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[Witten (1986)] 



Q =
∮

dz

2πi

(
cT m + bc∂c +

3

2
∂2c

)

S[Ψ] = − 1

g2

(
1

2
〈Ψ, QΨ〉 +

1

3
〈Ψ, Ψ ∗ Ψ〉

)

- BRST

Ψ[X(σ), b(σ), c(σ)] = 〈X(σ), b(σ), c(σ)|Ψ〉

BPZ



QΨ + Ψ∗Ψ =0

δΛΨ = QΛ + Ψ∗Λ − Λ∗Ψ

〈A, QB〉 = −(−1)|A|〈QA, B〉
Q(A ∗ B) = (QA) ∗ B + (−1)|A|A ∗ (QB)

〈A, B〉 = (−1)|A||B|〈B, A〉 〈A, B ∗ C〉 = 〈A ∗ B, C〉

A ∗ (B ∗ C) = (A ∗ B) ∗ C : associative

δΛS[Ψ] = 0

:

: derivation

Q2 = 0 26



|Ψ〉 = φ(x)c1|0〉 + Aμ(x)αμ
−1c1|0〉 + iB(x)c0|0〉 + · · ·

Xμ(σ) = xμ + i
√

α′/2
∑
n�=0

1

n
αμ

n cos nσ , · · ·

〈Ψ, QΨ〉 =
∫

d26x

(
φ(−α′� − 1)φ

− α′Aμ�Aμ + 2
√

2α′B∂μAμ + 2B2 + · · ·
)

B(x)
FμνF μν (Fμν ≡ ∂μAν − ∂νAμ) massive



D25-brane

(?) 

   Sen (1999) D25-brane
 

Sen  



Oη(ΨN)
−2π2g2S[ΨN]/V26 −2π2g2S[ΨN]/V26

1999 2002   Sen-Zwiebach, …,Gaiotto-Rastelli (Table 1) 

(L,2L) (L,3L)

Siegel level truncation  
potential

b0|ΨN〉 = 0
potential D25-brane tension 



− S[Ψ]/V26

Ψλ=1 Ψ

− 1

2π2g2

Schnabl :          

potential D25-brane tension 

            [Schnabl(2005),…] 

BRST cohomology  

      [Ellwood-Schnabl(2006)]

phantom  

2005 11 Schnabl  “Schnabl ”                                          B0|Ψλ=1〉 = 0

Ψλ=1



S[Ψλ]/V26 =

{ 1
2π2g2 (λ = 1)

0 (|λ| < 1)

Ψλ =
λ∂r

λe∂r − 1
ψr|r=0 =

∞∑
n=0

fn(λ)

n!
∂n

r ψr|r=0

=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

lim
N→∞

(
ψN+1 −

N∑
n=0

∂rψr|r=n

)
(λ = 1)

−
∞∑

n=0

λn+1∂rψr|r=n (λ �= 1)

ψr ≡ 2

π
U†

r+2Ur+2

[
− 1

π
(B0 + B†

0)c̃(
πr

4
)c̃(−πr

4
) +

1

2
(c̃(−πr

4
) + c̃(

πr

4
))

]
|0〉



“(L,3L)”

level truncation “phantom ”  

[Schnabl(2005),Takahashi(2007)]

Ψλ = −
∑
n≥0

λn+1(∂rψr|r=n)L

(−1 ≤ λ ≤ 1)
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onshell closed string state [Zwiebach,…]

V (i) = c(i)c(−i)Vm(i, −i)

〈I|
V (i)

QΦV = 0, 〈ΦV , Ψ ∗ Λ〉 = 〈ΦV , Λ ∗ Ψ〉

matter primary, dim (1,1)

on-shell midpoint

∴ OV (δΛΨ) = 0

pure gauge OV (e−ΛQeΛ) = 0

OV (Ψ) = 〈I|V (i)|Ψ〉 = 〈ΦV , Ψ〉



 

 

ΦV =
∑
m,n

ζmnc(i)Vm(i)c(−i)Vn(−i)|I〉

=
∑
m,n

ζmnU†
1U1c̃(i∞)Ṽm(i∞)c̃(−i∞)Ṽn(−i∞)|0〉

±i∞ ±iM

ΦV,M ≡
∑
m,n

ζmnU†
1U1c̃(iM)Ṽm(iM)c̃(−iM)Ṽn(−iM)|0〉

i

i∞

arctan z = z̃

z̃

z

M → +∞



 Vm(y)Vn(z) ∼ vmn

(y − z)2
+ finite (y → z)

∴ 〈ΦV , ψr〉 = lim
M→+∞

〈ΦV,M , ψr〉 =
CV

2πi

OV (Ψλ) =
∞∑

k=0

fk(λ)

k!
∂k

r 〈ΦV , ψr〉|r=0 = f0(λ)〈ΦV , ψ0〉 =

{
CV

2πi
(λ = 1)

0 (λ �= 1)

phantom ψN+1

〈ΦV,M , ψr〉 =
CV

2πi

(
sinh

4M

r + 1
− 4M

π
sin

π

r + 1

)(
cosh

4M

r + 1
− cos

π

r + 1

)(
sinh

4M

r + 1

)−2

,

CV = mat〈0|0〉mat

∑
m,n

ζmnvmn .



Φη =
1

52α′i
ημν lim

θ→π
2

c(eiθ)∂Xμ(eiθ)c(e−iθ)∂Xν(e−iθ)|I〉

=

(
1

4
− 2

13

∞∑
n,m=1

mn cos
(m − n)π

2
α−m·α−n

)
eEc0c1|0〉 ,

E =
∞∑

n=1

(−1)n

(
− 1

2n
α−n·α−n + c−nb−n

)

BRST : 

(Lmat
2n − Lmat

−2n)|Φη〉 = (−1)n3n|Φη〉
Q|Φη〉 = 0

(Lmat
2n−1 + Lmat

−2n+1)|Φη〉 = 0



 

level L  

phantom  

Oη(Ψλ,L) = −
∞∑

n=0

λn+1∂r〈Φη, ψr,L〉|r=n
(−1 ≤ λ ≤ 1)

u2(r) = −r2 − 4

3r2
, u4(r) =

r4 − 16

30r4
, u6(r) = −16(r2 − 4)(r2 − 1)(r2 + 5)

945r6
, . . .

ψr−2 =

⎡
⎣ ∞∏

k=1,←
eu2k(r)L−2k

⎤
⎦ [

1

π
sin

2π

r

(
1 − r

2π
sin

2π

r

) ∑
p≥−1;p:odd

(
2

r
cot

π

r

)p

c−p|0〉

+
r

2π2

(
sin

2π

r

)2 ∑
s≥2;s:even

(−1)
s
2+1

s2 − 1

(
2

r

)s ∑
p,q≥−1;p+q:odd

(−1)q

(
2

r
cot

π

r

)p+q

b−sc−pc−q|0〉
]

ψN+1 = O(N−3) (N → ∞)



O

L=0
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Oη(Ψλ=1,L)

Oη(Ψλ) =

⎧⎨
⎩

1

2π
� 0.159155 (λ = 1)

0 (λ �= 1)
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Oη(ΨN) Oη(ΨN)

(L,3L)(L,2L)

1

2π
� 0.159155 97 : Oη(ΨN) � Oη(Ψλ=1)

1

3

9

26

69
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402



on-shell  

Schnabl  

 

  

Siegel

 

                             

open-closed SFT? 

     Ellwood  

Ψλ λ = 1

ΨN

Ψλ=1 ∼ ΨN

OV (Ψ) = Adisk
Ψ (V ) − Adisk

0 (V )



 

 

   ex.) dilaton

O

i
h

M
i

h

OV (Ψ) = 〈γ̂(1c, 2)|Vc〉1c |Ψ〉2
|ΦV 〉3 = 〈γ̂(1c, 2)|Vc〉1c |R(2, 3)〉

〈γ̂(1c, 2)|

|Vc〉 =
−1

26
α−1 ·ᾱ−1c1c̄1|0〉



〈γ̂(1c, 2)|Ψλ=1〉2Pb−
0 =

1

2π
〈BN| + 〈γ̂(1c, 2)|χ〉2Pb−

0

Ψλ=1 = ψ0 +
∞∑

n=0

(ψn+1 − ψn − ∂rψr|r=n)

≡ ψ0 + χ

Schnabl phantom

D25-brane

Q(−Ψλ=1) + (−Ψλ=1) ∗ (−Ψλ=1) = 0

Q ≡ Q + adΨλ=1 BRSTΨλ=1

onshell



marginal  
(identity state-based [Takahashi-Tanimoto,...] ) 

Schnabl / Kiermaier-Okawa-Rastelli-Zwiebach   
[hep-th/0701248, hep-th/0701249] 

Fuchs-Kroyter-Potting / Kiermaier-Okawa  
[arXiv:0704.2222, arXiv:0707.4472] 

matter primary J nonsingular OPE

matter primary J OPE nonsingular

ΨJ
λm

= λmcJ(0)|0〉 + · · ·

ΨJ
L,λm

= λmcJ(0)|0〉 + · · ·



J OPE nonsingular  

FKP/KO (Schnabl convention ) 

Schnabl onshell closed string state : 

ψJ
L,n = U†

n+1Un+1c̃J̃(
π

4
(n − 1)) ×

(−1)n−1

∫ π
4 (n−1)

π
4 (n−3)

dx̃1

∫ x̃1

π
4 (n−5)

dx̃2 · · ·
∫ x̃n−2

π
4 (−(n−1))

dx̃n−1J̃(x̃1)J̃(x̃2) · · · J̃(x̃n−1)|0〉

ΨJ
L,λm

=
∞∑

n=1

λn
mψJ

L,n

lim
M→+∞

〈ΦV,M , ψJ
L,n〉 = 2i

∑
k,l

ζkl

(−1)n−1

sin2 π
2n

〈Vk(i)Vl(−i)J(cot
π

2n
) ×

∫ cot π
2n

cot 3π
2n

dx1

∫ x1

cot 5π
2n

dx2 · · ·
∫ xn−2

cot
(2n−1)π

2n

dxn−1J(x1)J(x2) · · · J(xn−1)〉mat
UHP



disk correlator  

J  

gauge invariant overlap

OV (ΨJ
L,λm

) = 〈ΦV , ΨJ
L,λm

〉 =
∞∑

n=1

λn
m lim

M→+∞
〈ΦV,M , ψJ

L,n〉

=
1

2πi

∑
m,n

ζmn〈Vm,w(0)Vn,w̄(0)
(
e−λm

H
dwJw(w) − 1

)
〉mat
disk

(|w|2 ≤ 1)

lim
M→+∞

〈ΦV,M , ψJ
L,n〉 =

(−1)n

2πin!

∑
k,l

ζkl〈Vk,w(0)Vl,w̄(0)
(∫ 2π

0

dθieiθJw(eiθ)
)n

〉mat
disk



 

ΨJ
λm

=
∞∑

n=1

λn
mψm,n

γ(k) = 1 +
k∑

l=1

xl , x̃(k)
m =

π

4

(
γ(k) − 1 − 2

m∑
l=1

xl

)

ψm,k+1 =
(

−π

2

)k ∫ 1

0

dx1 · · ·
∫ 1

0

dxk U†
γ(k)+1

Uγ(k)+1

k∏
m=0

J̃(x̃(k)
m )

×
[
− 1

π
(B0 + B†

0)c̃(x̃
(k)
0 )c̃(x̃(k)

k ) +
1

2

(
c̃(x̃(k)

0 ) + c̃(x̃(k)
k )

)]
|0〉



Schnabl  

disk correlator  

Jacobian
 

lim
M→+∞

〈ΦV,M , ψm,k+1〉 =
∫ 1

0

dx1 · · ·
∫ 1

0

dxk

2i(−π)k

(1 +
∑k

l=1 xl)k+1

∑
m,n

ζmn〈0|Vm(i)Vn(−i)
k∏

l=0

J̃(yl)|0〉,

ym ≡
π

(∑k
l=1 xl − 2

∑m
l=1 xl

)
2(1 +

∑k
l=1 xl)

lim
M→+∞

〈ΦV,M , ψm,k+1〉 =
(−1)k+1

i

∫ 1

0

dx1 · · ·
∫ 1

0

dxk

(2π)k

(1 +
∑k

l=1 xl)k+1

×
∑
m,n

ζmn〈Vm,w(0)Vn,w̄(0)
k∏

l=0

(ie2iylJw(e2iyl))〉mat
disk



 

gauge invariant overlap  

FKP/KO  

FKP/KO Schnabl/KORZ   

gauge equivalent consistent! 

lim
M→+∞

〈ΦV,M , ψm,k+1〉 =
(−1)k+1

2πi(k + 1)!

∑
m,n

ζmn〈Vm,w(0)Vn,w̄(0)
(∫ 2π

0

dθieiθJw(eiθ)
)k+1

〉mat
disk

λmJ(z)

OV (ΨJ
λm

) =
1

2πi

∑
m,n

ζmn〈Vm,w(0)Vn,w̄(0)
(
e−λm

H
dwJw(w) − 1

)
〉mat
disk

OV (ΨJ
λm

) = OV (ΨJ
L,λm

)



Gauge invariant overlap SFT disk closed 
string  

Schnabl / KORZ  FKP / KO marginal  

Schnabl  

OV (Ψ) = Adisk
Ψ (V ) − Adisk

0 (V )

Ψ

OV (Ψλ=1) = OV (ΨN) = 0 − 1

2πi
〈Vm(0)〉mat

disk

OV (ΨJ
λm

) = OV (ΨJ
L,λm

) =
1

2πi
〈Vm(0) e−λm

H
J〉mat

disk − 1

2πi
〈Vm(0)〉mat

disk



Open superstring field theory  
Modified cubic superstring field theory,  

Berkovits’ WZW-type superstring field theory 

[Erler, Aref’eva-Gorbachev-Menedev, Fuchs-Kroyter, 

Okawa,…]  

Gauge invariant overlap superstring  

 

off-shell open-closed 
string field theory  


