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1 ADHM Construction

O000Ospinor 0000000000000 0DO00OO0OOOOOOOODOOOO0O
0000000000000 000000000000BPST instanton 00000000
00000000000 instanton O topological charge k0 1 00000

00000000 M1O00OD0OODOOO0O0D0DDODO0O00D0D000000000000000
0O 00ADHM construction 0 k00000000000 0OO0O instanton O background
0000 pathintegral 00 0000000000000 O000D0O00O0O super 0000
oooooooog

1.1 Notation

00000000000000000000 Wess-Bagger O notation [14] 00000
ooooooo:

z, = (2%, 2!, 2%, 2?). (1.1.1)

metric O (—,+,+,+) 000 Gamma 000 2 x 20 Dirac D00 pair 00:

(0 o . 1.1.2
am (J# 0) ( )

ot = (_177—177-277—3)7 ok = (_17 —T1, —T2, _7-3) (113)

0 Dirac O 0O0O

OO00000-0D0000000 PauliDODODOOOD Minkowski DO OO0
00 Eucdid 0000000D0D0O000000 2°0 —i2,0000000000 400
gbooboobooboboon

20— —izg, x4 =ia", (1.1.4)

Ty = (1,22, T3, 24). (1.1.5)

r40 i2°000000 4-vector OO0 Ometric O (+,+,+,+) 000000000000
gooooobobobbobbooooooo

O0OoopoO DiracO00D0OO0OO0ODOOOOOO0ODOOOO WickOODOOOODO
1000 factor OOODO0OO EuclidOOD0O DiracDOODOOODOODO

On = Opaa = (iT,1), G, = 2% = (—i7, 1). (1.1.6)



00000000000 b0000000000Oonog Eudid0ODOO DiracOOOOO
Dirac OOO0OO0OOOODOO spinor O index UOOOOO0OOODO Wess-Bagger 00
Oald 00002000000 indexJOOOOOOspinor 00000000000
000 000 tensor OO OOO
Y = Py, Yt = ey (1.1.7)
e00d00 tensor O

2 =9 =1, l=gp=-1, 50‘6557 = 53. (1.1.8)

000 e*¥0 eg, OO0 gO0OOODOOOOO (5?;DDDDDD
cUocO0O0O00OO0D0ODOOO0ODOOODOOOODOOOOOODODOO

o = BB,

n npp’
Onaadl? = 26067,
tronom = 20nm.- (1.1.9)

U000 ;000000000 Wess-Bagger U0 OUODODOOOOOODOOOOO
spinor OO OO0O0O0OOODO0OOOOOOO4-vectorUODOOOOO spinor OO
00000000 DiracOOOODODO

Tad = TnOnad (1.1.10)

obooboUbez,0 40000 o «00DOO0O0 40000000000000
go0oOooO0oboOooOoO0o0oOOoOobDboOoboOoOoOooOooooADHEHM ODOODOOOO

O0000 instanton DO O ODO0OO00O0OOOOODOO bispinor JO00OOOOOOOODO

ooboooobbPadlibOOO0DOOoOOOOOOOODOO

gy = ( W3t T4 W1+ T ) , (1.1.11)
1r] — T2 —1T3+ 24

gooooooooon
tx1+x20 pair 0 tz3+ 240 pair 000 0000000000000 O0O000O0O0O
z1, 2200000000

21 = X9 +1T1, 29 = X4+ 1T3. (1.1.12)

googoo

Iad:< = f1> (1.1.13)
—Z1 79

gooooobbon o, 00o0booboboobobuod e, 0bobonooobonoo
gbooooooooooogog

70 = 3,59 = ( BT By L T > (1.1.14)
—1T1 + 2o 1x3+ T4
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zho — ( Z _Z? ) , (1.1.15)

0000000000 00oo0ooooooDO0oo0DooDOoo0oO0nD AbDEMOOODO
oobooboobooboboobuooboboooboo

0000 spinor DOOOOODOOO0OODirac 0O00OOOO Lorentz OO DOOODONO
gobooboboobooooa

1

Omn = Z(O'm5n — OnOm), (1.1.16)

000000 spinor 0O00O0OOOO Lorentz 00O OO O0Odotted spinor 00O OO0
ooood

_ 1 _ _
Umnzz(aman_ano-m) (1.1.17)
000000 bar 0000000000 O0OO0D0O0DOO0DODOOO0DOODOOO Lorentz O
00000 Euclidian 000 Euelid DOOO0D0DO0OO0O0O0OOO0DOOODOOO
Omn 0 Omn 00000 self-dual O anti-self-dual 0000000000000 O00O0O
0000000000 400000 40000000 tensor 00O0O0D0DOOO0DOO0O

1
Omn = §5mnklakl- (1118)

000 self~dual D0 000000000 instanton 00000000000 DOODOOODO
anti-self-dval O 000 minus 00000000

_ 1 _
Omn — fgemnklakl. (1.1.19)

el 40000 tensor U €123« 0 1 0 000O00O0O0OOOOOOO
6123421 (1.1.20)

oo m=10n=200000000000000000000

1 _ _ 1 7
o012 = (0102 — 0201) = (1172 — ™a71) = 7. (1.1.21)

on 0+ 000 1000 PauliDO0O6,0 — OO0 2000 PawliDOOOODOOx
0 —i0 cancel 000000 Pauli OO0 OO0OOOO0OODO 4m3/200000003400
ubbooobgodd

1 Iy , i
034 = 1(0354 — 0403) = 1(”31 — 1(—im3)) = 973 (1.1.22)

o,0 0, 0000000003 =i3000000 4r3/20000000 self-dual 00O
obob e0b0obOo,23,40000000000000,, 0 mO nO0D0OO0D0O0ODO0O
OOo0OkIl0 30 400000040 3000000 2000000000DO0O0O 20



UO10000012=03 000000000 bar DOO0O0O0O0O0OOOOOOOOOODO
anti-self-dual OO0 0D O0O00O0OO0D0OO0ODOOOOOOOOODO

0 1(_ 0201) i
0120 = —(G109 —0201) = =T
12 70102 201 573
_ 1, _ 1
O34 = 1(0304 — 0403) = —37 (1.1.23)
oooooood
O12 = —034 (1.1.24)

000000000 ADHMOODODOOOOOO0ODODOOO0O0OO000O0O0

000 instanton 00000 't Hooft 0 etasymbol 00O OOOO0OOOOOOOODO
000000000 0000000000 0y, 00 G0, 0000 traceless 0000
000000 00ooo0ooOoooooono

1 1
tr o = tr E(Jmﬁn — OpOm) = Z(?émn —20p,m) =0, (1.1.25)
oo
£ Ty = 0 (1.1.26)

0000000 traceless 00020 200 traceless 0000 PauiOOOOOOOOOO
ooon

1
Omn = iinngC (1.1.27)

00000000 ny, 0 't Hooft O etasymbol 00O OOObar 000000 Pauli O
00oo0ooo

1
6mn:§iﬁfnn70. (1.1.28)
OO0 instanton 000000000000 OOOO00DO0OOO spinor 00000000
000000 instanton 00 00000000000000O000OO0O0OO0OO0OOO

1.2 Yang-Mills Theory

0000 Yang-Mills 00000000000 OO0DOODO instanton OO0 OOO0O0OO
000 BPST instanton D0 0000

Yang-Mills 00000000 0Ogauge OO BPSTOOOO SU(2)DO0OOOODOODO
SUN)DODOUOUODODODOOgauge OO Nx NOOOOOOOOOOOO SUN)OODO
LeOOOOODOOODOOOOOD Hermite 0 OO0OO0OO0D0OODODOOODOOODOODOO
0000000 anti-Hermite 00000 anti-Hermite 0000000 ;00000000O
0000000000000 0000D0000000000D000OHHermite D OO0ODO
Ominus O0O0O0OOODOOO

Al = —A, (1.2.1)

m



0000000 SU(2)0 generator O %D PawliOOOOOOOO ;00000070
Hermite OO0O0O0O ;00000 anti-Hermite OO0 O0000OOO000OOO0OOOOO
gauge OO0 0OOO00OOgauge 00O OO0

i0g®
1672

S[A] = —% / d*x trn Fon Frun — / d*otry Fyp * Fon (1.2.2)

ooooobD 1000000000 0Dob0o0ooD0o0on0nb 200 thetaterm OO0 0O
OO006000D00CDOODO fieldstrength OOODOOOO0OOODO

Fon = OmAp — OnAm + g[Am, Ay, (1.2.3)

O0000D0D0D0OHermite 0000 0000000000000 0Q0OCOOOOOOO
OO00000 anti-Hermite 00000000

star 0 « 0 DO00O0O0ODOO0OO FOOUOOD Hodge dual O OO operator O O tilde
O00000000D0OC0D0400000 tensor JOODODO

*Fn =

Emnkl F i (1.2.4)

DO | =

doooooooooon

gauge 000000 D0OOODODOOOODOOO 20000000 field strength Fip,
O self-dual OO0 00O anti-self-dual 00 O0O0O000O0O00OODOO0O instanton O O anti-
instanton 0 0 0 OO0

Frn = #Fn. (1.2.5)

O00 instanton OO O0O0O00O0O0 minus O0O0O00O0O0 anti-instanton DO O0O0O0O0O
ooo

Fon = — * Fyn. (1.2.6)

U000 instanton 0O 000000000000 0OODOOOOOO0OOOO0OOO0O00OO000
U000 instanton 000 00000000000 OOODOODOODDOOODOODOODOO
uod

gbooooooobogn

/d4:n tr N (Fn & *Fn)? < 0. (1.2.7)

Uo0obooboobooooU0oFDO «FO plusminus DO000O00O0O0O0O0OO0 20000
00000 trace U0 00DO00O0000O0O0O0 anti-Hermitian 00000000000
obobooobobDooooobobooobobooobg Fp,O instanton OO 00O
anti-instanton 00 0000000000000 O00O00O0O0OO0O0O00O0O0

/d4x try (Fon >1<an)2

= / d*z tr N (Fpn Fonn £ 2Fmn % Frn + %Epn % Fon) (1.2.8)



0000000000000 300000 «kF«FOOOODOOODO tensor ODOO
obooooooo 1b00b0boboboon

*F o * Foon = Fon Frn.- (1.2.9)
DOoooooooo
/ d*z tr N Fn Frn < F / d*z try Fon * Fpp (1.2.10)

gbooboooobogo
F+«+FOOODOOOOOOOODOODODODODODODODOODODODUOODOODODO
ugbboobogboobbooboobobooboban

k= —

2
J ./}#xtrNﬁgmnghne;Z. (1.2.11)
1672

OO0 FO «FO traceJ0000000O0ODOOOODOOODOO KkODOOODOODOOO
ooooooo FODOODODOOOOLOODODOOOODODOODOODODODOD
gbooboooboobooooooooooooooooooooo

O00o0OoOoooooOokCODODODOCOO0OOOO0O00000 action 000 Foy
DDD—%DDDDDDDDDDDDDDDDDDDD —%DDDDDDDDDDDDD
guo

1 82
2/d%uNEmFMgE7TM| (1.2.12)

92
000000k00000000D0DOO0DOO0O0OOOO0ODODOOO0DOOOOOOoOoOOoOO
0000000000 o0dbOo0obO0oo0boooobOo0o0obOOoooOooboOooobOooo
O0000kD (k0000000000

instanton 0 0 0 anti-instanton 00 0000000000000 000O0OOOO0O0O
ooooOoooooooad

82
S[A] = Z-|k| + ik = —2mikT, k> 0. (1.2.13)
g
0100 |¥|0000000 200 F+«FOOOODOODOOOO EODOOOOOOkAO
O00000000xk000000000O00O00O000O000O000O0 rOO00OA0O0 27tkT

ooooboobooUuoro0obO000bObOPaliDdd rO000O0DOEOOODODOO

2
S(4] = Y k| 4 k6 = 2mikr . k<0 (1.2.14)
g
ooo0oo ~rooooao
47 0
= — 4+ — 1.2.1
T g2+27r ( 5)

000 combination O OOO0OO0ODO combination OO0 O00O0O0O00O0O0OO0OOOOOO
0000 Seiberg-Witten D000 Riemann 00000000000 OOOOODOOO
00000000 coupling 0 00 combination 00000000000
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instanton 0O 00O 0O0O0O00O0OO0O0OO0OO0O00OODOO0O0DOODOO0OOOOOODbOODO
pathintegral 0000000000 O0O00O0O 100 200000000000000
ubooobobooob 1oboobooobobooboboobooobobooobooboo
000000000 fluctuation D000 20000 Gauss OO ODODOODODOODO
0000 (anti-) self-dual D000 O0O0O0O0O

+ Dy Frpy = 0 (1.2.16)

+Dy Fon = 0 (1.2.17)
00000000000000000000 field strength 000000000000
Dy = O + gAm (1.2.18)

00000000000 anti-Hermite OO OD0OO0O0OOOO0O 200 ;000000000
self-dual O anti-self-dval OO0 00000 O0OO0O

Dy Frn = +Dyy % Fyy = 0 (1.2.19)

000000 Dp*Fnp,=0000000000000Bianchi identity OO0 00000
00000 Abelian 00000 field strength 0000000 OO O Ofield strength O O
oooooooooon

OmEmnki (O Al — O Ag) (1.2.20)

U0000e00 contraction 0 000000000000 00D0O00O00ODO0O zeroO O
000000 mO0n0000000D0COOOOOO0 trivial 00000 0O Onon-Abelian
gboboobooboobboobooobooon

U000 instanton OO0 0DO00O0O0DO0DOO0DOO0OO0DOOOOOOODOOODOO
uobobbog swper U000 O0OO0OO0OO0OOODOOOOO0OOOOO0OOODOOOO
goo

1.3 BPST Instanton

000000 instanton OO anti-instanton DO 00000 0O0O0OOOOOOONO
00000000 o0oooooooooodoooodooooooooooooon
00 Belavin O Polyakov 0 Schwartz O Tyupkin 00000000 [jo000O0OO
instanton 00 000 OO OOpseudo-particle 0 00O O0O0O00O0O0 titleDODODDOOO
000 gauge DOOODOOOOOO SU(2)DODODOOOO

O000000000D0D0O0O0O0ODO0OD0O0O000OD gauge 0O SU(2) 0000 gauge
O A,0 2x20 traceless 000000000000 2x20 traceless 0000000
000000000000 DO00D00000 LorentzODOO 0y, DODOODOOO

_12(x — X)mOmn

Ay = .
CED S

(1.3.1)
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000 instanton 000000 O ’t Hooft O eta symbol 0000 Lorentz OO0 O0O0ODO
ooooosu(?)oooo ~s0000
A, = 2@ = X)mily i (1.3.2)
g(z—X)?+p* 2
000000000 instanton 0000000000 OODO topological charge £ 0 0 0O O
0010000000ooogoogg
00000000000 DO0DO0O000D0OO field strength OOODOO DOOODOO
Otrace 00D0O0D0O0OO0ODODOODODOODOODODOO EkOOODODOODOODOODOOODO
Fo,nOself-dual OO0 0000000000 OODOODOODOODOODODOODOODODO
field strength 0000000000000 O0O0ODOODOOODOODOOOOODOOOOODO
0000000000000 0obO00oDo0obO0oo0DOoDOoOO0oD 100000 ooOOoon
DO00overall 0 2000 factor 000

O Ay = 2 [(x o (& = X)popn2(z X)m} (1.3.3)

g X2+ ((a—X)2+p?)?
00000000 mO0 »n000000000000000000000 gAnA, O

4 [(z — X)p(r — X)qapmaqn]
AnA, = - , 1.3.4
9 s (134
Ooo0oooo
field strength OO0 O O0OO00OO0O0OO0O
an = 8mAn - anAm + Q[Am, An]
_ 4 Imn _ (# — X)p(x = X)mopn — (& — X)p(x — X)nopm
g ll@-X)2+p? ((z = X)2 + p?)?
_|_ (':U - X)P(x - X)Q[apmv an] (135)

((z = X)? +p?)?

opm 0 0¢gn Lorentz 000000 Lorentz 0000000000004 000000
ogoogn

[pms Oqn] = —0pqOmn + OmqOpn + OpnOmg — OmnOpg, (1.3.6)

000000000000 0000b0000000 (¢—-X),00 (z—-X), 000000
0000 400 ¢0 pq0000DOOODOODOOOOOOODODO 20000000
00 field strength 000000000 cancel 0000 300 md nO0O0D0O0O0O0OO
cancel 1000000 DOOOO0ODOOOOOOOOOOOD1DO0O0O0ODOOOOOODO
oooo

0000 field strength OO0 O000O

" 4 1 (r — X)?
= - — o
" gll@—=X)2+p* ((z-X)2+p?)?2] ™
4 2
— 4! P Omn (1.3.7)

(x = X)? + )
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oooooooo F, 00000 op, 00000000, 0000000000000
O00Oself-dual 00000000000 000 Fy,O0 self-dual 00000000000
00 instanton charge 000000000

92

A T

/d4:r tr Epn Fonns (1.3.8)

0000000 (00000000000 000O000 FO self-dval D0O00OCOODOO
oboobd <, 0 F, 0000000000000 200000000000000
googn

92 4
k = _167r2/d rtr Fopn Foon
4
P
= —— [ d*zt . 1.3.9
el e (S O ROk 30

oobodd o, DOODOOUODO0O0O0O PawliDODO -000000 trace0O0D0OOO0O0O0
good

tr O Omn = —6 (1.3.10)

obobOobO0o biracOODODODODOODODODODODODODODOODODO

4
k=——(-6) /d4x(($ - )52 el (1.3.11)

ubbooboboobooboo
o0 400000b00ooooogogonog

/d4l' p4 = /dr""’ngSp
((z—X)?+p?) (r? + p?)*

— Vol(s%)L / B )
2 Jo (t+p?)
4 oo i
= vOl(s?’)’;/o dt<(t +1p2)3_ (t+p02)4>
— v01(s3)’§{—;@+1p2)2? ;(tf;)?’ :o}

ubboooobooobb soobobooobboooboooobobooboooboao
00000000000Vel(S?) 00000 2720000 12000000
goooooogoogog

k=——(=6)— =1. (1.3.13)

OO0DO010000000 BPST instanton DO OO0 instanton 0 1 0000000
uod
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0000o0ooopDbooboboooo00dddddinstanton 0000000000 QOQOO
OO0 technical 00000000 0OO0O0OOO0OOOOOOOOOODOODOODOODOODO
ogooob z—o0000OO0OO0OOO %DDDDDDDDDDDDDDDDDDDDDD
DDDDDDD%DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD
BPSTOOOOOOODODOODOODOODOD gaugeOODOODODO gauge DODOODO
00000000 singular gauge 100000

Ap =g ! 20°(% = X)mOmn . (1.3.14)
(x— X)2 ((x — X)2 + p2)}
O instanton 0O 0000000000 gauge OO OODO
Im(x —X)m
|z — X

U(x) = (1.3.15)
U000 gauge DO DOODOODOOOO0OOO gauge OO ODOODOODOOODOODODOO
OO0 z— o000 I—%DDDDDDDDDDDDDDDDDDDDDDDDDDDDDD
00 path integral 0000000 singular gauge 00 00000000
O00 instanton O OO0 O0O00OO0O0O0OO0OOOOOOOOO
1
(o= X7+ P
field strength OO0 0000000000000 OOOO0OO0O0O0O EucdidDOOODO
gbobobobobobobobU0 Xbobobobuobouo pobobobobO
gooobooboooboobogoooboboooboobobboooboobDobDobbooo
UbOo0ogooobbobobOo0ob0by instanton 00O O0ODOO0 XOOOOO
instanton D0 O O0OO0000Op0OOOO scale O instanton O size DO DO OO

Fpup o (1.3.16)

P

>
X
O 1: instanton

OO00D000O0 instanton 0000000 k=10000 instanton OO0 0000
O0000000000 instanton number J k00000000 0O0OOOOOOOO0O
OO0 parameter U X OO p000000D0O00O0O0OCOOODOOOODOOODOOO
U0000 section 0000000000000 0O0OO0OOOOO0OOO0OOOODODO
gooogo

1.4 ADHM Construction

gbooooobooobobooboooobooboooboobooooogan
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0000000000000 instanton 00 1 0 BPST instanton D0 0000000
0000000000000 0000D0 instanton OO0 O00O0D0OOO0OOOOOOCODOOO
0000000000000 0000000 Atiyah-Drinfeld-Hitchin-Manin 00000 O
0300000000 [3]0 000000000 Dorey-Hollowood-Khoze-Mattis[15] O O
O supersymmetric D0 00000000000CO [3]0000000000OO notation
00000ooooooooog review 200000000000000000000
ooooo

1.4.1 00O

OoDoO0OOoOoO000o0OooooOoCocOoOoO0 ADHMOOODODOOOOOOOOOO:

Axia = axia + bi‘ixad, A=1,....N+2k; i=1,.. k. (1.4.1)
2k

—
A= N+2k{( ) (1.4.2)

AOODDDDOOO0DOOsize 0000000000000000000 00000 2

0 100000000000000000000000000000000000000

D00D0O00D00ADDOOD 100 N+2t00000004¢0 instanton O index

00000 100 k0000000eD ¢0 102000

ADQ Hermite 00000000000 2 x (N+2k) 000000

AP = G g gtep) A=1,..N+2k; i=1,.,k  (143)
N+2k

B —f
A 2k{< > ' (1.4.4)

0000000000e00 b00000000000000 000000000000
00 (N+2k)0NO SUN)D NOOOkD instanton 000000 k0000000
AOOOO (N +2k)-vector 0000000 2000000000 (N+2k) 000
vector 00 00000000000000D00000 base 00000000 NOOO
0 vector 00000000000 00000(N+2k)0 vector 010000000000
0000000000000000000000000000000000000 AQ
0000000000000 NOOODODOOOOOOOOOO U000 (N+2k)xN
000000000000000000 A0D0O0O0O0O000000

AU =0, AUy, =0. (1.4.5)

OO0 conjugate 0 ODOUODOO UO Hermite 000000 DOOOOOOOOOODO
ooo

UA =0, U,Axs=0. (1.4.6)
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0000000000000000 vector 0000000000
A
U, Usy = Ouo- (1.4.7)

U0 ybDU000000b00bOn instanton U solution D0 000000 ODOOOOO
ubboobuoobbodd

(Ap)uo = ¢ U200 Une, w0 =1,..,N. (1.4.8)

000 «0 000000 SU(N)O gauge DO0ODOD100 NODODOOODODO (N + 2k)
OO0 NODDOOODOOOUO0ODOOCOOO kO zero00O0O0UD NxNOOOODO
U0000 puregauge DO DO ODOOOODO kO non-zero D OO OO OO non-trivial O
0000000000000000000000 AD AODOOODOOOOOOOOO
oooooOg:

A& 5 —
A Ayg=05(f Dij. (1.4.9)
0000000000000 AO AODOOOO 2k x2k0 sized0:

N+2k 2k 2k

2k{m 2k+N{m _ %{m (1.4.10)

0000000 spinor DOO0D0OOO0O0OODOODOOODODOOODOD instanton index O
000000 invertible OO0 fO00000ODODOOODOOOOODOOOO fO =200
OO0 kEx k0O Hermite 000 00000000D0O00D0O00O0ODOOODOO AOO vector
00ooo0bOo0oOooooOfO0dCQO0OOODOOOOODODOOODOn
000000000 ADODO UOOOO0OO0O0O0 (N+2k)000 vectorJOOODO
Obase 00000000 O0OO0ODODOO0OO UOODDOOO AODODOODOOODOO
5§:U)\uﬁuu+ﬁ)\idfijZ?M (1.4.11)
O0000D00000000000000 vector 0 (UDODDOOOOOOODOOOODODO
oooo)ooooo PO
P=UU=1-AfA (1.4.12)

00000000000 UDO orthonormal condition 0000 P2=PO0000000
ugbooobooooboobooobd:

Pl = Up O™ = 6 — Aiafiy A5" (1.4.13)

0000000000000 000O000O0O00DO0O0DD fieldstrengthOOOO A
O000O0O0OOOD field strength O self-duval OO0 OOOOOODOOOOOOODOO
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gobooboobobooobooooo

Fon = OmAp — 0pAm + [Am, Ayl
= On(UdU) - 0,(U8,U) +U8,UU,U — U8, UUI,U
= OnU0U — 0,U0,U — 0,UUUOU + 0,UUUI,U
= 0, U(1—-U0)IU — 0,U(1 = UU)0,U
= 0,UAfAD,U — 0,UAfAD, U
= U(0nA)f(0,M)U — U(0,A) f(0 AU
= Uboy,f6,0U — Uboy, f&,bU
= 4Ubo, fBU. (1.4.14)

00000000000000000000000000000000000000 A0
Ap =g U0, U (1.4.15)

0000000000000 fieldstrength 0000000000000 O0O0OCDOO g
000000000Oo0O0O000000 (141400000000 DODDOO

an - am‘An - 8nAm + Q[Am, An]
— 0 (TOU) — 0, (TUU)
+U (0, U)U0,U — U(0,U)U,,U, (1.4.16)

0000000001414 00 20000 300000000000 Onoooon
Oo00oo0o00OouOO000000ooooooOoDDbOObOD 1000 2000000000
0000000000 U0000000000000000(14.14) 00 300000
1000 SDDDDDDDDD(I—UU)D 0,00 6,0000000000000mO
n000000000000O 2000 40000000000000 40000000
UvU000000 (1.4.12) 000000 projection operator 000 (1-0UU)00000
null space 000000 00AOOOODOOOOOOOOOOODOOOOOO (1.4.14)
obos50000 600000 DbO0ObOOODbDOObnO

UA =0, (1.4.17)

U0 ADDO0OO0ODOODOOOO0O0DOOO zero0O0D00D0O0000D0OO0O0OO0O0OOOO
oboooooooooog

O UA +UdpA =0
= 0nUA = -U0,A (1.4.18)

000000000 pair OOOODOOO0ODOOOOOODODOOODODOOO AOODOD
ooooooooooo mO nODODOOCOCOOOOOOOO0eOOOODODODOOAO
z0 1000000

A=a+bx, A=a+zb (1.4.19)



000000002, 000000000
OmA = bo,. (1.4.20)

00 Zag = Tponae 1000 Dirac 000000000000 O0ADODOOOO boy,
0000000000AO0OODODOOOOD s000000000 mO 000000
000000000 f0 ¢,/7000 instanton index 00000000 O0O spinor OO
oooooooob oooo »,00 6, 0000000000O0ODO (1414)00 70
ol ono, 00 0o, DO UOOO0OOOOOO0OOODOOODODOO Lorentz generator [ 4
0000000 field strength O (1.4.14) 0000000000000 000000 omn
000000000000000 field strength O self-dual 000000000000
instanton DO O OO OO

1.4.2 InstantonO 000

000000000 instanton 0000000000000 OO0ODOODOODOO self-
dual 0000000000 Fp,O 200 trace 000000 nO000O0OO gauge O
index O trace 00O F,, 0 (1.4.14) 000000000000

gZ

1672

1 _ _ _
/ d' sty FonFn = —— / d*x trNUbO i fOUTbG 1 fOU. (1.4.21)
T

OO00o0oOo0o0O00oDOoO00bOoOoOo0oDO0o0obOo0oOoOoDOoOO OsbornOODOO
0000000 4000000000000 0O000ODO0O0OOO0ODO DODOOO
ooooo

R _ _
- / d'x ey Ubo flUTb0mn U = g

/d4x(8n8n)2trklogf (1.4.22)
000000 0000 boundary 000000000000000D0O0DOO0000 2720

ocooooobooooooooOoooOoooO0ooDbDOoOobOO0 kOobbO0ooDboobo

1
1672

/d4x(8n8n)2trk log f = k. (1.4.23)

O00D0000 instanton number £ 0O instanton OO0 0000000 0O0O0O0OOOOO
O0O0O0 ansatz OOOOOO0OO0OD0OD mstanton O OOOOO0ODODODOOOOOOOOO
ooooo

143 0OO0O0O0OO0OOOO

Oo00O0o0bOOO0b0OO0 AQ0ODOOOoOoOoooD

O &/ p—
AA s = o5(f Yij (1.4.24)
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0000000000000 AAOspinor 0000000000000 0O0DOO0OOO
0000000000000 «,b0000000000000%:

(@+ xb)(a + bx) = @a + Tba + abx + Tbbx = loxafr .

gooboooooon

—& 1_ &

a; A“Ajﬁ' = <2aa> y 537 (1425)
ay = 5, (1.4.26)
_ 1_
boby = <be>”5g (1.4.27)

ij

000000000000 «0 pO0O00DOODO spinorindex 00000000000
0000000000000 ADHMOOOOODDOO0000D00e«DO b00000O0
00 k-instanton 00000000000

00 «00 000000000000 0OD00OO00ODOOX0O0O pO00O0DO0O 1-instanton
0000000000000 00000000000000000000000000A
OUO00O0 base OOODOODOOODOODOOOOODOODOODOODOOOODOODOO
000000000 redundancy 00000000 Ounitary 00 ADODOOOADO UO
00000000000 000 N+2c0000000000000000000 ADDO
00000000000 DO00 2k000000000 instanton index O spinor index
020000000000000 instantonindex 0000000 ~A00000O000O0O
00000000000 fO00000 00000000 ADHM ansatz 000000
00000000 o00ooooooooooon

A — AA’y_l, U— AU, f— fyf'yT (1.4.28)

ugbooboooooo
goog

AA = 1o (f 1) (1.4.29)
0000000000000000000000000000000000000
(v HTAATAA (™Y (1.4.30)

00000000000 O000AODODODOO0O witarity 00000000 10000
00 f'00000 f0 (1.4.28) 0000000000

f_l N (/_y‘i‘)—lf/_y—l (1431)

uboboobobooobooobboobibod ansatz OO DODO0OO0OOOO0OOOOO0OO
googno

UA =0 (1.4.32)

'000 1oy 0 (149) 0000 2x 20000 (84)000.
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U000 OO0 wnitary OO0 2000000000 unitary DO OO identity DO OO O

ugbboobudgbobooobuodoboobobuooboobobooboooboobao
goo0oooOoooooooO0oooooOoobOoo0oooU O z0DODOOOOO

0000000 «,80 instanton index 0000000000000 DOO0OO0 OOOO

0= Vi = ( 55(25ij ) : (1.4.33)
Egj = EZ;'LW = (0, 5551'3') ; (1.4.34)
Arjo = Uutja)ja = ( (:Z:ij ) , (1.4.35)
a? =t =@l (@) (1.4.36)
ooooooon
Gt = UnOnag, %% = xnﬁgo‘.

wu=1,..Nij=1,.. . kad&QB,8=121=1,.. N+2k

O000«00000000000000000 AO(N+4+2k00000000O0O0O0O0O
200000000000000 w000 gauge O index 000 0O 0ODO instanton index
O o 200 index O0O0Ow0O NOOODOO j,aOOO doubleindex O j0 00 «
0200000 200000000000 (N+2k00000e000O0O0O0O ADO
0000000 (N+2k)x2c000000000 Nx2k0000002kx2k000
00000 block DODOODOODOOOODOODODO

0 (1.435)0 w0000 0O0O0O0OO0 w0 NOOOO 4,0 26000000000
2k x 20000 spinor U index O 4, 00000000000 2kx2ck000000
0O Hermite conjugate 00 000000000000 OD0OO0OO0O0OOODOOOODOOOO
00000 0000 ADHM constraint 0 (1.4.27) 00 3000000000000
ood

00 «0000 ADHM constraint 000000

Tcdﬂ.aﬁad = TCO'tB (Efuwuid + (5’50‘)jk(a;d)ki) =0 (1.4.37)

O00ae0d «O00OO0ODODODO traceless 00000000000 PanliOOOOOODOO
UzeroOUOOOOooooog

00 (1427) 00 200000000 b000 ADHM 00000 0O Ospinor O
index O instanton 0 index 000 /0000000

() = d (1.4.38)

0000, 0 Hermite 00 0000000000000 0OO0OOOOOOOOOOOOO
O000000 200000 ADHM constraint O 0O O
o0oo0ooooooooooog fd

f = 2@ we + (al, + T lii)?) " (1.4.39)
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O00O0O0O0O0O0OD0O0ODO0O000000Oinstantonindex 00000000 DOO0O Osborn
o000 fO0 z—ooO0O x—gD decay OO0 O0ODOOOOOODOODOODOODOODOODO
oooooooo

00000000 &,wd instanton 0 parametrise 00 000000000000
000000000000 b00000O0b0ob000oDo0oDOn redundancy JO0O0O0O
0000000 instanton D000 index 0000000 unitary 00 U(k)DOOOO
0o0o0oobooobooooooooo

1
A: NxN _ 7 N =
Elaxo

—_ ! —_ /] —
wg — weZE, a, — 2= (1.4.41)

[1]

. ZeUk) (1.4.40)

ugboogno

0000000000 00D0O000 fixO0 p0000000O0OO0ODDOOODOOODOO
gboooobobob

1.4.4 0O000OO0ODOOODOOO

OO00OO00ODO00O Dorey UODDOODOOOODOOODO NekrasovOODOOODOOO
standard O notation D OO0 UODOO0OO0OO0O0O0O0ODOODOOOOOOOOOOODOOD
0000000000000 00O0O0000oOoOO0o0O0OobooOoOo0oO (ooo)
00000000000 AO parametrize 000000000 ODOO

Axia = axig +b3%aa
_ ( Waja )
0ijTaa + (Taa)ij
If J
- 2% —By 2 —B (1.4.42)

~(z1 - B]) #-B]

000000 00000000 wh /00000002*00000000 quaternion
OO000000000 z,2,z1 0000000DOOC0O0O0OOC0OODOOODOOOO
00000 J0000 ,a00000000000O0O0O0OO z—BO0OOOO 100
block O kx kD0 size OOODOOOO00OOOOO 2x200000000 00 wO 20
O000000&0 100000 IfO0 200000 JOOOOODOO0OOO
bar DO OO OO conjugate OO :
A

—&\ | =GafA
i a; +T bia

— (@lozu 5iji,o'za+ (a/da)ij)

I Zy— B; _(Zl — Bl)
_ , 1.4.43
( Jt zZ1 — BI z9 — By ( )
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00 /0 JO B,B, 0000000000 standard 0000000 DOO By,B, 000
00 kxkOODOOJ,I'00000 NxkODOOOLJIOOOOO ExNOODOODO
00000 ADHM constraint 000000000000 parametrization 000000
oooooooo:

It J
—~ I %-B} —(»-B
AA = (]T fQ B?f % B1)> 29— By 21— B
Z1 — zZ9 —
1=Bi a=B J\ o Bl 55

_ (f(;l f01 ) (1.4.44)

gbboooboooboobobod

11" — J'J + B, Bs] + [B1, Bi] = 0,
IJ+ B}, B =0,
Fl =11 4 (2, — B))(22 — By) + (21 — B1)(z1 — B)). (1.4.45)

000000000 standard O ADHM constraint D00 0000000000000
oo0ooo0od By, O B;DDDDDDDD B, 0000000000000 0Ostandard O
notation 00 000000000 O0OO0OOOOOODOOO 0 1020 30000
00000o0onoDoO 0 — 0000 000000000 ODOOO

z— %, 21— -z, By— B}, B —-B (1.4.46)

0000000000000 00000o0oooOoo0n0 ADHM constraint D OO O OO
00000 Nekrasov O ODOOOOODODOO standard O ADHM constraint O O :

11t — JUJ + [By, By + By, B} = 0,
IJ+[B1,By] =0,
f_l =IIf + (ZQ — BQ)(EQ — B;) + (Z1 — Bl)(fl — BI) (1.4.47)

gooobooooboobooboboobooboobobooboobooobo
gbboobuoobboobuoobbooboobbad

1.4.5 InstantonO0000000O

gooooboobooooboobbodooooooboooooogoooobooboooog
U0000o0obob0Ob00000d0d0instanton 00 00O OO parameter 0 O O instanton [
moduli space 0000000000 0OODOOOODOOOOODOOOOODOOOOOO
0000000 0 wO0O0O0O0O0OO00000000 ADHM constraint 000000
0 residual 0000000 wnitary 000000006 0 spinor 0000 400000
000000 A20000000w0 Nx2k0000 &0 200000000 4NkO
00 ADHM constraint 0 3 00 constraint 00000 k20 constraint 0000000
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Oresidual 0000 witary 0000000000000 OOOODOOOOODOOOO
ANEOODOODO instanton 0 moduli space 0000002000000

4k? + ANk — 3k* — k* = 4Nk (1.4.48)

ugbogoogao

1.4.6 BPST instanton 0 ADHM 00O

000000000 0DOO0OO0OO0DBPST instanton O00OO0O0OOOODOOOO
gbobobobobobobobobUubobDUbk01bobobUube:g yOUDO
OO instanton index 0 1 00 k000000000 DOOCOOODOOOOO 100000
O000000000000000000 ADOOOOO spinor 000 (N+2)x200
0040 4,j00000 1x1000000spinor 0000000000 wOOOOO
0 Nx2000d 00 Dirac 0000000000000 OHermite 10000000
real 00000000 -X,0000:

a, =—X,. (1.4.49)

000000 BPSinstanton 000000000 space-time 0000 instanton O 0O O
000 parameter 000000000000 ADHM constraint 0 wd o/ 000000
O00000o0o0oo0ooOoooooooooon

TCdﬁ' (E’Swud + 2a;1a;15g) =0 (1.4.50)

D00000 000000000 Pauli 000000000 traceless 1000000
0000000000000 0 wO00O0O0O000000000000000000000
0000 pO0OOO0OO0

Wyw, g ::p25g. (1.4.51)

fO00DO0 BPST instanton 00000000000 000:
f=20p"+ (z, — X)) L (1.4.52)

wOOO0O0O Nx20000000

1
wwi:;i]< ; ), Wi = (12,0)UTp, (1.4.53)

U00D000000 parametrise OO0 O0O00000O0OO0 p00000 wO 2000
P0000000000000000 phase 0000 wnitary 00 UO00O000000

D000000000000000000000000 SUN)DDOD0OODOD0O0DO000000000
0000000 frame 0000000000 000O0O0O0O framed moduli space 00000000000
00000000000 Sy(N)DUooo0o0oooooO0oo0ooooO0o0o0DUoooOoDoDUoooOoOoo
0000o0ooooooooooooooooo
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Ub0oDbOd vector UOODODOODOODLOUODOOOOODODODODODODOOOO
g

U:(1 9), U' e SU(N —2) (1.4.54)
0 U
0000 (N+2) 000000000 NOOODOUOOOODOOOOUOOOO redundancy
00000000

OO00O00D0 regular gauge 00O 00O BPS OO instanton O solution 00 OO0 OO
00000 singulargauge 000000000 DOO0ODOOODOO

12wdp2(x—X)m6mngwﬂ
(z — X)*((z — X)? + p?)
000 SsyN)0o0o00ooooooOo SUu(2)0Uoo00b0 wOOOOoooooo

000000000 BPST instanton 000000000000 redundancy * 0000
OO000OUruoOO00DbO0o0D0 10 ix000000O0O000O00OoO0o0ooOoooobooon:

SU(2)
A, = ( A"O 8 ) , (1.4.56)

An=9g" (1.4.55)

agoo

ASU(2) _ g—l 2:02(33 - X)m5mn
" (z = X)*((z = X)* +p*)

o000 SU(N)OD NxNOOOODODODO SU(2)oooooooooooog BPST
instanton 0000000000000 (1.4.56) 00 unitary 0000000 (1.4.55) 0
00000000 redundancy 000000000 U(1) 000000000 OO0OOOO

AT g SU(N)
A, = " f 1.4.
U ( U Ve g (1.4.57)

0 0 x SU(N —2)’

Oo0o0ooooooooooodO witary DOO0O0O0OO0O00OO0O0OOOOOOO0O 1-
instanton 00000 parameter DO OO0O00O00O0O0O X O 40 scale 0 parameter
01000 gauge 00 OD0O0OO000OO0O0OOOgauge 00 O0OOOOODODO SUN)ODDO
doooooooooooono

dim SU(N) = N? -1 (1.4.58)
ooooo

dim SU(N) — dim SU(N — 2) — dim U (1)
= N?2-1-((N-22-1)-1=4N -5 (1.4.59)

00000000 redundancy 00000000000 w00000000000000O0 A,000
000000000000 00000 instanton moduli 000000000000

‘Dopoooooo redundancy 000000 global 000000000 O0ODOOOOODOOOOOO
0000 instanton moduli OO0 O0O0O0O0OOO0O
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good
gboooaogo

441+ (4N —5) =4N (1.4.60)

00000000 4NO0O0O parameter 000000000000 (1.448)0 k=10
obooooooooog

OO0 gauge 0O l-instanton DO 000 XOO pUDODO0O0O0OO000O0DOOO unitary
Uobo0oooboobb gavgeUOOOOOOOOODOODOODOOODODODOODOO
obobooboobooboboboboboboo

O0O0SUN)OUOOD k00000000000 000DO00000 instanton 00
U0 parameter U0 0000000000000 00000O0OO instanton 000000
00000 &0 trace 00

1
X = ~Z tral,. (1.4.61)

000 ADHM construction D O 0000

1.5 Collective Coordinate Integral

O000O000O000000000000ADHM construction 00 OO0 ODO Yang-
Mills action 0O OOOO0DODO pathintegral 0000000000000 0O0O0OOO0ODO
O000gauge OOOD0 instanton OO0 O O00OO0D0OO0OOOOODOOODOOOOOOO:

Ap(z) = Ap(z; X) 4+ 0An(z; X). (1.5.1)

X000O0O0O redundancy 00 00° 000 instanton 00000 4NkO O parameter
O O moduli OO collective coordinate 10O O O0ODO OO instanton DO D OOOOOO
00000 fluctuation O §4, 000000gauge 00O O 000 O fluctuation O O O

gauge 10000000000 DOOODO instanton background O O covariant derivative
O00A,0zerod000O00DOO0O

DpbA, =0 (1.5.2)

OO00000Ofield strength OO0 OO0DO0O fluctvation 00000000000 OO0ODOO
ooooog

0Fmn = Om0Ayn — 0ndAn + g[6Am, An] + g[Am, 0 A,]
= DydA, — DpdAn, (1.5.3)

goboobogoo
O00 fluctuation 1000000000 OOOO 200000000000000O
U00U0D0b0000000DOOOenergy OO ODOOODOODOODO massive mode

000 global 00 DOOO0DDOOO0O
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ooboobooobbooobobbobobooobbooobbobbooobobobOgg zero-mode
OO00D0O0DD0OO0OO0 path-integral OO0 00000000000 O0OODOQO zero mode O
0000000000000 DO00DO0O0bDO0O00O 6F,, 000 self-duality OO
gobooboobbooobboobooonbo

DindAn — Db A = emmit Ded Al (1.5.4)

Ub0ob0obooooob spinor 0O00OO0O0O0OO0OO0OOO0O

1 .
6Ay = 50%6Aaq,

168
D, = §D oy (1.5.5)
O00000A0O00O0DO (a,a)-bi-spinor 0000 D, 00000 spinor O 258 00
gobooboooboooo

O00D00000 self-duality DODOOOODOO
1

4
00000000000 Wess-Bagger 0 APPENDIX B[O 90000

(Umﬂﬁ’&ga ~ 03T — EmnkiOy307 “) D" A0a =0 (1.5.6)

a0 = OngpOm = 2((0™™)%05 + (6™ 505) (1.5.7)
00000000 self-dual O part O anti-self-dual 0 part DO OOO0O0O0O0O

L 1 » y
EmnkiO) a0l = G Emnk ("kﬂﬁ"’fé a‘“wﬁ"?a)

= et ((0™)5°35 + (™) 05

_ 1 lky « & 1 —lk\& a

= 2 <2€nmlk(0' )B ) 5ﬁ +2 <2€nmlk<a ) Jé] 5ﬁ

_ Q(O_nm)ﬁa g _ 2(5.71”1)0'45.5% (158)

00000000000 self-duval OOOOOOOOO
O000000 zeromode OOOOOOOO

(6" ;D" Aug = 0 (1.5.9)

00000000000 64, 00000t Hooft O etasymbol OO Pauli OO OOO
00 non-zero 00O 00O covariant derivative OO0 00 Pauli OO OO DOOOOO

7D 0 A0z =0, (1.5.10)

0000000000 00000 zero mode 000000 gauge 0O OO D,6A, =
DP*§A 5 =0000000 DP§AL =0 (3,a000)000000.
000 000000000000

DA (C) = 0 (1.5.11)
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U0000 «O00 spinor 0 DiracOOOO0OD0ODOO0OOO aO0D00O0OO0ODOOOO
OO0 massless Dirac 000000000000 DOOODOOOOODOOOOOODOOO
uboboobooboobobooonog

Ao (C) =UCfbU — Uby fCU (1.5.12)

0000000000000 ADHM constraint 0000000 U0 U0O0CO000
OO00oooogoOo cooooog

Cirnarja = —;axChj
Cinb3; = binC; (1.5.13)

000 constraint 00O OOO0O

(1.5.12)0 Dirac 0 0000000000000 O0O0O0O0O Dirac operator 00000
ooo

Ooooodoooooooobooooon:

A=UJU. (1.5.14)
Ooo0 Jooooo
J = Cfby —bofC. (1.5.15)

cooooooob.O00bOO0ODOOO0ObOO0O0ODOObOObOOOODOOODOOO
oboobovobobobobgoboo JooooooboooJoboooooooooo
OO0 fO00COOOO0OO0O00O0O0O0OOOOODODOOOOOOOOOOOOOO0O00O0
ugbobooboaonbood

DA (C) = 20 f(AC + CAY) fbuU (1.5.16)

U00b0bO0b0obO0obD0obobDd zeroUO0OO0O DiracO0DO0O00O0O00OO0OOO
oo

AYC+CAY =0 (1.5.17)

O00000000000000000 (1.5.13) 00000000000 CcOOO00OO zero
mode 00000 parameter 0000000000 CO (N+2k)xkOO0OD0OOOO
0000 2000000 constraint 0 redundancy 000000 2kNOOOODOODOO
00

2k(N + 2k) — 4k* = 2kN

O0000 2kNOOOOOODODOODOOD instanton background O Weyl fermion O
massless mode 00000000 zeromode 0000000000 OOODOODOOODOO
dooooooooooa

zeromode DO OOOO DiracOOOOOO0OO0OO0OOOOOOO zero mode OOOOMO
00000000 O00oooono 64,0

0A;, = 6X"§AT"; + 6" Ay — Fop + Fpn (1.5.18)
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00000000000 zeromode OO0 OOMO massive mode 84, 00000000
0000 zeromode 00000 X,, 00000000 moduli parameter DO O0O0O0OO
0000000000 gauge O0OOD0O0O0000 moduli DOOODOOODOOOOODO
00 self-duality 00000000000 0O0O0O massive mode 000
00000000000 zeromode 00000000 O0OOOOOO ADHM constraint
00000000 zero mode 00000 consistent 00 O00OA, d ADHM O O0O0O
O0000000000000000000000000000000000000 F,,0
self-duality 0 check 0O OOOOO0DOO stepJO0O0O0OOODOO0O check OOODOOO

0A, 0

oxXH aXu( )
U _aU
= Sy nU + Uduges
U U _oU
= 3% 8U+8 < 8X“>_8"U8X#
U aU
- 8n<UaXu> i (UU + AfR),U - 9,U(UT + AfR) 5
U U
- Dn<U8 M) S AR 0.UAFA
= o, (29N 4 02% 45,50 — Tbon 120 1
- P \Yoaxn axnlon Tl o xn
(1.5.19)
oooooo
aAaa . ) — oU 8ad
ot = —Daa (UaXu)+2Aa <axu> (1.5.20)

O0ddo0oooooooooono

000 spinor index 000000 gauge 000000000 A, 00000 Dirac
000oooooooooooooooononD e 0 moduli OOOOOOOOOOOOO
00000 constraint 00000000000 OOOOODODOO zeromode DOOOMO
000000000000 000000000000 constraint 00 O0O0O0O0O0O0OO0O
00000 ADHM constraint 0 X OOODOOOODODOODOOOOODOO zero mode O
000000000 path-integral 00O 0O

O
O00: 000dooooooobbdd0 Xoooooooooo

O
O0:. XOOOOODOOOO moduli OOOOOODOO parameter OO0

O
O00: 00000000 XOO0OOhooooooooooooooooooooooo «x
0o0o0oooooooooooooa

O
O00: 000000000000 0000DOp0D0000 100 4kNODODDOODOOk
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0100000 X+00O000 SU(2)0 instanton 0000 instanton O size 00 00
U0D0O000Db000b0bO0ObDDbd gauge OO parameter UO DO OOOOOOO
UdoboooobobOoOodnn parameter U0 00O OOOinstanton OO0 OO size O
Ogauge 0O 0D0O0D0O0ODOODOO0ODOODOO0ODOODODOOODOODOOODOODOOODO
oboboobodbboboboobbob0bUoU0 Xuobuooobooboooo

g
O0:instanton DO O ODO0OD0O0O0O0O0ODOO0OOO0OD0OODOODOODOOOOODOODOODO
O00000 zeromode UOODOOOODOODOO

O
U0: 00000000000 0000 moduli OO OODOODOO parameter J 0000
ood

RN

Oay
0pAas = 2Aq <8X‘Z> (1.5.21)
O0000000000000000000 instanton OO0 0000000000 OO0O
000000000 zero mode OO zero mode OO0 massive mode DOOOOOO0O
000 pathintegral 000000000000 OOODOOOOinstanton 0 background
O00o000o0oo0oooooo:

S = —2mikT — % /d% try 0 A AL 5 Age + - . (1.5.22)

obobob0 2mkr0D0DO0D00ODODODO0ODODO1ID0O 200000000
oooooo0ool10o0oo0o0o0oooooooo2p000000O00OODDOO0O0ODbO A
OO00000D0C0OO000OO00DOOd Laplacian OO

O00OO0Ospinor 00000 O0OO0ODOODOOODOODOOODOOOOODOODOODOdspinor O
doooooooa

Fluctuation 00 000000000000 OO0OOOOO zeromode OO OO non-zero
mode OO0 O00O0OO0DOOOOOOODOOODOOO

5 Ane = 0X"8, Ani + Ang. (1.5.24)

Zeromode 0 action 00000000 0OO0ODOO Laplacian OO0 0O0O zero OO DO OO
00000000000 string(D0000)000000000O0ODOOODOOzero mode
O000000D0000 measure 000000000 zeromode DO ODOOOODOO
00000000 zeromode 000000000 DOOOODOOODODOOODODOODO
U0000000000 determinant g OO0 OD0OODOODOODO metric O

guw(X) = —2g2/d4a:trN(5MAn(x;X)(SZ,An(x;X) (1.5.25)
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0000000000000
/DAn :g_4kN/HW detg(X)DA, (1.5.26)
" V2T

oooogo

moduli parameter X 0000000000000 CODODOOOCOO0O0O0OOOOOOO
OO0O000D00O00000 formal 000000000 Gaussian 0000000 massive
mode O ODOODOODOODOODOODODO

e2mikT 1
-S _
/DAne = 4kN /H detg )m

e27rzk‘r 1

00000000 Laplacian O determinant 0000 0OOdet 000 ' O zero mode O
000000000000 zeromode OOOOODOO

dXH
_1;[\/% detg(X) (1.5.28)
0 00000 instanton 0 O O moduli space 00 volume form OO0 000000000
O00000D00000D000D00 hyper-Kahler 0ODOOOOOO hyper-Kahler O O
000000000000 00 moduli OOODOO OD0OODODOOOODOODOODOOODO
000000000 oO0oo00oDbOooOobOoooo
O0000 ADHM ODOOOO0O0OO pathintegral 0 0000000000000
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2 Instanton Calculus in Supersymmetric Gauge Theory

2.1 N =1,2,4 Supersymmetric Gauge Theory

gbobodbooboobdoobobboobuoobooboobuooobbobon
0000000000000 oo0ooo0o0oogn instanton DO O OO
0000000000000 0000000000b0D0000O0DOO000 path-integral
O measure 0000000000000 000O000O00OON =20000000000
Seiberg-Witten 0 000000 prepotential 00 0000000000000 1-instanton
gboboboboboobobbobobobobobobobobDobDooboobooon
ooodboobooboobobobooboooboobobboboboobobooobooo
ogoboobooobooboooboooooooog ---

gooobobooboboobooboobboobuobbo4b00b0 102040
4 000 supersymmetry 00000000000 OOOOOO0O instanton OO OO
0000000000000 000000000000O0000000000 framework
O000000000NDOOO supersymmetry 000 0000000000000000
0000 gauge OO DODOOO0ODODOODOODOOODOODOODOOODOO fermion O 2
O0ONDOOOOOOOOOONDOO chiral 000000000 anti-chiral 00000
O scalar 000000000 2N -1)000000000N —-1000000000
on-shell 0O DOOOOOOOODO superfield 0000000000 O0OOOOOOOOO
O0000000000000000000000000000N =400000 off-shell
O000000000000o0o0b0don-shel OOODOODOO

N =1000000 gauge 00000 10000 A0000 fermion 0 20000
O0ON =200000 gauge D A4, 00NN 00000000 real scalar 00 200
O000ON=400000 400 fermion 000000000 6 00 real scalar 000
oooooooo

e N=10 A,,[\, )\

o N =20 AnDAN V0N OV (o

o N =40 A, D\ON* (¢ = 1020304)0p10- - - , ¢
00000000D00000D00000D0000 adjeint 0000000000000

O0000oooooooooooonD Minkowski HODODOOODOOOODOODO

1 i0g> T -
S = / 7. trN{iFgm + F%an 5 Py + 21Dy AGn A — Dytba Dndha
—aAB

AT 00 X6] + VT 00 AP 4 L0 on ) (20)

U00000 gauge OO O0OOUODOOUODOODOOODOO Yang-Mills O action OO0
000 fermion O kineticterm OO0OO00ODO scalar 000 OO0OOOOO0OO fermion O
bilinear [0 scalar OO couple DO DO OOOODOODOONONO scalar OO potential O 00O
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O0000ON=20N=4000000000000 X00000000000000
gboboogobuooboboon:

N =2 I =B 1), Toap = *P(—i,1);
N =4 S,=0" v im0 i)
Yo = (=i, —n?, i, —n',im").
O00nO00000 't Hooft O n -symbol O OO
000 action 0000000 onshell 0 SUSY OOOOOOOOODOO0O0O
6A, = =04 — E TN,
N = —io™EAF 1y — g%l 5E8 [ba, dp] + BAPG"E 5 Dyba,
OAA = —i0""E g Frnn — 196 4 4€p[Par 0b) + Taapd"E” Dyha,
8¢ = i€ Taap AP +i€aX2PNp

(2.1.2)

on-shell 00000000 D0O0OO0DODOODOODOOODOOODOODOODO oOOOO
supersymmetry 00 0000000000000 ODOODOO MinkowskiOOOODOOO
O Fucid 00000000000

" = (2°,7) — x, = (&, x4 = iz0)
on = (—-1,7) = op = (i7,1) = i(T, —1)

000000000000 200000000Dirac 0000000000000
(000000000000 000D00000 Euclidean O action DOOO0OO0OOO
000000000000 000+:000000000000000 SMinkowski X (=) O
Fuclidean 0 action OO0 O 00O :

SEuclidean = _iSMinkowski~ (213)

00000000000000000000000000000000Ospinor 0000
000 Minkowski 0000 Lorentz 00 SO(103)0000 SL(20C)0000000 «
00000 SL(2)0 doublet 00000000000 Hermite 00000000000
0ooooo0ood

DT =X, QT = a4 (2.1.4)

O0D0000OEuclidean OO OO Lorentz 0 0 So4)0D0o0oo Ssu(2)xsu(2)oood
00O spinor AQ,XQDDDDDDDD spinor 0 000000 spinor O 0O OO Minkowski
O Eulid 000000000000 DODODOODOOO actionO0O0O0O00OO0O0OOOO
0000000000000 00D00DO0D000O0DO000000 MinkowskiOOOOO
0000000o00oo00oo00DooO0onOod Eucid 0000000 Minkowski
000000000000 00000000000 Euclidean action O O

1 i0g> -
S = /d4:1: trN{ _CR2 Y b B — 2Dy A ada A + Dyba Dida

27 1672
—=aAB

AT v B PHPU B A S CRED
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00000000 Minkowski OO0DOD0O00O0O0000OO0DODOOOO factor DOO0DODO
00000 instanton OO0 DO O000O00O00D00O0O0OO00O0ODOOOOOOOOODOO
ubobobobooboobboboobooobooon

DunFn = 29]as Dutba] + 205" A4, N1,
DA = g228 (64, 5],

_ _ (2.1.6)
DAa = 95aaB[da, A7),
D*¢q = g°[6b, [6b, ball + 9ZaaB A NP + gS2 P X5
000 Euclid version 0 on-shell SUSY OO0 O00OO0OO0O0O0OOOO0O
5A, = i€hophag + i€ on A,
M = ic™EA R, — 19D 2B [ba, dy] — iXABo"E g Dby, (217)

- R = B= —_—
oAA = 16" 4 Frn — 195apA € 5[0as D] — 12045565 Dy a,
66 = it28qap AP 4 14228 N 5.

000000000000000000000N =1000000000000000
0000 simple O fermion 0 gauge 00 O00OO0D0OOOOO0O

1 0> -
S = /d4xtrN {—2@” - %an % Fop — 2Dn>\an>\} (2.1.8)

0o0000O0O0o0ooooo
D Frm = 2955 Aoy Aa},
74Dy = 0, (2.1.9)
Tnac DnX =0
000000 supersymmetry [
0A, = ifop\ + iap ),
N =0 Fppn, (2.1.10)
N =i EF .
000000000 N=2000000scalar00 20000000000

O =1 —iga, ' = ¢1 +igo (2.1.11)

0000000000000 N =200000 M=1000000000000000
00000000000 matter 000000 OO0O0ON =10000000000000
scalar 000000000000 gauge 0OO0D0O0OO0O0 AO0OO0DOODOgauge 00O
000000 N=100000000000000000

1 i0g® - _
_ 4 i »” _ —~ _ —~
S = / d :EtrN{ S Fn = Tors Fn * Frun = 2D 3w — 2D, 0,0
D,¢'D 2igp|d, A] + 2ig[oT, A 1216 o2 2.1.12

+ Dn¢! Dud + 2ig¢[¢, A + 2ig[¢", Al + 79[, 9]y, (2.1.12)
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0000000000000 coupling O scalar potential OO0 0000000 OOOO
oo
Dy Frn = g[ﬁbT»DnQﬂ + g9, Dn¢T] + 2953a{)‘éaxx4d}v

- . <A

P = igle, X7,

DXa = —iglé’, A, (2.1.13)

D*¢ = ¢*[$, 07, ¢]] — 2igeapA*\,

D%t = g6, (6, 8] + 2igeanX X
00000O0ODO00D0 e O0D0ODOODODOOODOODOODOODOODOOODOODOOOD
000000000 instanton D00 000000000 OOO supersymmetric 00O 0O O
super U O OO QOO0

6 A, = i€ + i€ 4o A,

. mn 1. nsA
OM = ia"" €A By, — g6 10, 61) + "€ Do,

GAA = i0™"E 4 Frpn — %iQEAW, ¢] — G"EaDrn (2.1.14)
5¢ = 2£A)‘A7
5ot = 26 N

gbbooobbooboobboobooaobobo

2.2 Supersymmetric Instanton

supersymmetric 0 instanton O 0 O 0O super-instanton configuration 0 0 0000 O
O0000 minimize DO0O000O0O0O00O0DOO0O0O equations of motion OO OO OO
O0000000000000 gauge 0000 ADHM solution 00000000000
0oono

A,, : ADHM solution,
M= =0,
¢q = 0.

ocooboooooooooooboboOoooOooooOooOO0oOoDOOoOoDUOoOoUoOoDOOD
instanton background 00 fermion 0000000000000 OOOCOOOOODOO
ocooobobooooooooooooobooboooobbooobbooooDbbOooDbbOUoDon
oooooobooOooooooo

pAt =0,
Pt =o, (2.2.1)
D%*¢, = 0.
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O00N =20 version 00000000000000000O0O0O0O0O0OO ADHM O
oooooboooooobooDOOoooobUoo0 oo bOOoObOOoDA ANOODODO
Weyl OOOODOO0O0OOO0OOOO0OO0OOO0OOOOOOOOODOOODOOOO (2.1.13)0
o00000000D000D000000O00O00 coupling constant 0 order g 0 modify
gbooooooboboobobooboobobooooooooboobobobooboDbo
obobobobobobobobobobobuob0obOobOobO supersymmetry O
U00U0b0b000bo0ouoboboogbogn coupling constant g OO0 OOO order g
Ub00b00bO0bO0o0bOn super-instanton 000000000000 OOOOODOO
0000000000000000000000000000000000%00000
0000 fermion 00000000 O00DODOOO0O0OO0OOO0OOOOO0ODODODOOOOODOO
DDDDDDDDDDDDDDDDDDDDDDDDDDD—@EDA(_)DDDDDD
oon

DPI = — AN = D22 + G Fpn M (2.2.2)

0000000000000 scalar 000000000 2000000000000
00000000 FO self-<dual DO OO0OO0O0 6t =00000000000000
O000 scalar OO OO0O

DI =DPppPI =0 (2.2.3)

00000000000 positive-definite 000 00000000 oO0OODOOOOO
0000000 anti-chiral 00O g0 linearorder 0 0O OOO AOODODO o0O00ODOO
oooooooon

PPI = — AN = DA 4 oA = 0 (2.2.4)

oboooboooboooboboobooobooboboooboooboooboboon
DiracUOOODOOOOOODOODOODOO

Ao =g VPAG(M) = g VHOMFbLU — Ubg fMU) (2.2.5)

00000000000 CcOoOo0o0oooooooobooooo0d MO Grassmann 00O
000 Grassmann valued O MOOOOOO0OOO0OOOOO MO ADHM constraints O
00000 fermionic 00000000

/\;Eé\a,\ia = ;aid)\M)\j7 (2.2.6)
MiAb,\j = b My
0000000000 coooooooooooouooooooooa
Miyj = Mutia); = M/Lj (2.2.7)
(M3)ij

6(2.1.12) 0000000000000 DO0OO00ODOO00 (2.1.13)000000000000000
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OD00D000 (226) 000000
ML, =M, (2.2.8)
ooood

Mag + @M = fiwg + ap+ (M al,] =0 (2.2.9)

0000000000 fermion 000000 supersymmetric0 0000000 O0OO0OO
fermionic 0 moduli 00D O0O0O00DO0OOD0O MOOODOOOODOOODOOO fermionic
O ADHM constraints 0 000 000 OO fermion O moduli 00O OOO0O BPST O
o00oo0ooooboigd gavge OO OOODODOOODODOOOOOOO0OOOOOO
OD0O0DO0O00O0ODOO0O0000QO supersymmetric zero mode O superconformal zero
mode 000000000000 DOOOO0OOO superD0000O0OOOOOODOODO
o0o0odoooooooooobdsuwper 00 00oooooood

N = iy Fon, (22.10)
N = iGmnEA Fopn = 0 o

ooooono F,, 000 LorentzgeneratorDDDDDDDDDDDDDDDDDDS\D
00 F,,Oseli-dual OO0 DOOOO0O0O0O0O0O0OXNOOOOOOOODO:

A . A
)‘a = 7/0'mn£ Fon

=4 mn A an mnE U
(m 52 o ‘fA_ (2.2.11)
= —4iU (b€ fby — ba fEAD)U
= Ao (—4ibe™).
000000 fermion 00000 (225)000000MO00000
MG = —4igJs;, M = —4ig™D), (2.2.12)

00000000000000000000000000OMO000 200 MNOO super
0000 transformation 0000000000 O0OO0OOO superconformal O O

(@) = &4 — waa™, E4(2) = &4 + nizt” (2.2.13)
DOD0O0O0O00000000DDDDNNoNonoooo

A = Ao(—4ian™)
= —4iU (aij? fbo — b f7a)U

_ i , 2.2.14
= 4iU (b7 fbe, — bo fTTD)U ( )
- —4i(amnmﬁA)a[7bamanU
00000000 MO
My = —diayien?®, MM = —diniai? (2.2.15)
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OO000o000ooOo0ooo00ooooo0ooooooooooooooooooo
00 scalar field D0 OO0 0OO modify OO OO

Dy = gEaapAVANOF, (2.2.16)

000000000 scalar 0000000 DO0OOOODOOOO0ODOOOOODOOOOOO
0000000000000 0ob00ob0obOobOobOOon cheekUODOOODOOOODOO
0000000 review 0 appendix 0000000 OO0OO

1. - _ _(oy 0O
b0 =—-SaapUMAfMBPU+T [N U (2.2.17)
4 0 @a12

(22.16) 0000000000000 OOCOOOOOOOO0O ¢,0
1_ _
(pa:ZZaABL‘l(MAMB) (2.2.18)
0000000000 Lodooooooooo Looooooooooo:

. 1 . 1 /. /- 1 /-
LQ = 5{w"‘wd, Q} + 3@ “al o —a *““Qal, + QQ(_I “als,

ad

2 (2.2.19)
= 50 wa, O} + [ay, [ar,, Q]

OO0O00O0o0O00DbOO00ooDoDOO0bODooO order0DOOOODOOOOOODOOO
000000000000000000000000000000 ADNOO XD gOO
oooooo

An =g AR + gAD) + g* AR + -
M = g 1/2\0A L g32ymAa

. ] ’ (2.2.20)
M= gD 4 523D
o = g"0) + g + - -
Udodooboooouoooon
Agg) — U8,,U, A0A _ A(MA) (2.2.21)

OO00D00O00b00O000D00000 exact DOOODODOO g0 lower order DO OO O
00000000000000000 N =10000 leading order O O

Am =g TAD, M =g712A04 3, =0 (2.2.22)

Oexact 00000000 0ON=20000000 scalar 000000 0000000
ogoog

Ap =g TAO M Z 712004 3, — 0 ¢, = ¢°%0 (2.2.23)

000 exact O solution 00O OOOOOOO Seiberg-Witten 00000000000
scalar 000 0000D0OOOO0OOODOODOOODOOOODOOOODOOOOOODOO
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0000000000 scalar 00000000 D0O0OOOOOO0ODODOO instanton 00O 0O
000000000 exact DOODOODOOO0ODO size-dependence 0O OO OO zero-size
0000000000000 0D00000000O00000DO00 Derrick 0OOOODO
00000000000 Db000000o00oDbO0o00DO0On instanton OO action O
minimize 0 000 minimize OO00OO0000000O0O0OOOOOOODOOOOOOO
00000 Afleck 000000000000 OOOODOO 18000000 OOOOO
mass 00000 operator O insert 0 O 00O Fadeev-Popov 00 insert 00000 OO0
0000000b00buo0buo0obUob0uobU0oUubOn instanton DO OODOO size
0 minimize OO D0 O0O00O0OO0OO0O0OOO operator O D OO0OODOOOOOOODOO
OO00000O0000 operator O insert 00 modify 000 OO0 instanton 0000
constrained instanton D 0000000000000 size 00O instanton D000 OO
000000000 operator O decouple DO ODOODOOOOOODOODOOO size 00O
000000 instanton DO O000000OO0D0O0OOO0O instanton DO OO0 order g
O higherorder U0 O0O0O0OO0 modify 000000000000 ODOOOOODOODOO
000000000 operator 1 OO O OOODODOODDODOOODDODOOODOOODOO
O0000D0000000000000 scalar 00000000000 OOODO effective
coupling0 0000000 0OO0OO0ODOOODOODOOODOODOOODOOODOODOOOO
000000000000 operator O OODODOODDODOOODDOOODODDOODODOO
00000 instanton 00000000000 O000 Aflek 0O00DOO0O0O0OOODO0O
goodbooboboboobooobooboobobDoooobooboooobooo
000000000000 bOO0Ooonoog coupling DD0DOOODDOOOODOOOOODOO
0000000000000 0000000000000 Seiberg-Witten 000000
ooboooogn

2.3 Supersymmetric Collective Coordinates

O O O O super collective coordinate 1 0 00000000 O0O0O0OO0O0OO0OOODODOO
000 supersymmetric O collective coordinate 1% (i = 10--- ,2kN) 000000

M(z) = g2z X, 0) + A (25 X, 1) (2.3.1)

O00O0OO0Ovolume form 000000000000 DOOO0DO0OOOOOODOOOOO
000000000000 bosonic O collective coordinate 0 fermionic OO collective
coordinate 0 000000000 O0OOO bosonic O coordinate + fermionic 00 000
Ofermion OO0 0000000000000 O0OOO0OOOOOOOOOO

/ H [DAA[DX] = g4hvN / H {ﬁdw““ (Pfaff QX )) [DXA][DAA]} (2.3.2)
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0000 fermionic 0 measure 0 0 0000000000 Pfafian OO0 O00O0O inverse O
0000070000 Grassmann 00 000000000000000000O00O0O0O0O

S[Am, M 0a] = S[g7 AQ) + A, g7 /2AOA L XA R 6]

4ri 0 (2.3.3)
= —2m (7;2 + > kE + Skin + Sint
g 2
oooooo
1 =aa ~ _ ~
Siin = / d*x try {—2A AP Agy — 2D Aaa A + ansaansa} ,
Sint = / d'z trn { = XOAT, 60, AOF] - 22[ A, 2 4], A0 (2:3.4)

_ 291/2)\(0)AiaAB[¢aaXB] 4o }

0000000000000 0000000O000O0000O00O0O0O0b00O000O0O
000000 instanton effective action D OO0 0O 0O O

e_ eff

| R o 2.3.5
_ 2mikT /[DA] [Db][Dc][DA][DA][D¢) exp(—Skin — Sint — Sgh) ( )

O000bD0DbO0b0O00 determinant OO OO0O0O0O00OO0OOQO supersymmetry [
00000 cancel 0O O0O0OOOODOOD O ODirac operator O bilinear 0 determinant
o0

det’ A(H) ~ I o
A = (AW =—pp, A = -pp) (2.3.6)

000000000000000000 det’'000 spectrum 0000 OO fermion O
boson 0 DO00O0O0O0OO0OO0DODODOOOOOPauli-Villars O regularization 0 0 0 OO
OO0O0db0O0O0Oregulator 00O OODDO0O0ODODOOOOOOOODOOODOOOOOO
U00b00b0b0ob0obOobOoDbOD Pauli-Villars regulator 0 mass O spectrum O
0000000000000 D0 p0O000O00DODO0O00O00O000 super O collective
coordinate 0 0 00 00 OO instanton effective action

Z,év = wNe=Sen
My,
4kN (4—N AkN N 2kN
_(n ( )ezmm/ 11 daXx* I1 I av vdetg(X>e—~cff(X1'¢7) (2.3.7)
g Vor (Pfaff Q)N A
pn=1 A=1i=1
oooooooon
‘00: Phafflan 00000 2nx2n 00000 M;; =—-M; 0000

Phaﬁ']\/[ — eiljli2j2“'injn ]\/[iljlz\/[isz . ]\/[ian

0000000000000000000000: det M = (PhaffM)?.
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OO instanton effective action 00000000000 O000D0OOO0DOOOODOO
000000000000000 S0000000000000000000

S = / d*z tr N (Dpo? Dy — XOT, 1[0 AOB]) (2.3.8)

0000000000000 bosonic O collective coordinate O O fermionic O collective
coordinate 00000000000 0O0OO0ODDOOOOODODO ADHMODODOOOODOO

(X,v) — (a, M) (2.3.9)

O0000000000000000 instanton effective action D 000000 OOOO
ooooo

- 1
S = 47T2trk {2EaAB,U/A¢a,U' + wa¢0¢0wa SOaLSOa}
1_ .
=t { 5 Suanm ol + w0k

- <12aABMAMB +wd¢2wa> L! <1Ea0DMCMD +w’8¢2w5> } (2.3.10)

4
0o
(N) CIE;N) Ak(N+k) N 2k(N+k) A 4A 1-N
WY = d a d M| det L|*
/Mk volU(k)/ }—‘[1
k2 3
X H { H5 ( try T ( Tcaaﬁaa) (2.3.11)
=1
N 2 "
X H H ) (trk Tr(ﬂ g, —f—adMA) }
A=14=1
ogoon

CLN) — 9—k(k=1)/2+kN(2-N) 2kN(1-N) (2.3.12)

00«00 MOOOOO ADHM O constraint 00000000000 0000000O0
DDDDDDDDDDD|detL|1_ND Jacobian 0000 factor 0D OOOOOOODO
O0000 hyper Kahler UO O OO0 OUOOODOO0O0OO0ODODOO0OO0O0O0OOOODDOO
O00D0D00O0O000000000D factor 0000000000000 O0OOOOOO
OO0O00O00oDOOOoO00ooOO0oOo0bOO0Oo0DObO0OOODOO Seiberg-Witten
uboooboooobooboobobooboooboboboobooboooboooboo
ooooooooooooooo?d

00000000D000000 imstanton 0000000000000 OOOOOOOOO
0 moduli space 0000000 0DO bosonic 0 ADHM instanton moduli 0 fermionic

000 1000000000000000 2000000 30 10 Seiberg-Witten theory 000 00
oobooooooooooooooooobooboooooobooooooOoboOoooooOobooooooboobOooo
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Omoduli 0000000000000 O0OO0DOOODODOOODOOODOO0O volume form
00o00oD00oo00oooDOo0Doo0ooooD0oooooooon AbDHMOOOOOO
00000D0OO0000000000 constraint 0 6§ 00 OO instanton moduli O 0 0O O
0000000000000 00MO00U(k) 0000000000 0O0n volU(k)O
000000000 Jacobian OO OODO factor OOODOOOODOOODODOOOODODO
006000000 duality 000000000 Pexp 000000000000 DOOO
000000000000 constraint 00000000 O0OODDOOOO:

X : Hermitian k x k, matrices (a =1,---,2(N — 1)),
D : Hermitian k x k matrices
@dA : Grassmann k x k matrices (A=1,--- ,N).
Grassmann 0 + 0 00 0 O O fermionic O ADHM constraint 0 couple 0000000
ADHM constraint 0 DOOOOOO Jacobian 0000000000000 DOODOODO

000000 xOOOODODODOOODOOOdetLOOOODODOOOOODOOOODOOOOO
O000000000000 instanton 0 measure OO0 OO0

92(2—N) (2—3N) C;(ﬂN)

N 2 12
Z]g ) — - U(k) /d4k‘(N+k)ad3k‘ Dd2(N l)k‘ X
N (2.3.13)
% H d2E(N+k) (A d2k2$A e*§*§L~M~
A=1
ooo
~ 1_
5= arttn{ s + 620l = Do hl? + 5 Taasi v + 620°)
+ 3 Taan M M, (2314

Spa = —dim?try, {@dA(ﬂAaa +agM) + D -7 5 Baa} .

oobooobooooo Lo MO O LagrangeMultlphersDDDDDDDDDDDD
DDDDDDDDDDDDDDDDDDDS+SLMEJ instanton 0 moduli space O O
effective O action 0 OO

O00 ADHM OOO0O0O0O0O supersymmetry 0000000000000 brane 00O

‘00 : 0000000 3350000
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dal, = i{dAle, ( )

oM = —2i 2Py al, 50 xal, (2.3.16)

dws = iaap’, ( )

ot = — 2P E R (waxa + $Jws). (2.3.18)

Xa = —ZfoaA@%, ( )

55 = 250 B Ixas xol€ — i - 7 45, (2.3.20)

6D = —7 S4BT o[ Xal, (2.3.21)

Ub0000oooonoooooboobooboOod localization O ODOOOOOOOODO
N=2000000000 action 0000000000O0:

S :4772trk{ [waXa + $awal® — [Xa ar]?
. . 1 Ny
B i - _
A (ax" + 0" pa) + SMEMUXT 2D g (x g 1mf)}7
F=1

L
2

X =x1 —ix2, ¢° = ¢J —i¢).

00000000000 flavor 000000 effective J action 00000000000
ugbobobboobouoobboobuoobboobuooboboobbb

000 ADHM OO0O0000000000000000000000000 trd’ 00
oo

X, =~k trpa, (2.3.22)
O00 instanton OO0 O OOO0OO0OOOsuper 000 X, OOOOOODOO

¢t = %trk M4, (2.3.23)

000 supertranslation 0 0 0 0 0O 0O OO instanton 0 measure 0 O O instanton 0O O
U00oDdooob0ob0obD0o0ob0obUuubUgbooo MOODODO centered instanton
moduli space 000000000

M = My x RIV (2.3.24)
00000000000000000000

ZNNe _ /~ WV NF) ~5-5pu. (2.3.25)
M

ogboobooo
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2.4 Prepotential and Centered Partition Function

00000000000 Yang-MillsOOO (DOOOOOOO)00O0OO0OO0O0ODOOO
000000000000000 N =2 SU(N) Yang-Mills 000000000 scalar
field 0000000000000 O0O0O0OO0ODOO0ODOO00D00D0O CatanO00OOO0O
00 abelian O N =10 superfield

Wou = (Amuy)\u)’q)u = (¢ua¢u) ('LL = 1, s ,rank G)

000000SUN)ODDOO U(1) O superfield 0 rank SU(N)=N—-1000000

0292} (2.4.1)

0000000 effective 00000 abelian O vector multiplet O chiral multiplet O
00000000000 0000000000 effective 0 coupling 7, 000 dual OO
¢p0000000000000D0000 prepotential 0000000 Y O0:

+ (I)Du((l))q);rt

1 1
Sef = — /d4x Im {Tuv(@) W Woya
2 02

47

OF 02 F

@Du((I)) - Téu, Tuv(@) - m

(2.4.2)
prepotential 0 O 1-loop 0000000 perturbation 0 00 OO instanton OO OO O
ooooooooo

(e}
F = Fpert + 2% D ARCN=ND 7 (2.4.3)

k=1
00000000000 0000000000000 anti-chiral O fermion 0 4 000
00000O0oO0oo0o0OOobO0bOO0bO0obo0bOoo0o0oooDOoooOOooDOobDOooOoOooOon
A000D00 gauge multiplet 000000 (24.1) 0000000A0D0D0O0O0O0OO
D0D00000 fermion 0000 0 ¢ 0000000007,(®)0000 ¢0 40
0000b00O000000bO 40000000000000y00000O0ODOOOO
O0-0000000D0000000D00 2000000000007,000000000
O00000000D00 prepotential 0 40000 400 Green DOOOODOOODODO
O prepotential 00 000000000000 AO0O0DOODOOODOODOOOOODOODO
00000000000 A0 WickOOOOOOO contraction 0 O OO contraction O O
O propagator 0D O0OOO0O0D0OO0O instanton D00 0O0ODO0DOO0O scale 00O

oO0o000oo0o0o0OoOoooooooboooon

8 ()N, (2B, (30, (24))

1 O*F)
— ARCN=Np) = k 944
2mi 06, 069,060,060, (2.4.4)

x / d*X 5 (w1, X) S0 (22, X)5 " (w3, X) S (24, X)

Y000000000000000, |,0000 Grassmann0 00000000 600000000
00000000, [d*0000. |»2p 0000 [d°6d°600000.
HOop. 000 3320000000000
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_ 1 1

S, X) = 1590 % (2.4.5)

00000000000 00000000 400 Green JO0OO0OOOODOOO prepo-
tential OO0 O00ODOO00ODOOO0OO0OODOOOOOOOO0OODOOOOO0OODOOOOOODOO
O0oboobOobobobobOol path-integral DO O O0O00O0O

O ()X (@)D (), (24))

L\ KON-Np) o , s
_ (g) ik [N SR (R (a2 () )
My,

(2.4.6)

0000000000 Green 0OO0DOO0OOODODOOOO massive mode OO0 OO
00000000000000 zeromode 000000000 0wWN=29Nr 0 instanton
moduli 0 volume form 00 S O instanton O effective action 0 000000000
fermion [0 classical 0 zeromode D 00000000000 DOOOODOOOODOOOO
oo0ooooDoooooon

00O zero mode dependence 00 OO0 O0O0O0ODO0OONO supersymmetry 00000
supersymmetric 0 zero mode 0000000000000 O0OOOODODODOOO super-
symmetric 0000000000

SAa = —ig " ?Taan DB = —g' 2Pty (2.4.7)

00000000 0000000000 000o0oonoooa scalarDDDEquD
D00D00000¢t0DoOD

D*¢' = —gxX (2.4.8)

00000000000 matter O O0DO0DO0O0DO0DOmatter D00 OOOO
00 0000000000000 00000D ¢'00000000000000000

o0ooOoooooo
_ [0t 0
o' =T ¢ U (2.4.9)
0 ¢y

DDDDDDDDDDDDDDDDDDDDDDDDDD@TDDDDDDDDDDDD
ood
137,
SpJf:L_1 —4j;lif%f —l—waqude (2.4.10)

O000000L'00000000 operator O inverse 0000000000000
UO0D0OO00b0O0d instanton 0O OO0 OO0OO0OOODOOODOOOOOOODODOOOO

Np
Doty — g1 [ ot (b0, L ~ Y.
(P )uu = %x_Xwa{%1k+L Ou¢u% 4ZJWW>}% (2.4.11)
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000000000000 (247000000 effective action 00000000 anti-
chiral fermion 00 O00O00O0O0OOO
4 08

S gu T (2.4.12)

Xo(2) = 21/g5" (x, X)eapt
00000 0instanton O effective action 0 ¢° 00000000 propagator 00 00
U0 ooboobooboboobooboo
000 (24.6)0000000Oeffective action 00 "0 0000000000000
O propagator U0 Q0 00O

O ()N (2) Py ()0, (4))

1, k(2N —N) - P
=129 <> e T A A0 /~ W'
47T g a¢u1 8¢u2 a¢ug 8¢u4 Mk

X / A X5 (21, X)S0 (22, X)5 " (3, X) S (24, X)

N=2,Ny) ,~5

(2.4.13)

00000000 XO0O0O0OO0O instanton moduli D00 OO0O0O0O0ODOO fermionic O
moduli D OO0 O0O0O0O0O0ODODOOODOODOOOO0OOOO c0O00O00DOODODOO
000000000000 00 path-integral 00000000 OO fermionic O partner O
supermoduli 0000000000000 OOODOOOOONO centered instanton moduli
space 0O DOOD00O0O0O0O0DOODOODOOO prepotential OO0 00O O0OO0O0O0O0O0OO
00o0doOododb 4000000000000 00DODOODOODOODOOOODOO
0000000000000 operator?0000000000000000O0O0DOODOO
00000000 uptodr O Fi O centered instanton partition function 00 0O O 0O O
ooooooooooo

Fp = g—k(QN—Nf)+QZA]£N=2:Nf) AZN=Ny (2N —Nj g2mir (2.4.14)

Y Nf

0000 microscopic OO DOODOODOOOOODOODOON prepotential D O OO ODOMO
oooo

000 (24.12)000000000000D00OOO0OODOO0OOOOOOOODOOCOOOO
00000000 (2413) 00000 =00000=0000000000000O

000 DbOooobboOouobbooobooobbDOoboboboOoOobobobboboboUOboDo 2deriva-
tive OOO0DOOOD0OO OKOOOOO gOD0OOO0ODOODOODOODOOOOOGY
gbobobobobobuobobonoonoonoonooooobOobdn constraint
instanton OO0 0000000000000 0O0O0OO0ODOODOO0ODOOOO0ODOODOO
gboobboobuodoboobbgodd

2.5 Example: one-instanton contribution in N’ =2 SU(N) theory

000000000000 000O0O00O000000O0O0O0000O0O0OO0O000O0
00000000000000000000 SU(NV)O l-instanton O 0 OO microscopic

124142 [
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0000000000000 000O0O00000000O0O0O00000 Nekrasov OO0O
0000000000 oooooooooooboooooooooooooooooo
000000000000 O00000000 1-instanton 0000 OO instanton O index
0000000000000 0 ADHMODOOO spinor DO0OOOCDOO0O

a::(?) (2.5.1)

O00000wOOO0O0OD02xNOOOOJOODOOO2x20 spinor 00000000
instanton O effective action OO0 000 trace OO0 O000O00O000O0O0ODO0O0O00OODOO

- i
S=:4ﬂ2{rwuax+—¢0wuaﬁ%-zuf(uqu*+wﬁ?uuA)

Nf

E}WWX mﬂ}+$MJ (2.5.2)
f 1
§L'M' = _4Z7T {wA( Wya + W wuaﬂu + D wﬁwua} (253)

0000000000y
0000000000000000 x00000000000000000 Grassmann
000000000000000000000w00000000000000p 00O
Oooo0oooooooo:
2Wya—aA  _ 2Wys—aA
pd = = SN+ (2.5.4)

u

o,
a, 0O0O00gd
_ 0 * ok (023

D000000w, O ADHM OOO00¢°0 scalar 00 0000000000000
goobooobooo

~ v 2Wya —a A 2w
S :4772{\wuax + ¢Owya|® + 5 <M§? + a:a¢a > (MuA - auﬁlﬁA) }

o u u (2.5.5)
7 U —&A 3
+ 47F2§ < T o uf e ¢A) Fgwﬁwud.
0000000 (254)0 shift 0000000
— 2Wya—aA 2w
(uf + 7““1!10( > <,uuA - auﬁ¢A) (2.5.6)
u u

Dﬂf,uuADDDDDDDDDDDDD pwO00000Olinear 0O0OO0OOOOOCODOOODO
00000 Grassmann OO0 000000 0DODOOO0OOOO

N

[[ %)’ (2.5.7)

u=1

3(252)0 2000000 00 my;0 N,OOODOOODOOODOOOODO.
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shift 000 000000000000000 40000 bi-linear 000 0000(2.5.5)
O0000000000000000 linear constraint 000000 « 0000 (2.5.6) 0
U0D0O0O0Omatter 0 OO0DOO0OOOOO

Np N
/dNFﬁdNF%exp < — 7 Zﬁf%f(x - mf)> = g2NF H(mf -X) (2.5.8)
f=1 f=1

000 factor O O0O00O0OO0ODOOODOOOOODO0wDODOODOOOOOOODOOOD
O0wOO00000000002000000 GaussOOOOOOOOOOOODODODODO
ugbboobooboboon:

/d2Nwd2Nw exp (—4W2Auw3wm + 4i7r2§u . Fdﬁ-uvﬁwm)

—2N Al 1
=) N[ ——=. (259
o A+ B2

000000 wO @O spinor 0000000 20000000 quadratic 010000
00000000000000000000000 spinor 0000000 Pauli 000
0000000000000000000000000000000000

(25.5)00000000A2%20 |e,/?0000B,00000 D+&,000000000
000 E,00000¢00000 bilinear

[1]y

s\ —1T7A *5
w = () TS (2.5.10)
uboboobboobuoobboobuobbotbw,whOoobDOod

*2

N,
= &0 /ﬁ%@%}f[f¢A[I’ TR [i7nf—x (2.5.11)

ubooobobooboodgo

go wg‘DDDDDDDDDDDDDDDDD Grassmann 0000000000000
O000000000 EZ000000000000000000000 940000 A
OO0 10000 20000000000000 2000 spinor0000 400 fermion
gboboobooboobboobooboboob E00booooobda

2
/H d*e 4=654 (2.5.12)
A=1
000 2000000000000000000000000000000
5cd
=—8—— (2.5.13)
[0 87

u—v
gbooboobooboobo FO0O0O0O

*2

N
F(2) H: i (2.5.14)

|y |* 4+ 5 + EU)Q

47



obobooboobooFrFUObD 20 =0000O0O0O0LDO0LOOODOOOOOOED OODO
OO00D0o00oO0ooDOo0oUuD Taylor DODOO 200000000000000D00O
0000000000 (25.13)0000000000000O0OOO

/HdZwAFE = )

ubooobooooboobooboboboooobooobobooboooboooboooboo
OO0 000000000000 conjugate 10 DOO0OO0 2000000000000

(2.5.15)

r—\
—
—
!—!
—
._,

==0

N
1 0*°F(= 1 0*F(E=0
> TQ; % (2.5.16)
sy e 0=S0=S |- D2 ox

O00000000000000000000000(2.5.11)00

O?F(2 = 0) 7=
2D ( ~ ) e g(mf ) (2.5.17)

A(N:27NF _ d2

ubooboooboobobooboooobooboon XDEDDD
pOoOdb0O0o00ObDO=E=000000000DOO

d3D N *2
I (2.5.18)
D2 1 a,lt+ D?

uboooboobooboooboooboobooboouooboobooobobooooboo
vboboobooooooooooooooooooooooooon

*2 05*2
/dDng,H|a ‘4+D2—47r/0 dDHF D
fe'e) N *2

—00

U0 pOodb00oUDboccbO0ObODDODUODOOODODODOUODODObDOOOO
Ul —ccU oo 00000000 bOoobboooboboooboonoboanbog
ubobooobooboobobooboooooboaoo

D = +i|oy,|? (2.5.20)

gboodboobooboooobobboboobooboobobooboooban
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2 dD” =4 ER ||7”D:‘ 2
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(=2, B o .
2 wW):_Wl/E&&Wﬂﬂmx)hwﬁ (2.5.22)
0ooooo
N o N a*Z
L0 =) |l (2.5.23)
1 2o 1;[ o]t Ja 1
N
f200) = [ [ (mr =) (2.5.24)
f=1

00 x00000000000000000000000f/£ 00000 matter 000
000000000 matte 0000000 10000000000000000000
x*000000000000000000000000Stokes00000000000
000000000000000000 singllar 0000000000 000000 2
00000000 =00000000000 |el*—|a/*0 00000000000
0000 000000w0»000000000000000000000000000
00 singularity 00000000 cancel 00 0000000000000000000O
0 singularity 00000 o, =00000 yO —¢, 0000000000000000
0ooooo
000 singularity 00 0000000000000000000000000000O

00000000000000000000000000000 re 0000

o €'/ 9 10

w%:%(%%_i%> (2.5.25)
00000000000000000000000000000000 20000000
0000000000000000600000000000000000000000
0000

82 622’9

aX*Q: T&CHJ&J+%(~) (2.5.26)
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UbobO contour 0O ODOODOODOODOOO00OO0OO0DO0O0, =00000000
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Introduction for Day 2
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3 Seiberg-Witten Theory
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00000b0o0bOoooDbOoooO00obDoooboobOoooDbOoooDooon

O000000ON=20000000000000:

1 -1 —c

)
1 7 o 7 g

—2[07, 012 — —=¢Teii [N N] + —= e i, A7 3.1.1
2[¢7¢] \/§¢ 61][ ’ a]+\/§¢€ [ )y ]] ( )

10b0b0ob0o 2000000000000 DO0O0DO0ODODOODOODOODODODO
000000000000000000 hypermultiplet 0000000000 N =20
obooboooooooon
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000 supersymmetry D 0000000000000 DODOODODOO0O0O0O0O0OO0O0O
000000 2000 supercharge 000000000 OODOO supercharge 00O OO
00000 index ADOOOOOON =2000 A=10 2000000000000
ooobooooooo:

g

N =28USY 00 Q2 0 Qaal (A=102)

{QaAaadB} = 25§UZ"‘@Pm, (3.1.2)
{Q4,QFy = *Pensz, (3.1.3)
{Qm,@ﬁg} = GABG(w'Z (3.1.4)

000 O Z:centralcharge COO0O0O0OO0O0OOOOOOO

000QUOQUDO00D00D0O0D0O000000 AODO BOOODO index 00O
ON=10000020 suwper UODOOUOOOODODOOODODOOOOsupersymmetry U
00000000000 00000 supercharge 0 2000000000000 super O
gbobooboobboobboobuoobbooboobo

000000 N=1020000000000000000non trivial 0OO0O0OO
00 Q0 QOO00000000000000QOONONON0N000N0000ND0N0noOn
00000000000 Zz000OO00O0OO0ODOO0O0OO0 ZzO0ooOOobDOoOOO generator U Q
00 POO Lorentz generator 00 000000000000 OODODOODOO central
charge 0000000000 OODODOOOOO

0000000000000 Zz00000000ODOOODOOOOU()DODDOOODOO
ooodboooboobobooobooobooboobobooooooooooboooo
00000000000 00000000000 Witten O Olive 0 2000000000

ugbooboboobado

Z = <¢> (Qe + ZQm) (3‘1'5)

U000 Higes UOODO0OO0OD0O0OO0O0O0O0O0O0O0O0O0OO0OO0OOO Z0O Higgs U
ooooobOo0oo0o0oo0oOooooboOoboooDbOobo0ooooD.O0uuobooo
uboooooooooooooooon:

Qe = «;/d‘ga: 0; (¢ ;) electric charge, (3.1.6)
Qm = wl»/d:gw 0; ((]ﬁa;eijkl?fk) magnetic charge. (3.1.7)

Higgs DO D0DO0O0ODOODOODOODODOODOOOOOOOOD FpOODODODOOD
0000000000000 Q. 00000000DO00 dual DODO

N=200000000000000000 central charge 00000000000
ubboobuoobboobobooooobobboobooobobooobooboaoo
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U0000boooboobobbOob massive OO OOO0OO0ODOOOOOO0ODOOO
ugbooboodgbood

P, = (M,0,0,0) (3.1.8)

goooooooodop, 0000000000000 O0O0O0OMOOOOCOOOOO
Minkowski OO0 O0D0OOODOOOOO

gooooooooboobobobooboobobboobooboboogooboo
ooooooogoooobobo o @UUbbobobbo0oouobbobbUae, 000,00
ooooooooon:

(Qé + eaﬁ(Q%)T) : (3.1.9)

Ao —

2

be = (Q}X - eaﬁ(QQﬁ)T) . (3.1.10)

S

000 anti-commuting 00 operator 0 SUSY 000000000 O0O0OO0ODOOOO
Oo0oooOoooooooooD:

{aa,ag} = {ba,bs} = {aa,bp} =0 (3.1.11)
{ac,al} = 0a5(2M + Z),  {ba,bl}} = dap(2M — Z) (3.1.12)

O0O0e, U0 b, 00000D00O00DO00OO0OOe, O b, 00000DOOO0OODOOODO
aq U angaD bEDDDDDDDDDDDDDDD central charge 000000000

00N =20000000 witarity 00000000000000000O00O0O0O
central charge 1 000000000 0OODOODOO0OOO 2000000000000O0
goboobooobooboooboboogobooooo2M—-Z002M+Z20000000
oboobobobooooozZzoobogoooobooboboboooooooooboboo
MO %ZDDDDDDDDDDDDDDDDDDDDDD

2M+ 72 >0 1
{ T2 s 2z (3.1.13)

2M -7 >0

oooobooobb zooboooobooooooobooooooDboo

M=l er  BPSDOD (3.1.14)

000 BPSOOOOOOOO [16, 17000 BPSOODODODOODOOOOOOO BPST
O BPSOODOOODOOOO Bogomol'nyi-Prasad-Sommerfield O 0 O

ooooooOoOoOoOoOoOoOOOoOoOoUOoOoOoOOoOOOO0bOOoOOOoOgOogOo
O0oo0OooooopooooOooooooDoo

O0000oO0OO0O0O0O0OO0O0OOOOOODOODODODODOO0000000 2000000
0000000000000000000000002*00000000000000
00000000000000000000000000002*=160000000

g000OO0o0O000oOooOo0ooOoO00ooOo00oDOoO0oDoDoO dlODOOOODOOOO
0000000000000000000000000000000 220 400000
oosusyoooooooooboooooo
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BpPSOOOOOOOODODODODOOD BPSOOODOODOOOOOOO BPSOOOOOO
O00o00oooooooboOoObO0o000oOoo0n PlankOOOO coupling constant
OO0O00OD0O0OO0OOCcoupling DOOOOOOODOOOOOODODOOOOODODOOO
goooboooobooboboboobooboobobboobooboobooo
ooooooob BpsOO0OODOODOOOOODODOOOOOODODOOOOOOOD
BpSODODOOOOOOOOOODOODOOOOODOOODOOOOOOODOUODOO
000000000000 OSeiberg-Witten 00000000000 DODOOOO0ODOOO
ubobbooooogad

e M >3|Z| dim=2%=16
e M=3Z| dim=2>=400 BPS OO
BPS OODOOODOOODDOOO

00000000000000000 ROODODOOODODODOOODOOODO (ODoOoOo
U(1)00 )0 supercharge 0000000000 0OOsupercharge 0 20000000
000000 witary UO MOOODOO

ROOO

Q' Q'
<Q2 — M Q2 , MEU(Q)R:SU(Q)RXU(DR (3.1.15)
u

00000000 0000000 supercharge 1000 O0OOO0O0OOOOOOOOO0OO
O0000000OMO wmitay 000000000000 wnitary D000 U(1)O0O0O
ugodaoga

00 U(1)00000000000oooooo

¢ _ e2ia¢
P e
PN

o — Uy

U(1)g (a € R) (3.1.16)

00000000000 superfield OO0 0O0OO00OO0O0OOOR OOOO superfield O
super 000000000000 0O0O0OOOO component 0000000 0OOODO
00000 U(l)gp000O00DOO0OOOOODOODO

3.2 Uoooboobooodn

0000000AN=200000000000000000000000000000
go0o0oO0oO0oO0oO0OO0O0O0O0O0OOO0OOOOOOO0OOOOODUOOOOOOSU(2)OoOO
goooobooboobooboobooboobobobooboobobooboon
gboobooooobo oobOobOobOobOobOoOobOobOOobo
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000000o0o0o0o0gd G=SU(2)
classical V() = 2—12Tr[¢, o2 =0 (3.2.1)
g

Ooooooooogoboooooub HiggsOOooooooooDooooooo
uboooboobooobooboobooboobooboooboobooboboooboooboo
OO0 flat direction 000000 OCO0OOCO0O0OO0OOOOOOOOOOOOODOOODO
gboboobooooooooooooooooogooonoog

1 0
¢== . , (a€C) flat direction (3.2.2)
2\ 0 —a
00dooooooobobobogotbeoobobobooooobooboboooon
0000000000000000000000Tr¢?000000000000000
DDDDDDDDDQZ)DDDDDDDDDDDDDDDDDDDDDDDDD%(LQDDD
googo

u = (tr q§2> = %ag (¢ : Higgs field) (3.2.3)

U0000bU0db«w000 0000000000 parametrize DO OOOOOOO
00000 parametrize 00 « 00000000 moduli OO OOOOOOODODOOOO
moduli OO0 D O0OOOODODOOOOOO

gboodbobodb«wd oQbOo0bUtdwd obOoO0obbOoOobOoobboobooboo
vw000000 Higgs 000000000000 ODOHiggs mechanism 0000000
O0 mass 0000000000 0O0OOOOOOOOOOOSU(2)0O0OU1)OOO
O massless 00000000000 0uw#0000(1)00000 multiplee 000000
O00vw=0000000000 HiggsOOODODO 000OO0OOOOOD SU(2)OOoOO
000000000 ROODO0ODO0O0OOO0O0DO0o0DOODoDO0ooDoobOobDooooOooon
gobooboobboobooboboobobooboon

e u#0SU((2) - U(1)
e u=0SU(2)
e U(2)r symmetry (unbroken)

oooooooo

0000000000000 000 2000000000

w0 00000000000 0000O Sy)UuooooooooooUu(y)yoooo
0000000 classical DO OODO0O

3.3 Uuoggooo

gboobobooboobooboboboobooboobobooboobooobon
gboogbugboouoboobuobobobobboboobooboobooboonoo
ubobooaon
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SU(2)

VA
X

O 2: classical O 0O O O moduli space

3.3.1 000000

00000000000 ROOOOODOOSU(2g0 000000000 OOOOODOO
Ulrp000000C0DOO0OOOCODOOOOOOOOOOO0OOOO0ODOOOODOOOOD
00000000 SU(N,)ODO00 Zy, 000000000000000000SU(2)
oobdd N.=2000ZgOOODDOOOOOOOoOOoDODOoOoOooo

Moduli space of vacua (quantum)

e SU(2)r (unbroken)
o U(l)R — Z4Nc oo SU(NC) 0o

00000000000000000000000000000000000000 Tr
$*00000000000000000000 moduli O parameter 00000000
000000000Z 0000000 ¢00000000000000O00wO0OOO
010800000000¢000000.200000000000000000w0D
000 ¢’0000 v*00000000000000* 00000 1000000000w
00000000000000000000000000000

¢ — w?¢ u— wlu=—u (W® =1) (3.3.1)

oooooooots

0000000000000000000000000QCD 0000000000 A
00000000000000000000 QCDOO00O00O0000O00ooooonao
O0Higes 00 0000000000000 0000D000000D0O0O0D0O0O0000O0
0000000000000000QCDO00000000D00 HiggsOOOOOOO
0200000000000000000 200000000000000000000
000O0o00oo0ooo

000000000 A200000+x000000000«0 A200000000 w0
0000000000000000000000000000000000000000
Higes 00 D0000000D0000000D00O0000O00O0O0 weak coupling 000
000000000 instanton 000000000000 O0O00O0O0ON =20000
000000000000 coupling 0000000000000 OO0OO

5000 HiggsD ¢ 00000000,000000000 Z,00000.
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000000 QCDOO0O00000000000000000000000000
ogo0o0000000000O0O00O0OO0O0OO0OO0O0O00000000000 energy scale
AQCDD u:<tr¢2>

e u > A? weak coupling (asymptotic free)
e u ~ A? strong coupling

ogboobooo

000«0000000000000000000w>A%200000 00000 |ulD
gooooo

g
O00000O000DOOADOOAPOODOOOOOOODOOOODDOOOOOOODOOO
gbooboobobo

3.3.2 N=20000000000

gboboobobobobobooboobobooooboobooobooboobon
Ubo0obdb00O0OYang-Mills U0 OO0DOO0OOODOOO0DOODODOODDOOOODOO
ugboodbuoboobgobobboobouoobobobobboboobooboaan
OO0D0000O000CO000O0D00O0DO0O0000 Yang-Mills 0O0ODOO0O massive O
mode O ODOODOODOODOOD mode OO DOUODOODODODODODOODO
gbooaboboood

/ D(massive)e “YM ~ =5 (3.3.2)

uogoooooa

O0000 massless 00000000000 0OODODOO0ODODOOOOOOOOOOO
O.000000000000000000 multiplet 000 massive D00000O00O0O
O0O00Omassless 00 0000000000U(1)0 gauge multiplet 0 O 0 massless O
00000000000000000000000O0OgenericD w00 U(1)O N =2
O vector multiplet 00 000000000000 multiplet 000000000 0OU(1)

N = 2 vector multiplet
A,

a

0000000 massive UOOOOO0OO0O0DOODOOO0DOOO0OOO0OO0ODOODOODOODOO
O00000000000000000000000 indexO0OOOOOO0O0O0ODO U(1)
OO00000D0O0OD01000 vectormultiplet 000000 OO00OOO0ODOOOO
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000N =2000000000000000000000000000DO0DOOO0O
toooob1l10oo0obooooboboooooooobobooooboboOoooooDoon
O00D00O0ON =20 superspace 000000000000 O0OO0O0OOOOOOO
N:2superspace(meHAE@A)EIDDDDDDDDDDDDDDDDDD

U=¢+.. (3.3.3)

000 2000000000000004 superspace 0 coordinate 00000 O OO0O
00oO0o0bOodoOooobO vyoOOhOooooooooooo
O0ON=200000000000000000000000

Leps = / d*0'd*0* F () (3.3.4)

O000000000N =20 superspace 0 Fterm 0000000000 coordinate O
00000000000 superspace O DO OO0OOO0OODOOOOODOOODOOOOOO
0o0o0dooobooboobobooboobooooooOoobooboobooo
gooo

N =20 superspace 100 0000000000000 000O0O N =10 superspace
000000000000 DO 200000 100suwper 0000000 OOO0OOO
00000000 N=10O superspace U0 OO OOOOOOOOOODODOOOODOO
0o:

1 2927 0F (A) = 2,1 OPF(4) o
Lt = 47r1m[/d9d9 T A+/d62 i W Wa (3.3.5)
A= (4,9)
Wa = (A Ay)

F(A) : prepotential AO00O00O0O

0000000000000 0U00O00O000000FO0OOOD (3340000000
O00ACOO0O00 N =20 vector multiplet 0 00 OHiggs 000000 chiral multiplet
goow,00000 vector 0000 O multiplet 0 OO

O00FOO0ODD AQDODODODOOOOOODOOO Fterm OOOODOOOO chiral
superfield Y 0000000000 vOOOOOODOO0O0DO0ODO0OODOO0OO0O0OO00OOO 00O
0000000000 YOOOoOOoOoOoOOOOO0O00000€Osupersymmetric 00
gooooboFO0vgboboobbouoobboboooboobooooboobooboooboOog

O000FO 10000 FO02000000000000000HIggsd000OD0OO¢
00000 «O00OD0OO0OOOO

ap = 8](;(“) dual field of a (3.3.6)
a
d 0? Oc 4
T(a) = % = g:a(;l) = 2—: + igé; effective coupling (3.3.7)

O0F0 1000000000000 a0 dualfieldD0OD0OD0O0O duality 00000
00000 dual OOOOO0ODOOOODOOODOOOOOOOODOOODODOFO 200
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00000000000 00000000(B8.35)0200000000000000W,
020000000000000 2000000/ F, 00000000000000
oo0ooooobooobobo FO 200000000000 D0O0OO00OODOO0O Higgs
0o0o0o0ooooooooobo0 000000000000 0ODO parametrize O O
00000 U(1)0 effective O coupling O U(1) O effective 0 § 00 induce D000
FOoOOooooooooobooooboobobooboobobooobobooo
O00000D0O000000D0000D000 Seiberg-Witten 000

3.3.3 DOOOogooO

0000000000000 de0000O0OO00OO00OO0OOODODODODOOOODOOn
0000000.000000000000D0000 couplingDO0OD0ODOOOOOODO
0o0o000D00d0DO FO00DO00ODOOO0DOODOOODOOODO

OOOtreelevel 0000000000000 O0OD0OO0DOOO0OOO0ODO0OOOOOG
Oduval 000 ep 00000 «0 1000000000D0DO000DOOOODODOOO 10
O00000000000000 dassical DOOOODOODOOOODO

tree level

1
T(a)=7q = ap=T0a = Fyla)= QTdaQ. (3.3.8)

00000000000000000000000000N =20000000000
U000 I-loop U exact DOOOOO0DOOOODOOOODOI-loopDDOOOOOOODOO
gboobooobbooobboobooboobuooboobooobog et
uboooboboobooobooboboobooboboobooboboobooon
ooooooOoOpOO00O0O0O000OpO00O0O0OOOOODDOOOOOODODOOOOOO
ugbooobooboobooboobobooboobuoobooobooobobobooboo
OO000 FODODOOOOOOCO0ODOO logkO00DOOODODOOOOOO poOODbODO

dg b
—function : =— 3
f—function dlog E 16727

one-loop exact (3.3.9)

l-loop 00 ¢°0000000000000000000000O0OODODODOOOO
matter 000 00000000000N =200000 flavor 000 NgO color OO
O NeODOOOO

b=2N, — 4N; (3.3.10)

gooooooooooooooooooon
000000000 o000 oob o0 e0000o0ooogn
O coupling O ¢g(a) 00O OODO
4 b a

= —log — 3.3.11
gla)? 27w B A ( )
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QCD O parameter ADODOOOOOOOOOOOODOOOODOOODODOODOOOOO
000000000000 AQCCDOOOO00O0DDO pO evaluate 0ODODOODOOOO
ugbooboooooo

A = pe= 87/ (g(w)?) (3.3.12)

0000(3.3.11) 0000000000000 0O00O0O0O 7(a)O

a2

A2
goooboboboboobuooboobo 1bo0bbepboobooobooonboO
ooboooooobOoooOooboobDOoOo0oooOobDoOooognD 1-leop oo O
goo

T(a):=‘§log (3.3.13)

1a a? ] a?
= ap = ; lOg E = fl_loop(a) = %cﬁ 10g (M) (3314)

gboboobooboobbooboog

3.34 00O0OO0O0OO0OOO

O00DOO0OD0O0O0DO classical O 1-loop OO0OO0ODOOOOOOCOOOOOODO
oooboobooboobuoooobobooboOl instanton DO OOOODODO
O000OSeiberg 0000 1988000000000 210000000000 exact O
000(3.3.14)0 instanton 0 0 0000000000000 00OO0OOOODOOOOO
goobooobogoo

F(a) = 570"+ 5—a log <A2> + ka (a) as. (3.3.15)
k=1

00000000000000000000000000000 instanton 000000
0000000000000000000000 Seiberg-Witten 1000000 moduli
space 0000000000000 000D0O0OOOO0000O0OOOOO

0000000 ep00000000000000 moduli space 0000000 w
00000000000000000000000000vwde000000000000
«p0000000000ep0e0000000000000000 00000000
0 Fe)DOOO0OO00OO

((w).ap(w) = apla) = Fla)= 02
0000o0o0o0ooooooooooooooooooooooooooooooooag
00d0bO00Do0oO0bO0bOOobOo0obOoooobO poooboOoooOoboOoobOooo
0o0oo0oooooooooooboooooooooon

00000000 Seiberg-Witten 0000000 DO0OO0OO0ODOOOODOOOOO
gooooooooooood

(a) (3.3.16)
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gboobooooboboobooboobooboobobbooboboboobooo
O generic 000000000 DOOOODOOOO0ODOOOOODOOODOO coupling
uboboooboooobooobooobbooobbooboobooboooboboonoobao
U000 discrete D O0D0ODOO0O0ODO0OwDOOOODOODOOOODOODODOOODOO
00000 Zysymmetry D000 0000000000000DO0O0OOODO0O0O0OODOO
vw=A’000000000u=-A200000000000000000000 200
0000000 Seiberg-Witten 1000000000000 O0OOOO0OOOODOOODO
OoooDooOOoooDoOo0oooDOo0oobOoobo00000oooO0o00bOO massless
gbooobooobooboooboooboobooboobooooboobooobonon
goboobooboobbooboobobooon

e 00O O singularities u=4+A?> 7 —0( ngf —00)
effective theory is ill-defined = new massless field

000000000 massless 0O O00OOOO0ODOO0OOOO 100000000

O00000N=20000000000000000mass 0 central charge Z 0 0
000000 BPSOUOOOUOOOOOOOOUOZ000000O0O0O0DOU()OOOO
00000b0o00oob00o00 200000000000 ed apOOobOOoooO
goobon.0O00O00OO0O0OODOODODOODDOODOOn,DOODDOODOODOO
0000000000 central charge 000000 O Omassless field 0 BPSOOOODO
00o00o0ooooooooooboo ooooboo0ooo0bUOD eO0O0 eapO0oono
ooboo0 ooobbuooobbOoobbUoobbUuooobobbooobbo 200
0000000000000 A20000 monopole 0 massless 100000 1000
0000000 monopole d massless 1000000000000 0O0-A200000
O000000000000000000 massless 00000000 OOODOOOOO

e 00O DMZ%\Z\DDD Z =nea + npmap 000 massless field Z =0
— u=A%20: monopole 0 massless O (n,,0n.) = (100)
— u=—A?: dyon O massless 000 (n,0n) = (10— 1)
O0000DoOo00ooo00oooo0ooooooDoooOo0oooag Seiberg-
Witten 0000000000000 0O0OOOOOODOOOOOOO0OODOOO0OOOOO
00000 monopole 00 IOONOOOODDOODDOODN nonlocal OO DO OODODO
OO0OOOmonopole 0000000000000 DODODODODOmonopole 000O0OOMO
goboooouoooboooobooobooooboooonooooooooogao
dual OO OO0OO0OO0DOO0OO00OOODOO0OODOOOOO0OODOOOOOOOO monopole [

oobooooboooboobobooobtbdual DOOODOOODOOOODOODO
gboboobooboooooooooooooooooooobooobooooon

3.3.5 Duality O O

gbooaboan

1 0 ~ 1 ~
_ 4 mn mn | _ 4 . 2
S = /d x <492 EynF™ + oo FonF ) 327T1m/d z 7 (F+iF)? (3.3.17)
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0O0o00OoO0de0DOOOO00ODOOO0OOrOO0O0DODODOO0ODOODOAOODDOOOODOD
Ub0o0b00oo0o0oooooooooooooooDgn actionDOOODO

Z= / DApe™® = / DE§ (™19, Fyy)et® (3.3.18)

0000 pathintegral 0000000000000 0ODOODOOOOODOOODOODOOOO
field strength OO0 0000000000000 OO0O0O0ODO field strength 000000
0000000000 00oo0oo00ooo0o0o0oDooo0ooooooooooooog
0000000000000 00000000 action0O0000ODOODOOODODOOO
0000 ApO0D000D00000D0Oaction 0000000000000 D00O000O0O0O
0000000000 00000000000000000D000D00O00field strength O
0000 deval DODODOODODOODOOODOODOOO

g = / A2 (AD)me™™P, Fry — —%Im / da(Fp +iFp)(F+iF)  (3.3.19)
Y

obozgoood

Z = /DFDADei(S 5 — /DADeiSE (3.3.20)
ooad
m T +1 . 3.
D 32 D D

0000000000000 000U000o0oooooooSo soo0U0  FO0000
200000000000 bO0O0b00ob0obO00obLDOoFDOODODOODObODODOO
O000000D0000Oo00ApO00O0DODOOOO0DOO Ap O path integral 00O
OO0000O000D dval ODODOOOODOOOO

A — Ap , a=— —ap , ap = a

SN TD:; (3.3.22)
dual DOO0O0OO0OOODOOOODODOODOOOOODODOOOO coupling OO0 coupling
DTD—%DDDDDDEDDDDDDDDDDDDDDDDDE
O000000DO00 monopole 0 massless 00000000 u=+A20000000
0000 dual U(1) 00000 OO massless 00 00O monopole hypermultiplet O O O
000000 0000000000000 DoobO0oDoOOoDOo0OOoDOo0oDOooDo
O000000dual OO0D0OD0O0 «0 ep0000000000D0O00000O0O0 apODO
0000000000000 0D00000 (3.3.14)0000 e0 ap00O0O0ODOODODO
gooooo

u = +A?: dual U(1) 4+ monopole (hypermultiplet)
™ = —% logap + -+, (3.3.23)
a = %aD logap + - -- (3.3.24)

dyon 00000000 000D0COO00O0Odyon O weak O couple 00000 dual O
uboboobooboboobodbibd el epoonboonoooobOoOon:
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ap(u) ~ %?ln<%) (3.3.25)
alu) =~ V2u (3.3.26)
o u=A?

ap(u) ~ co(u - A%) 4 (3.3.27)
a(u) =~ ag+ %ap Inap +--- (3.3.28)

o u=—A2
ap(u) —a(u) =~ co(u —|— A+ (3.3.29)
alu) = ap+ %(a[) —a)ln(ap — a) (3.3.30)

D00w0000000D00e(v) D000000000000000000 u=a?/20
O000000ep00 (33.14)00000000000000000u=A?000ap0
vw=A’0000000000000000000000—A?00 monopole O massless
O000O0Oap—-ae0u—A200000000000e0 ap000000O0O0OO0O0O
oooooooooo

3.3.6 Seiberg-Witten [

U000«UODep 00000 00000000000 0DO0DODODODOODOO
ubbooboobodbibddedepbdnoobooobooooobooonon
gbobooboobboobuoobboooboboobooonobo

Riemann surface : y? = (2% — A?)(z — u) (3.3.31)
000000000000 meromorphic 0 1000
meromorphic differential (SW differential)

V2 z—u

A = —
SW 2 Y

dx (3.3.32)

000000000000000 Seiberg-Witten D0 DDD0OD0 00000 (3.3.31)
goooboobooboooboooboboooboboboboboobobooboboooboo
0000000000000 0004A’0000000w0000000000 2000
ubooooboooboob 200000000 bobooobooboobobooooboonboo

0poO00000000000000000000000000000000000000000000
obooooooooooo
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U 3:g0ooo

000000000000000000000 0 aep,00000
aD(U):/)\SW (3.3.33)
5

a(u) = / Asw (3.3.34)

O000o00oooooooooog

D000«w00000A2000000000 4000000000000000000
000000 10000000000 Db0O0000D0 oOOOoDOOOODOODOOOOn
dyon 00 0000000w00000 —A2000000ap-e00000000000
000000000000 dyon O massless 000000000000 O00ODOODOO0O
00000000000000000 meromorphic differential 00000000

0000000000000 0000000000000000000000oo0o0o0D0n
0000000000000 0000000000D000D000D0D0O0 Seiberg-Witten
000000000000 AODDDOODQOOOO0ODOODODOO0O0ODO0O0O0ODO0O0O0O0
0000000 microscopic 00 ODOO0O0OO0DOODOODOOQO Seiberg-Witten 00 0O O
0000000000000 oo0oo00ooooooo0oooo0Doooooooonn
0000000000000 00000D000O00 monopole [0 massless 00000 dyon
Omassless 00 000000000000 0D0O0O0ODO0O0ODOO0ODOOODOOODOOO0O
000 Seiberg-Witten 00 0000000000000 0OODOODOODOODOOOOOO
00000O000O0O0000o0o00ooooooooo0oDoooooooooooog
00000000000 o00oooooDooooooooon

gobodboobooobodob o0 oboboobooobooboo

000000000 «0 —A2000000000 dyon 0 massless 000000000
00000000000 ooooooooooooooooooooooooo2000
000 «0p0000O0O0O0OOOODDODODOOOOO0O0O0O0O0O0OD «O0pO0OO0O0O0O
oo:

v =ma+nf m,n € Z (3.3.35)

mUOn0d 000000000 0000000000DO00O00O0O0DO0OOODODODO
uboboobooboboobooboboomUdnO000bOOooboooobOoobooon
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U4 0000000000

dyon 00000 w0 —-A2000000+~00000000 000000000000
0000000000 bOO00De—p00000D00O0O0D0OO0O0DO dyon O massless
goboobogboboooboon

05 a—-—p00oooooog

3.4 ADE singularity and SW theory

0000000000000 0O0D0ODOO00ODO0ODODObOOO0O0 Seiberg-Witten
curve 10000000000 O0OOOOOSU(2)OOO

SU(2) : v = (2% —u)? — A? (3.4.1)

000000000 0SUN)DDDOOO0O0O0O0O0OO hyperelliptic curve 00000
22, 23]:
SU(N.) : y? = (zNe —ugaMNe™2 — oo —up. )% — AZNe, (3.4.2)
0GO00000000000000000000O00U0OUDO0O0O0O0OOOU (24,25, 26]
G (000 ):y?=PS (x)? — A% g2 (3.4.3)
d
ng(:n):H(:n—A,--a) :0 GOOOO00 Ry (degreed ) 000000
i=1
hY : the dual Coxeter number

oooboooooooboooKOOoooooboooooobooobooooooooooDoo
OOD0OO0OD0O0O000O0 Seiberg-Witten curve OO0O0D0OO0D0OO0ODO LieOOOOOO
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gooobooboboobooboooobobbobooboobobobobooo
gboggbuoooaboobooboobuooboboobooboobooboboo
O000oooooo (27, 28]0

0000D0O0O000D0O0O0 GLOO00DOO0000O0O000DbODO0O0000000 Lax
ugoo

T
A = Y biH;+ai(Ee, + E-o,) + 2a0Ea, + 2 a0 E_a, (3.4.4)
=1
T
B = Y biH;+ai(Ea, — E_a,) + 2a0Ea, — 2~ 'a0E_o, (3.4.5)
=1
0o
dA
— =[AOB
o = [ADB]

oo0ooooooobo /s, 0GoO0O00000000E, 00000000 GOOO
OO000000 spectral curve Xoggp U

PE(z0u 0 -+ u,02) = det(zly — A) = 00 d =dimR

000000 Martinec-Warner DO 000 00O spectral curve 00 Seiberg-Witten curve
O identify DODOOD0ODO

* ¥ = XgorlU
o \gyw = x%D

OO0 Toda spectral curve O Seiberg-Witten curve 0000000000 0C0O0O00OOO
OooooobooOo0ooooboooouoobob0o0oobDOOUOhyperelliptic curve
gdddbdooooooobobooooon

OO0 ADEOOODODOODOOOODOOOOOOn

List of Toda spectral curves (I) : Simply-Laced Case (h = h")

oA (AYr41) h=r+1{1,2,---,r}

a:TH—ulel—"-—ur—(Z-f—u) =0
z

o D, (DM:2r) h=2r—2 {1030---,2r—30r—1}

2
22—t = — ozt — e — ug_l — 22 (z + M) =0
z
o Eg ( E(Y:27) (Lerche-Warner,[29]) h =12 {104050708011}
1 2 2 2
ix?’ (z + % +u6) —q1(z) (z + % —|—u6> +qa(x) =0

68



q1 = 2702 4 342u, 23 + 162uiz™ — 252up2'0 + (2613 4 18uz)x?
—162uyusx® + (6uyus — 27ug)x” — (30uuy — 36us)2® + (27u3 — Yuyuy)z®

—(Buguz — 6ujus)z* — 3uuie® — Sugusz — ul,

1
= ﬁ(q{f — pip2),

p1 = 78210 + 60w 2® + 14u%a:6 — 33uyz® + ZU33U4 — Buquor® — ugx? — UsT — u%,
P2 = 12219 4+ 120,28 + 4u%x6 — 12u9a® + uzz® — dugugz® — 2uax® + dusx + u%
(3.4.6)

q2

o B; (EM:56) h=18 {1,5,7,9,11,13,17}
P56(:ZJDU1|:|~ e ,UGDU7 +z+ %2) =0

o By (E(M:248) h=30 {1,7,11,13,17,19,23,29}
Poyg(x0uq O+ - jurOug + z + “72) =0
For G = ADE

12

PR(z;u0-Oup + 24+ 5) =0
z

O000000000DO0O0O ADEO0ODOODOODODOODODynkin OOODOOOO
0000 simply-laced DO OOD0OOO0O

BOOOCOOSOOD Sp00DODOO0D F,0 G,O00000 hyper elliptic O O
0000000000 00000000000 ADE OO0 spectral carve 0000000
obooooooooog

List of spectral curves (II) : Non Simply-Laced Case ( h # h" )

o B, (AY :2r) h=2r hV=2—-1 {1,3,---,2r—1}

2
2r . _ _ _ _ —
PAQT_l(xaul)u?n"' yUgp—1,U2 = -+ = Ugp—q = 0, ugr—2 = 2 + 7) =0

2
:>x2ru1x2r_2---u27«1x<z+u) =0
z

« G, (DP:2r+2) h=2r hV=r+1 {1,3,---,2r—1}

2

2r . _ —
PDH_l(xvula”' 7“7'_2_?7/“7”4-1)_0
%
— 272 g — o — gt —upga? — (z - > =0
z

o Fy (EP:21) h=12 hV=9 {1,5711}

2
P%Z(x;lélDUQ = 00uz0OugOus = —6 <z + M) yug) =0
z
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¢« Gy (DP8) h=6 hn'=4 {1,5

p? s p?
P} (z5u1 = 2u,us = —u® — (z—i— z) yug = \/§(z_ z) sug = v+ 2u <Z+Z>) =0

p2\ s 5
:3(2) — 28 4+ 2uzb — [u2+(z+>} zt + {v+2u<z+>} 22 =0.
z z z

gbooobobooboooboooboboboobooboobobooboooobooooon
goooobogo

00 000 (E,F,G)0000,spectralcurve 00000 SWOOOOODOOO [26, 25]
O0000000000000 0000 200 SWOOO prepotential 000 1000
0000000000000 0O0microscopic 000 [19]0 0000 spectral curve O 00O
0000000000 Gq, EcO0 00000000 OOODOOO [30,31)0
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4 Multi-instanton Calculus and Localization Formula

O000d00d00o0do0ooo0ooooooooooon
40 100000000000000O0
40 2 Hollowood DOOOOOODO
40 3000000000000O00DO0O0OO0O0O0O Nekrasov 00
0000000000000 00000000000o00oO0oD0o0ooooOoooooon
000000 U(1) 0000000000000 000D0000 Hollowood DO OODODO
oooooooooog

4.1 Equivariant cohomology and localization

gbobooubobgbouboboboboooobooobobooboooobobn
00000000000 Berline-Getzler-Vergne (32] 00 000000000000 O0OO
O0000000000000000D0 (33)0000000000o0o0ooooooooo
gbbogobooboobboobooobooon

4.1.1 00000000 equivariant cohomology

gboobobooobooobobooooboobobbobooobobbobd»O0
C*000 MOODOO ADHMOOODOOOOOODOODDOOD GOOOODOOO
oooooooobobobogh gOOO0OUODOOUOODOOOOgODOOOOODO
gbobooboobobo MMbobobobobobobobobobo

(9-9)(x) = p(g~ ') (4.1.1)

00oo0o0oo0oooooooX egd0 0 MOOODOOO Xy, Ooooooog
ooood

d —eX

(Xup)(@) = —o(e”a) (4.1.2)

€ e=0
00dooooOoo0o000obDobOo0o0ooooooooooooooooooOooM
0000000000 A(M)DO0O0D0D00O0O0O000OODO0o0oDUoOoOoOOoOoOoooD
Cgl® AM)DO0D0DOOO0OUODOCg|lD gy DOOOOODDODDOOOOOODDOOOOODO
0 Clg]® AM)0D00 GOOOODODODO0OO0000D000000000 Ag(M)
gdoootoooouoooouoooodobooooouoooa

gra(X)=a(Ad(g)X), foranyge G, X e€g (4.1.3)

goooobobooboooooboboo0 MO gOUOOLOOODOD «OOODOODOOOO
ooMOOO0OOD0O0O0O0 XO gUOUODOUOD «OO0OO0OOO0OOOOOOOOOODO
gbooboobobooboboobo

Lya(X) =0 (4.1.4)
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O0000000000000000 Ae(M)0D0000000DO0ODOO000O0 (equivari-
ant differential form) 000000000000 Clg]e A(M) 0000000 (equivariant
exterior differential) dg O

dga(X) = da(X) — i(X)(a(X)) (4.1.5)

00000000000 «(X)000 contraction 00000000000 OOOOOO
Ubobobo0obobo0obob0ob0obbobUon graded 0000000 OOOO

i(X)w = w(X), forw: 1-form
(X)) wAw) = i(X)wAw + (=1PwAW, forw: p-form , w': q-form.(4.1.6)

(X)0DO0O0oo0ooooo0o00 p-form — (p—1)-form 0O00000d, 0000000
vboboooobooooooboooboobooooo

dio(X) = —L(X)a(X) (4.1.7)

O00000LX)=di(X)+4¢X)dIDUOODOD0OO0 GUOUooong Ag(M)O O dézO
0000000 00oDoo00ooo00o0ooo0o0Dooo00oo0oooooooooono
000 00000000 equivariant cohomology 00 0 0 OO

00000000000000000 dga=000 a€Ag(M)0D00000 (equiv-
ariantly closed form) D00 00a=d,f00000000000000000O (equiv-
ariantly exact form) 00000000000 o(X)0O

Oz(X) :a[g](X)—l—oz[l](X)—i—--- (4.1.8)

Di—formozm(X)DDDDDDDDDDD dea(X)=00000000

Z(X)CK(X)M:doz(X)[Z_Q} (4.1.9)
oooooo
MOOOOODOOODODOODOOOOOODOOoOoOoOooDOoooOoooooooobooooo
/ a(X):/ (X ) (4.1.10)
M M

00 000 pO0O0OO a:dgﬁDDDDDDDDDDD top Form 00 00O 0O
AX) g = dB(X) 1] (4.1.11)
D000 exact OO0 0OO00OO00OO0O00OOO0OOOOOO
/a(X):/dgﬁ(X)zo (4.1.12)
OfdodoododoooOo oooooooooonod e faDDDDDDDDD

ugbboobuooboobooobaooboon
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4.1.2 000 (localization)

gooobooobooogbooboooooooboooobooMbbOobobOoon
000000000000 GOO0OD00000000 MO0 metric g(XOY)O GOO
0000000000000 00000000X) 0 MOOOOODOOODOOOOOO
gbobooobobooobooooboobobobD Xy 0Ooooobooboooboo
oboooooobobobobobooobooogouo oobobobMOODOOOO
My(X)ODOODOOOOOOODODOOOODOOOO singular 0000000000000
uboboobooboboobboobooobobooobooo

Lemma (Poincaré 0 0 00 Equivariant version) : 00000000 X egl
000 My(X) 0000 (X)), 000000000

Proof: Dy\A=aO00 M—My(X)DOOOOOAOODOOOOD Dy =d—i(X)D
MO global DOOOODO U(1)-00 metric 00000000000 metric

g = gudztdz” (4.1.13)

OG-00000D0000Lxg=00000 XOKillingOODOOOOOOODOOOO
g TM —-T*MO000CC0O00pO00000COODOOCODOO

B=g(X,) = guX"d". (4.1.14)

00000=D%B=-LxB000 Lxf=0000048000000000000Dx8=
Kx +QxO0000

Kx = gu(z)X'X", global 000000 C®00 (4.1.15)

Qx = dB = (Ux)wdz"dz”  (Qx)w = g VX — gV, X (4.1.16)

O0O0KxO MyOOOO nonzero OOODOODxp0 M -M,OOODODODOOODODO
ugoo

(L4a)" =3 (~1)kah

k=0
D00D000000 é=4(DxB)" 00000

Dxé=1, Lx&=0. (4.1.17)

a0000000D00D00D00000 A=¢a000000D000O0D0ODOODOODOODO
ggod
a=1-a=(Dx€)a=Dx({a) = Dx()). (4.1.18)

ooooon
gboooooooooooooooogooon

2(s) = /M ae*PxB (s> 0) (4.1.19)
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000 Z2(s)0 s0O00D0000000OODOO0OODOOOOOD
s—0: Z(0)= [«
s—o0: Z(s)O My MOODO sharp O Gaussian peak 0 0O O
D00000se RPO0D0O0Oae X% 0 a0 equivariantly cohomologous O O O
oooooooo

5260 = [ alDypere

= —/{Dx(aﬂeSDXﬁ)—i—ﬁDX(aeSDXﬁ)}
= s/ﬁﬂaDﬁﬁéﬂDXB:O (4.1.20)
M
DDDDDDDDDZ(S)D sgoogoono

/ a = lim e sPxB (4.1.21)
M

S§— 00 M

googo

oooOoOoOoOoOOO0ODO0ODO GoOoOo0o0oo0oooooooooOoOoOooOoOobooo
gbooobuoobooboooboobobooboobuoooboobobbobobobooboo
ubooobooboboobobobooboobooboboboobooboobooooon
boobooooboooooooooooooooooooooon

Theorem (Berline-Vergne 000 ): o000000000XegO Xy 00O
ugooooboboobbbotbodoooooooooboobooood

a(X)o (p)

. (4.1.22)
det2 L,

/M (M) = (~2n)!

peEMo(X)

oo ﬁzdimM/QDDDDLpEIpl]DDDDDDDDDDDDDDDDDDDE(X)fz
[X v X

Proof: O0peMyOODOODOOOOOOOG-00 metric 0 exponential map O
O0o00OdpOOOO

Xy = )\1(1‘281 — 1'182) + -+ )\g(l'nan_l — .%'n_lan) (4.1.23)

0000000 21020+ ,2,000000000 det'/2L, = A ---A, 00000000
OO0 600p0000

oF = )\l_l(azgd:cl —x1dxy) + - - - Az_l(azndazn_l — xp_1dzy) (4.1.24)

00000000000000
L(Xp)0P =0 (4.1.25)
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goo

n

0P (Xpr) = af = |af”. (4.1.26)

=1
0000My(X)00O0z2£0000 DxfP0000000

0N a(X)
a(X)p, :d<> (4.1.27)
[n] Dxb 1]
00000000000 p000 BY ={a;|z]* <e}0SP = {a;|z|* =€} O

/M o(X) = lim a(X)

e—0 M— Upo

0/\a
= 4.1.2
-3 /SP (1.1.28)

pEMp(

Ub0pbOoOonboonooO r—ezx0000 Se— S00000

oralX) _ [ OAa(X)
/sgDXG = /S1 D0 (4.1.29)

ae(x,dx) = oz(X)(e%:L',e%dm)
= a(X)o(p) (4.1.30)

ubobooobooboooooo

0
- =— = [61—-do)!
s, Dx?0 /( )

= / (de)fz(—2)f£!(A1---Ag)/ dzy A -+ Aday
B By
= (=20 (4.1.31)

gbobooobooboooon

4.2 Hollowood’s approach

00 Berline-Vergne 00000000000 O0OODOOOOOO Hollowood OO OO
000000000000 measure 00000000 O0DOO0ODOOOOODODOOO
00000000000 smoothDOOODODO0OOO0ODO0OD0ODOOOODODOOODOD
0000000 00ooo0ooo00ooooooDo00oooooo0onooooon
0000000000000 00O0o00O0d0Do0oOoooDOob oooDOoooOoooOooon
O00p—0000 EuclidO0O0DOOO0OOOOOOODOODOODOODOODODODO
00000000000 00o0o0oooo0ooDoo0ooooooooooooooog

75



U0 point-like OO ODUODOO0OO0OOOUODOO0ODOODOODOO Uhlenbeck OO OO O
ugbogood

Min = Mpny UMi_yn x R*U Mj_y y x Sym?(RY) U - - - Sym*(R?) (4.2.1)

O0000000R*0O point-like 000000000000 Sym* (RO R*ODCOO0
O0M_joy xSym!(R) 00K 000000000000 400 point-like 10000
0000D0000000000 k—i 000000 moduli space My,_,ny 00 i OO
point-like instanton 0000000 Sym'R* 000 000000000000000O0O0
00000 smooth 000D O0O0O00 ADHMOO0O00000ODODOOOO0O:

My — MEN (4.2.2)

uboobooobooboooboboboobooobobooboboobooooooboonon
goooood

7% (@ ws + TP al) = i (4.2.3)
ﬁA’wd + @d,uA + [M/aA, afm] = 0. (4.2.4)

000 ¢=000 (1437)000000000O00O0O0DO0OODOOOOODOODOOOOO
00000 Kronheimer- 00 [34|000000000000O000O0OOOOO0OOOO
0000000000000 0000O0OD0OO 3000000000000 000 U(N)
0000 Hollowood 000D OO0OOODDOOOO BeDDOOOODOOOOODOO
googbobooooboooboboboooogboboooobobboboooo
ubboobooboobboobooobboooobooan

/ we™S = eS (4.2.5)
My N ME,N
ogooooon
=8+ Suur (12:6)
oo . .
Sem = 412'72{@% (Fiwua + Waatty ) + D° (Tgamgwud - CC)} (4.2.7)

0 ADHM 0000000 Lagrange multipiee 10 0000000000000 00CO
0000000000000000 Grassmann 00 o4 =10+ ,2kN 2x 2kN = 4kN
O00M,y dim=4kNOOODOOODOODOOOOOOOOOOO0OO0O00000O00OO
0000000000000000000 isomorphism O A = a0

Y4 < i 1-form (4.2.8)
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DDDDDDmd:mwX%DDDDDDDDDDDDDDDDDDDDDDDDDDD
0000000000000 00O0oooooooooon

= ; —2kN N e
/ LUN 2f‘(XN7 sz) - 7z 2k / {/\1221 /\gc:l hza}
M N M, N

2kN 2
(i1 2 oce

i=1 A=1

= nQ’fN/ F(XH, h'Y) (4.2.9)
M, N

O00000000000000000000 ADHM constraints 00000000000
uboboobooboboooboobooobobooboobooboobooobooooo

1
S = —Zdv(VJdX“) (4.2.10)
000
dy =d — 2iy (4.2.11)

DDDDDDDDDDDDDDd%zZﬁVDDDDdVD SU(N)-O0OOODOooooo
gooooboobooboobon

v 1
zﬁ>2:n%N/‘ (mp{—4m4KMXW%» (4.2.12)
M, N
00000000000000000000000000
ZN=2()) = —Wﬂd/ exp{—A4dvang@} (4.2.13)
My N
oooo )
dZ =)
=0 4.2.14
™ ( )

00000 N —-00000000000000O0DO0DODOO0O V,0O critical points O
dominate 0 0000
00000 BRSOOOOODOOODOOODOOOODOOO supersymmetry

§ = EqaQ (4.2.15)
0 BRSOODOOOOO
Q = eaQ (4.2.16)
0oo
Qapg, = ieaaMl?, QML = —2¢%al 4, X
Que = deqap”, Qut = —2e*(wax + ¢"wa)
Qx = o, QXT:%(S%Z,
QU = SO i 70 QD = o470,
Qry = Qrf=0 (4.2.17)
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O000000000000QO x0o0O0O0O0O0OO0O0OOOUk)xSUN)DOODDODOO
ugbboogobogbooboo

Q*ws = 2i(wax + ¢ wy) (4.2.18)
000000000000000000000000000000 SO
S=Q=+T (4.2.19)
DoO0oooO0oo

_ 1 . 1 Y
= = 4r? trk{iedAwa(,quT + qf)OT/LA) + ZedAa/‘m [./\/lflA, XT]

+&W@W%—%&ﬁ (4.2.20)
Ny

r = —n° Z try ((my — x)kfRf) (4.2.21)
f=1

Qr=000S0&V=20N0 Q-000000000000000000000000
000000000000000

zlgN:Q,Nf)(/\) _ / WwN=2Ny) exp (_iQE — I‘) (4.2.22)
My,

0Z\N)OOooooo

5 (N=2,Ny)

M — )\_2/ w(N:27Nf)Q <E exp (—1QE — F>> =0 (4223)
oA My, A

oobodb A0 —ccU00oboooooboobooboobooboboobooobooDbo
ugbboobogboobbooboo

WaXa + Bwa =0, [yaral] = 0. (1.2.24)
(40)0000000000D000000

(SN uWuic = —Wuja(Xa)jis (4.2.25)

0000000000000 0000000000000000000000 partition

k=ki+ky+-+kn, k>0 (4.2.26)

00D00D00DD00D00D000000000000000000 {1,---,k} 0

{1, k} = {1, ki }U{ks+1,--- ki + ko}---
U{k1+--+kna+ 1, k1 + -+ kvo1 + kN
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000000000000000«-000000000000000000(¢%)0 (¢9),
0000000000000000000

()11,
()21,
Pa = (69)31k, (4.2.27)
(00 N1jy
v-QO000000ooooooooogoodg
(Xa)ij = —(62)u0ij,
Wyia 5uv
(ap)ij ~ Bij. (4.2.28)

O000D0D0DO0OD0ODODODOOO000 ADHM constraints 000000 OCOOOOOOO
o0oo0ooOoOoOoOoUu()oooOoOoOoOOO0OOOOODODOOODODOOOOOw-000
oooo0oooo0oovUu(l)uoo0obo0U kR, 00D0D0OO00DOOODODOOO

) ki+-+ky . .
e Whawue — (=0 (4.2.29)
kit 141
{=000000wua=00 d, = —diag(X,0---,X,) 0000000 point-like 00 O
0000000000

OobooobooobDooo0oooDoOooDbOo0D Gawsss UOODODOODOODO 1 -
gboboooobooobooboood

N N Np

EAC R S S | [— Y (4.2.30)

0 _ 4032
v=1 | u=1l,u#v (¢U ¢U) f=1

ood

4.3 Multi-instanton calculus and localization, Nekrasov’s formula

OU00bDO0O00bO00bOo00bDboU0O0bOOOD NekrasovDOOOOOOOODO
ubooobooobooboooboobobooobooboooboboobooooboooooboo
U00O00000000 Berline-Vergne D OODU0ODOOOOOOODOOOODO

(4.3.1)

2o = e (TR0

€1€2

Nekrasov 0 OO O U(1) 00000000000 O0OOOOOOOOOOOOOOOOOO
00 Young OOOOOODOOODOOOODOOOOO SUN)ODDODOOOOOOD instanton
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hY(S)
VY(s)

0 6: Young O O partition OO OADO v OOOO

OkOk=k+--+kyO NOODDO partition 000000¢=1020...,NOODO
k,>00000000000k >00000000¢0000 kO partition Yy O

ke =kei+---+ k&,je,l, kep>--- > ke,yl,l >0 (4.3.2)
00000000 dual partition O

kf — Vf,l 4+ .+ V&kﬁ,l’ ngl > ... Z yg’k:é’l > 0 (433)

00o00o0b000Y, 0 YoungOOOOOOoOOoo eooooooOonO

00 k000000000000000O0ODO0O00O0O0ODODO0OO Lorentz O SO(4)0O
maximal torus 0000000 Young O Y = (Y10---,Yy) OO OOOOOODO [370
0000 SU(N) D maximal torus 00 0000000000000 0O0OO0O0OO0OOO

N
o) = 3 T [ IOz 4 3 g
)\,Nzl SEY) S/EYH

D00000000000000 diag(ai0az0...,ay) 0000 Lorentz 000 diag(e;
) 0000000007, = 0T,=€«“000000007,,7, 771, 000
00000 a,—ax+mier+meeo 00000000

D000 A0 vO0D0000 sO Young OO ¢-00000-00000000000

ha(s) = wvai—J (4.3.4)
oa(s) = 1y —i (4.3.5)
DDDDDDDDDDDZ'>V$\1Dj>V>\,1|]|]|:| h=v=0000000060000

oooooo
0000000o0o0oooooooo 130

N

(det L)1/ = I { ] (@ — e1ha(s) + e2(1 + vu(s)))

Y1,,Y]
1 N) Au=1 \s€Yy

I (@ux + (1 + hu(s)) + e2ua(s"))

s'eY),
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good

1
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