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INTRODUCTION AND MOTIVATION

Classical open string field theory
1 /1 1
So[A] = —— <(A, QA) + ~ (A, A A))
g 2 3

QQ : BRST operator of worldsheet theory

A=]A) = Z Gala)1  :string field

Space-time field Basis of worldsheet ghost number 1 state
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BPZ inner product
(la),|8)) = {I[0a]|Og), I(z) =—-1/z
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o) % B) = 7)), Loy % 18)) =) 1M {(f1)[O5]F(2)[Oal f(3)[Op])
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foy () = R (e h(z)s)  h(z) =



Gauge symmetry
5A0A:QAO-|—A*AO—A0*A

Ao =) Aflado

(81

Basis of worldsheet ghost number 0 state

Space-time gauge transformation parameter

nd 5AOSO[A] =0

Note:

Gauge transformation parameter is degenerated.

If we ignore the interaction (star product), gauge transformation:
or, A = QA isinvariant under dp_, Ao = QA_;
Similarly,
or_,Ao = QA_; isinvariant under da_,A_1 = QA_»



Gauge fixing? The most familiar condition is the Siegel gauge: py A = 0

To quantize string field, we should introduce

ghosts (for ghosts for ...) corresponding to gauge transformation parameters.

It is said that
the Batalin-Vilkovisky (BV) formalism can be applied to string field theory.

New consistent gauge conditions were proposed by Asano-Kato(2006).

“a-gauge”  (bgM + abOCOQ)A =0

Q=Q +coLo+ by M

How to interpret a-gauge condition in terms of the BV formalism?
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A SKETCH OF THE BV FORMALISM

Gauge invariant action Sp[A]

Introduce fields and anti-fields corresponding to
the gauge structure: ® = (A,C), ®* = (A*,C")

Add some terms to the action so that it satisfies the
“master equation”: (S, S)ap. =0

S[®, &*] = So[A] + - - -

o-X Y 0.X 0Y
(X7 Y)a.b. = A *® - K A

oDA 9B, 9B O
Give a “gauge fixing fermion”: Y[®]

= gauge fixed action: § [<I>, g_'ql:



BRST transformation and BRST invariance
X = (X, S)a.b. : (off-shell) nilpotent
55S(®, d*) = 0

o X = (X, S)a.b.|<j[>*=8‘r/8<1> : on-shell nilpotent
0B S(P,P* = 2L) =0

Path integral
/[ch] [D®*]5 (q)* - Z%) exp (%W(cb, <1>*)> (-++)
Quantum master equation
A= (1) G?I:A a%;

1
“(W, W)ap. = ihAW
2 W =84+hM; +hiMy+ ...

Gauge (Y ) independence of the path integral



BV FORMALISM IN OPEN STRING FIELD THEORY

Gauge invariant action
1 /1 1
SolA] = —— (—(A, QA) + (A, A x A>>
g 2 3

A= Z CZla)r :“classical” string field
- worldsheet ghost number: g(A) =1
space-time ghost number: gh(A) = 0

Grassmann even

Grassmann odd

Grassmannality (mod 2): s(A) =1



Gauge transformation s.t. dA,S0[A] =0

5A0A = QAO—|—A*AO—A0*A,
g(Ao) =0, s(Ag) =0.

This is on-shell invariant under
oA, Ao = QA1 +AxA_1+A_1x%A,
g(A_l) == —]_, S(A_l) = 1.

Namely,
Or_,(0aA,A) = (QA4+AxA)xA_1 —A_1%x(QA+ AxA)

vanishes if the equation of motion is satisfied: QA + Ax A =0



Similarly, under the following “gauge transformations:”

5A_n_1A—'n, — QA—'n,—l +AxA_,,_1+ (_1)nA—n—1 * A7
g(A_,) = —n, s(A_,) = —n(mod 2),
(n=0,1,2,3,--+)
we have
orn_, (6Aa_._ A) = (QA+AxA)xA_,,_ o—A_,, 2% (QA+ AxA).

equation of motion
Namely, they are on-shell invariant.

Gauge transformations are not independent on-shell.

Gauge transformations are (co-stage) reducible.



Space-time ghost fields are introduced corresponding
to the gauge transformation parameters:

n-th stage gauge tr. A_, = Z A o) —n
(81

(n=0,1,2,.-.)
g(A_,) = —n, s(A_,) = —n(mod 2)

‘
Cn =) CXla)_n

«

gh(C,)=1+n, ¢(C,)=1+n(mod2), g(C,)=-—n, s(C,) =1.

Grassmannality of space-time field  “total” Grassmannality
Ghost number of space-time field

For n = —1, we denote the original fieldas A =C_1 =) C*|a);



Anti-fields are introduced corresponding to (ghost) fields
Cn=) Cllay_p n=-10,1,2,-..

gh(C,)=14+n, €¢C,)=1+mn(mod2), g(C,) = —n, s(C,)=1.

C'::ZC:,,ala>—n n=-1,0,1,2,.--
gh(C’) = —-2—n, €C;)=n(mod2), g(C:)=—mn, s(C,)=0.

Note:
space-time ghost number and Grassmannality are assigned s.t.

gh(C3) +gh(Ch,) = —1  €(€2) +e(Cl,) = 1 (mod?2)



Summary of fields and anti-fields introduced

“original” field

R C;9 CI7 cga Cila C—la CO? Cla c27"'

gh# .., 4 3 =2, -1, 0 1, 2 3

Grassmannality ¢ ¢ ¢ , —I—, — -|—’ —, -|—, —, _|_’ —.,

of spacetime field

w.s. g e, 2, 1, 0 1, 1, 0, -1, -2

total SR A T ol Bt e e Rt

Grassmannality



ANTI-BRACKET AND MASTER EQUATION

Anti-bracket is defined by

8.X Y 9,X 9Y
odA 9d*, 0D, 0BA

(Xa Y)a.b. =
In this case,

right derivative left derivative

Classical master equation for the action

0.5 0,S
(Sa S)a.b. = 2 =0
DA 0d*,

Boundary condition for a “proper solution”

S[®, * = 0] = So[A]

original gauge invariant action

o4 = (1), 2% = (C )



PROPER SOLUTION FOR OPEN STRING FIELD THEORY

String field including spacetime fields and antifields

v = Z Cn + Z “C. : Gassmann odd
n=-—1 n=—1
= D Cllo)ent D Chl@nas(-D)"
n>—1,«x n>—1,x

*C> :a“string Hodge dual” of C;;

n

gh(*C*) = —2—n, €(*C’)=n(mod2), g(*C*)=3+n, s(*C*)=1.

P = Z (lo)g gla| + [@)3—g 5—g{a|)P

9<l,a
{la)ygs |@)3—g}g<1 :basis of worldsheet state s.t.

<|&>3—ga |a,>g> — 5a,a’



Summary of fields and anti-fields included in ¥

“original” field

IR *c;ka *Cra *CS, *Cila C—le» CO? cla c29"'
gh# .., 4 -3 2, -1, 0 1, 2 3

Grassmannality ¢ ¢ ¢ , —I—, — -|—’ —, -|—, —, _|_’ —.,

of spacetime field

w.s. g .., 5 4 3 2 1, 0 -1, -2

“total”
Grassmannality T ’ ’ ’ ’ ’ ’ ’ ’



Proper solution: the same “form” as the original action!

1

S[®, ®*] = S[P] = — (;(\Il QU) + %(xp, T x \IJ))

Note: o0, S 1
pen = g3 (1) —n (QU + ¥« 0),
8,8 1
por =~ oa{@nts, (QU + W+ )
8.8 8,8 1
S, S)ab. = 2 = QU+ T %V, QU + ¥ x ¥) =0
(S, S)ab n};laacgacz,a g4<Q + T T, QU + U x D)

3" (Ja)g s—g (@ + 1@)s—g g(al) = 1

g<l,x

S[¥]|en=0 = S[X.>_.¢cn] = S[C_1] = So[A]

due to worldsheet ghost number



GAUGE FIXING FERMION

Gauge fixing condition in the BV formalism
. _ OY[®]
4 994

¥ Gauge fixing fermion Y [®] should satisfy

gh(Y) = -1, €(Y)=1. _ 8h(®)) = -1~ gh(®4)

e(®%) =1 — €(®4) (mod 2)

Fields (not anti-fields) with negative ghost number are needed.



TRIVIAL PAIRS

We further introduce fields

(Cs

(€5, m5),

, Y,

(s =0,1,2,
(s=1,2,3,

and their anti-fields.

gh(C¥) = —1 + gh(7%)

e+ 3k :even,0 < k < s),
o3k :odd,1 <k <s),

gh(C¥) = —1 + gh(n¥)

e(Cs) = €(C¥) = 1+ e(7%) = €(C*) =1 + €(n*) (mod 2)

The label s corresponds to the s-th stage gauge transformation.

ék: ﬁ-k Ckz ﬂJc ék* Ckz*
gh() k—s—1 k—s s—k s—k+1 s—k k—s—1
€( )(mod 2) s+1 S s+1 S S S
g() l1+k—s|1+k—s|1+k—s|1+k—s|1+k—s|1+k—s
s() 0 1 1 0 1 0




Adding extra terms to the action:

Saux — Z Z(* Ck:*)_l_ Z Z<*7T Ck:*)

k:.even k:odd
oo oo
— S k Sk*,a
_ > JS sacs + S S S cs,a s
k=0 s—k o k=1 s—=—k o
k:even k:odd

@

S[¥] + Saux is also a proper solution to the master equation.

(S[\IJ] + Saux9 S[\IJ] + Saux)a.b. =0

In this case, = (CT, Ck”a,ﬁ';"a,Cf’a k’a), 7 = (Cna, ) T g

Boundary condition:

(S[¥] + Saux)|®% =0 = So[A]

ck:*a ﬁ_kz*a ck:a,ﬂ_k:*)



SUMMARY OF INTRODUCED FIELDS

A
(Co>7)  Co
(chwl) (€70 ¢ s
(C3,73) (Ch,m3) (C3,73)  Co

(03,71'3) (é?z»?ﬁ-g) (C;7ﬂ-§) (CO _:(3)) Cg



GAUGE FIXING FERMION FOR LINEAR GAUGES

Y@ = D > (CEPir—sCTi)+ > D (*CEPiye_CiTy
k=0 s=k k=1 s=k
k:even k:odd

cl=c¢, original fields included in W

~

P.., P, :projections on the worldsheet ghost number 7 states s.t.

pr(Pn) — 753—77,7 Pr + 1571, =1, (1371,)2 = Phn; (?En)2 — 7577,

‘ . or[@]
Pa = OPA

CH* = Pryn—sCili + (1) Prip_oCily, (k=0,2,4,---35>k)
Ck* = (=1)*"Piyr—sCisi + Prir—sCoir, (k=1,3,5,---35>k)
C: = P_,Cl,, (s>-1)



GAUGE FIXED ACTION
(S[¥] + SauX)|<I>j‘4— or

_8<I>A

‘ integrate out auxiliary fields 7_1'5, 71'":

cCk=0, (k=1,3,5,---;5>k),
Ct=0, (k=2,4,6---;8>k),

Cr=C),, P_L;=0, P_,C), =0, (s>-—1)

|

1 /1 1
Stix = ——; <—(‘I’f, QUs) + (P, Tr *x Ty) |,
g 2 3
oo oo
\Ilf = Z Cn + Z *é'?l,-|—17 includes all worldsheet ghost number sectors
n=-—1 n=-—1

P_nCn = O, P3+n*62+1 = O, (’I’L Z —].) linear gauge condition



SUMMARY OF REMAINED FIELDS

A
€79 Co
(€7 (€70 Cy
(C3,75) (C3,m3) (Com)~Co
€8 (€3 (Chl) (€7 Ca



SOME EXPLICIT EXAMPLES

Siegel gauge
P_n = cobg, m € Z [Gomis-Paris-Samuel(1994)]
boWPr =0

Linear b—gauge [Kiermaier-Sen-Zwiebach(2007)]

1

1
Part1 = v_CO(Z ’vfﬁ"’“)bm), P22k = v—co bpz(z vgk"'l)bm)
0 — 0 —



Asano-Kato's a-gauge
bpz(O{ )@, =0, for worldsheet ghost number n sector

1 ~
pr(Oéln+4>) = :(bo + ab000Wn+2Mn+1Q), (’I’L Z —1) )

1 ~
bpz(O{'™™) = bo(1 — Pnt1) + T (BoPni1 + abocoQM™ T Wi ys),  (n > —1)

= 1) (n+z - 1)' M ( —)n—i—z

Q =Q + coLo + bo M W, =
@+ coLo +bo ;].n—n!((n F N2
- =1
Pn:_L_OQMn n—l—lQ nzzjlz

é _ o

— b

. %ng_n_FgM_n-i_lQ (n < 1)
X7 S coQM W,y (n > 2)



COMMENT ON ANOTHER CONVENTION OF THE
BV FORMALISM IN OPEN STRING FIELD THEORY

For given projections P,, for a linear gauge condition
T=> &, Ppd,=0
we define a basis such as
{|/6>ga |7>gv |B>3—ga |5’>3—g}7 (g S 1)9

<|B>3—gv |/3/>g> :~5B,ﬁ” <|'7>3—gz |’Y,>g~> — 5%7’a~
Pg|5>g — |/8>ga Pg|7>g — |7>ga P3—g|/6>3—g — |/3>3—ga ’P3—g|;)’/>3—g — |’7>3—g'

Then, we define component fields as

v o= 3 (SEmm 1 B )

m>—1 Y

+ 3 (Z(cz'ﬂ|ﬁ>3+m+< 1mrier glﬂ>—m>)

m>—1



Compared to the previous definition, component fields are
linearly transformed:

C:?Z — 23+m<5/|a>—mcg@7
Cony = 2 -m{Va)s1mC;, )

Cl = (=)™ —m(Bl@)s1mCp o
o _ fields and anti-fields are mixed
Cmp = (CD™Y sim(Bla)-mCr,
(84

Note:  gh(C;Y) +gh(Clx )= —1, gh(CF)+gh(C ;) = —1,
e(Cy) +¢€(Cyr, ) =1 (mod2), e(CP) + e(C* ) =1 (mod 2)
Under the above transformation, anti-bracket is invariant

8. X 8,Y 8.X 9Y
X? Y a.b. = -
( Jab 2. (ac,;-; acy . acx  aca

n>—1,«

/B acr,  OCy acP

S (arx oY 9, X Y

ach acr acracy ) T 2

(ax oY 9, X alY>
n>—1,8

n>—1,y
(X, Y )b

» The above is a canonical transformation w.r.t. anti-bracket!



If we take the trivial gauge fixing fermion: Y’ = (
the gauge fixing condition of the BV formalism is

/ - / - —_ —

Con  =0,Cr 3=0 ¥ =) &, PnP,=0

and the gauge fixed action is the same as previous one:
S[\Il] |c:»::,,.-y:O,C’* —0 = SﬁX

m,8

Different “boundary condition”

In the case of Siegel gauge: P_,, = cobg, n € Z

this convention is adopted by Hata et. al.



SUMMARY AND DISCUSSION

We reviewed the BV formalism in open bosonic string
field theory.

Linear gauge conditions for string field can be realized
by choosing projections for gauge fixing fermion
appropriately.

Another convention of the BV formalism with the

trivial gauge fixing fermion can be obtained by a

canonical transformation with respect to the anti-
bracket.

What about superstring field theory?



Cubic super SFT [Kohriki-Kugo-Kunitomo-Murata]
WZW-tYPe super SFT [Michishita, Okawa-Torii]

The original actions are gauge invariant.

In principle, there should exist proper solutions of
the BV master equation.

(*."existence theorem)

For open bosonic string field theory, a proper solution is the same form as
the original action with the replacement of string fields

A— W = i C.+ i o

n=-—1 n=-—1

However, in the case of superstring field theory,
the form of a proper solution might be changed...(?).



