacuum

[b
[T

1
1
1
1
1
! c c
1
1
1
1
1

+—>
T+ 1)(a+8)
2
— Ty b-mmmmmm 2
Non-perturbative vacuum
Note
We can evaluate the action as S[xy(“ﬁl‘]/ﬂﬁ =0 (|as| <1).

In fact, the solution can be rewritten as pure gauge form by evaluating the infinite summation

formally
1

p(eB) — AsP. * Ag * Pg) * - .
QB{ s 0 ﬁ) 1—A5Pa*ﬁu*Pﬁ
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Berkovits’ WZW-type super SFT

1
The action for the NS sector is  Sng[®] = —iz/ dt{((no®) (e **Qpe!®))).
g% Jo

String field ® : ghost number 0, picture number 0, Grassmann even,
expressed by matter and ghosts b, ¢, ¢, &, (3 = e8¢, v = ne?) :

B = § 2= (c(T™—1(8¢)2—8%p+dEn)+bcdc+ne? G™—ndne>*b)(z),

o = 271'1 (Z)
Equation of motion: 7Mo(e” " Qpe”) =0 + Qs(e*noe %) =0

Gauge transformation: §e® = =; % e® + e® x 25, QpE; = 0, np=Ey = 0.

Using the wedge states |[r = « + 1) = P, as in bosonic SFT, we have

QPa =0, mnoPa =0, Pfx*Pﬁzpa—{—,ﬁa Py—o = 1.
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Corresponding to the wedge states, we have constructed AL .

. I e T T2
A = f dal (—) —g-—L ~GgtpL\p,,
0 a8 ~ 21 ta q4 1 71 o
- ™ v - o [ =_T. -
suchas MAY =~ /D daBfP,, QA" = _E] daGy Py, QA" =1 - P,

0

J™"(2) =€b(z), G~ =[QsJ (2)] = J; L G;Y are defined in the same way as BY .

Then, we find that

1

S = log(l + P, * * Pg), = - e? —1),

o7 (e) g ( [ORE ORI (Ol py gy sy (e G

1

P(>P) = log(l + P, * * Pg), = (e? — 1 A .

@ (@) g( f@) * Ps)s [y = ( L oA+ (e~ Qpe?)

1

3 (p) = —log(l — Py * fiz) * Pp), 3) = , 1—e™?),

(3) (¢) a( () 5) f) 1— {e—ﬁf’QBE“ﬁ)ﬂuA(“”Lm( )

1

P (>P) = —log(l — P, * * Pg), =(1—e? — ,
@) (@) g( fay* Pg),  fay=( )7 QR A (ePmye—9)

map solutions to other solutions because

(8)  _ pleB) («,8)  _ glaB) 1 _
e'iil[l} To€ @{I} — E@H} o€ @{41 — ch - (Er'b?]gﬂ d’)Pﬁ,
1+ (e?noe~?)QpA>+h)
 a(ed) (es8) _plad) o) B 1
e 2@ QBE'@{QJ — e 23 QBE@{S} = P,(e ‘I’QBE“"")

- Plﬂ -
1 — nuA{ﬂ-i-ﬁ](e—@QBeﬁf’)



| ‘JE’ satisfies ﬂ{lQB(ﬁ = 0, 95 * (]5 = 0, (33 * "ﬁ"[ﬁlfiS = 0, ‘?3 * QB‘E’ = 0,

é is a solution: no(e~?Qge?) = 0.
—> @ES"B)(&), (:=1,2,3,4) are also solutions.

Example of ¢ using nonsingular matter supercurrent:
J(z,0) = ¥%(2) + 6J°(2)

b = CUTUcte?9(0)|0), (a0 =0,

where we suppose
P y)Y°(z) ~ (y—2)7'Q*,
J*(y)®(z) ~ (y— z)""if*%¢°(z),
J(y)J%(z) ~ (y—2)72Q°+ (y — z) "if % T(2).

More explicitly, on the flat background, we can take
(2, 0) = P (2) + 00X (2),  (ulun™ =0.

19
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Gauge transformations

Using path-ordering, we found

11;{‘1533) — V(ﬂﬁﬁ}_l * w * V(C'h.f——]) _I_ V{qaﬁ)_l o QB * V{:ah@}’
1

V(®h) = Pexp / dtG*P)(t),

0

1 1
1+ 0 Al ¥ ¥ * Pio PP e

G>A (1) = _Tﬂ- (a{Bf‘Pt,.) e * P * Bfﬁﬁ) )

for bosonic SFT.

(In the case a = B , this form coincides with Ellwood'’s one.)

o

In this sense, lI’ (Qzﬁ) ~J ’(,b
t !

Without the identity state, Based on the identity state,

including Schnabl’s marginal BRST inv. and nilpotent
and scalar solutions



e Similarly, in super SFT, we have found
(«,f3)
e’® =Wy xe?x Wy, QpW;=0, noWs =0,

1 1
W, = Plexp / dtGia"B) (t), W,= Pexpf dtGéa”B}(t) ,

0 0
' 1
G®@) = T | _aKEI BR(PH i ¢ _1)\P ﬂ
() o | oK T+ (a+B)QeB | P 1—QE((E¢_l)nnA{tEa+ﬁl})(E ) Pis
@By — T [ g1 R b b 1
G, = 3 haKlf—i_ (e +8)B, (PM(E @se )1 — e Ate+R) (e~¢Qpe?) Pw)] ’

"I'(a‘ﬁ}

e’ = Wixe?x Wy, QpWs=0, noW4 = 0,

1 1
W3 = P exp / dtG{P (t), W, =Pexp / dtGéa’ﬂ)(t) :
. _U <0
G0 (0) = G |aKET = (ot A6 Py oy (= € P )|
GO = g :_ﬂKfI tlatpe” (Pml + {efpme—e:)qﬂﬁumwn(E%"E_d))ﬂﬁ)] '
LB Uss % etbg}m, R 1 O Vi .
Vos = 1-Qn (Pﬁ(etﬁ Dz nﬂﬁfa+;}{e-¢-QBe¢}n””i{a+m(1 B e_¢)Pﬁ) ’

1
1+ QpA(+h) (etnoe—?)

Vii = 1+mn (Pa(l — E_éj QBx’i[a+ﬁ}{E¢ — 1)Pﬁ) .
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In this sense, (I)gc;’ﬁ) AU é

i =1,2,3,4 T

1 Based on the identity state,

70Qsd = 0, ¢ * ¢ =0,

Without the identity state, . ) . .
¢ *xmop =0, ¢ *xQpp = 0.

including Erler / Okawa’s
marginal solutions

Note:
The above gauge equivalence relations seem to be formal

and might not be well-defined.
The gauge parameter string fields might become “singular,”
as well as Schnabl or Takahashi-Tanimoto’s tachyon solution.
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Future problems

« How about general (super)currents? Namely, (,(pg%® # 0, CoCo$2%% # 0.

In some solutions based on the identity state
for general (super)current were already constructed.

At least formally, W(*P) (WTT)gng @@ (D5T) with o, 8 >0

give solutions which are not based on the identity state!
— * Zeze's talk!

So far, various computations seem to be rather formal.

 Definition of the “regularity” of string fields?

It is very important in order to investigate “regular solutions,”
gauge transformations among them and cohomology around them.
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http://www.riken.jp/lab-www/theory/sft/
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