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Outline

 Stokes-Einstein relation

‣ Dη/T = const.


 Violation of SE relation in glasses

‣ non-Gaussian property?

‣ Is there a unified concept?


 Violation of SE relation in supercooled water

‣ direct calculation of shear viscosity from MD

‣ preservation of SE relation using hydrogen-bond

‣ how to connect with usual glass-forming liquids
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Molecular-level version of SE relation and its violation

F. Fujara, et al., Z. Phys. B 88, 195 (1992) 
S. Merabia and D. Long, Eur. Phys. J. E 9, 195 (2002)
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Fig. 7. Here we compare the slowest relevant times (associ-
ated to viscosity) to the fastest ones (associated to molecular
diffusion). The continuous curve is given by equation (33). The
parameters are those of polystyrene, while δ = 0.22, d = 1.5 nm
and κ = 2.3 The squares are data from Ediger et al.’s experi-
ment [12].

2, 2′-bis(4.4-dimethylthiolan-3-one) (TTI) in OTP by Fu-
jara et al. [46]. This author considers also the evolution of
the ratio Dη/T as a function of temperature. We discuss
these experiments now. Let us first discuss the experiment
considered in [12]. The liquid —polystyrene— has a wide
distribution of relaxation times. This distribution widens
when lowering the temperature as seen in Figure 6. When
measuring the viscosity of the system, one essentially mea-
sures the longest relaxation times on scale ξ = aN 1/3

c for
which the probability is larger than the 3D percolation
threshold, i.e. τ(αη) (Eq. (30)). When a small molecule
diffuses, it spends a fraction of order 1 of its time in slow
subunits. Then, it diffuses very slowly. But it spends also a
fraction of order 1 of its time in rapid regions, where it dif-
fuses rapidly. Then, the diffusion coefficient is controlled
by the rapid dynamics regions. Note that this is true for
molecules smaller than the characteristic size ξ of the dy-
namical heterogeneities. A larger molecule would “feel” a
statistically averaged environment, and a Stokes-Einstein
relation should be recovered (within a prefactor, however,
as will be discussed below). According to this discussion,
the viscosity of the super-cooled liquid and the diffusion
coefficient of the tagged molecule vary, respectively, as

η ∝ τslow = τη = τ0 exp
(Θ

ϵ̃

)

(32)

and

D−1 ∝ τfast = τ0 exp
(

Θ

ϵ̃ − (α − αη)ϵ/N 1/2
c

)

, (33)

where α ! αη is a number of order unity, to ensure that
the subunits of relaxation times smaller than τfast build
at least a continuous network in the system. One has then

log(τslow) − log(τfast) =
θ

ϵ̃
− θ

ϵ̃ − (α − αη)ϵ/N 1/2
c

. (34)
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Fig. 8. Same as Figure 7, in the case of TTI in OTP. Data
are from reference [46]. The continuous curve is given by equa-
tion (33). The parameters are those of OTP, while δ = 0.1,
d = 1.4 nm and κ = −14.56.

By taking Nc as given by equation (28), one obtains

log
(

Dη

T

)

= log(τslow) − log(τfast) + κ =

θ

ϵ̃
− θ

ϵ̃ − (α−αη)ϵ̃2

Θ ln
(

Θ2ϵ2

ϵ̃4

) + κ , (35)

where κ is a constant stemming from the prefactor in
the Stokes-Einstein ratio Dη/T , and depends therefore
essentially on the size of the molecule and on the chosen
units. The interpretation of this constant will be discussed
below. However, the quantity α in equations (33-35) is
not a constant and varies with temperature as we discuss
now. As we have seen in the preceding section, the size
ξ of the heterogeneities decreases with temperature. This
fact might provide an interpretation for the behaviour of
Dη/T (Fig. 7 and Fig. 8), or Dτc (Fig. 9). These quanti-
ties increase sharply at low temperatures, while there is a
plateau at temperatures higher than a transition tempera-
ture Ttr, the transition between both regimes being rather
sharp. The interpretation we propose is the following: at
low temperatures, the size of the heterogeneities is larger
than the radius of the probes, which can thereby diffuse in
faster regions. At higher temperatures, the size of the het-
erogeneities is smaller than the radius of the probes. The
latter interact therefore with a complete sample of sub-
units at any time, and with slow subunits in particular.
The diffusion coefficient is thereby controlled by τslow and
varies as the inverse of the liquid viscosity. The issue now
is to determine how α, as used in equations (33-35), varies
with temperature. The value of α is related to the volume
of the phase space which is accessible to the probe for in-
teracting only with fast subunits. Above Ttr, the volume of
this phase space is zero: wherever the probe is, it interacts
with slow subunits. Then, α is equal to αη. At temperature
Ttr, the system is just at the transition. One has therefore

(ξ(Ttr) + d)3

ξ3(Ttr)
p3D
c = 1 − δ , (36)

Tg = 240 K
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(supercooled state in binary soft-spheres)

Molecular-level version of SE relation and its violation
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Gs(�r; t) = [1/(4⇡Dt)3/2] exp(��r2/4Dt)
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D

Molecular-level version of SE relation and its violation

K. Kim and S. Saito,  
J. Phys. Soc. Jpn. 79, 093601 (2010)

Sign of non-Gaussianity or dynamic heterogeneity?



How to evaluate shear viscosity?

Green-Kubo formula

Due to heavy computations of η, 
a time scale τ is used for characterizing η

Z. Shi, P. G. Debenedetti and F. H. Stillinger,  
J. Chem. Phys. 138, 12A526 (2013)

G��(t) =
V

kBT
����(t)���(0)�

� =

� �

0
G�(t)dt (G�(t) = (Gxy(t) + Gxz(t) + Gyz(t))/3)



Scenario①：Maxwell viscoelastic model

Viscoelasticity: Maxwell model SE relation

D�/T � D�M/T

G� = G�(0) = const.

(binary soft-spheres)

G
�
(t

)

G�(t) = G� exp(�t/�M )

Maxwell time : �M = �/G�

instantaneous shear modulus : G�

⌘ =

Z 1

0
G1 exp(�t/⌧M )dt = G1⌧M
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Scenario②：Gauss approximation

Gauss approximation
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We also calculate the coherent time correlation func-
tion, S11sq, td ≠ kn1sq, tdn1s2q, 0dl, where n1sq, td ≠PN1

j≠1 expfiq ? rjstdg is the Fourier component of the
density fluctuations of the particle species 1. The de-
cay profiles of S11sq, td at its first peak wave number
q ≠ qm , 2p and Fssq, td at q ≠ 2p nearly coincide in
the whole time region studied st , 2 3 105d within 5%.
Hence, S11sqm, tadyS11sqm, 0d > e21 holds for any T in
our simulation. Such agreement is not obtained for other
wave numbers, however. These results are consistent
with those for a Lennard-Jones binary mixture [17].
Furthermore, some neutron-spin-echo experiments [18]
showed that the decay time of S11sqm, td is nearly equal to
the stress relaxation time and as a result the viscosity h is
of order ta . In agreement with this experimental result,
we obtain a simple linear relation in our simulations:

ta > sAhyq2
mdhyT . (1)

The coefficient Ah is close to 2p in our system. Figure 1
shows that Eq. (1) is valid over a wide range of ta .
Here, we may define a q-dependent relaxation time tq
by Fsq, tqd ≠ e21. Thus, particularly at the peak wave
number q ≠ qm, the effective diffusion constant defined
by Dq ; 1yq2tq is given by the Stokes-Einstein form
even in highly supercooled liquids.
However, notice that the usual diffusion constant is the

long wavelength limit, D ≠ limq!0 Dq. It is usually cal-
culated from the mean square displacement, kfDrstdg2l ≠
k
PN1

j≠1 fDrjstdg2lyN1. The crossover of this quantity from
the plateau behavior arising from motions in transient
cages to the diffusion behavior 6Dt has been found to
take place around t , 0.1ta [6]. In Fig. 2, we plot
Dta versus ta , which clearly indicates breakdown of the
Stokes-Einstein relation in agreement with the experimen-
tal trend.
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FIG. 1. hyT versus ta at various temperatures obtained
from nonequilibrium MD in shear flow [6]. The straight line
represents hyT ≠ 2pta .

To examine the diffusion process in more detail,
we consider the van Hove self-correlation function,
Gssr, td ≠ k

PN1
j≠1 dsssDrjstd 2 rdddlyN1. Then

Fssq, td ≠
Z `

0
dr
sinsqrd

qr
4pr2Gssr , td (2)

is the 3D Fourier transformation of Gssr , td. At the peak
wave number q ≠ 2p, the integrand in Eq. (2) vanishes
at r ≠ 1, and the integral in the region r , 1 is confirmed
to dominantly determine the decay of Fss2p , td. On the
other hand, the mean square displacement,

kfDrstdg2l ≠
Z `

0
dr4pr4Gssr , td , (3)

is determined by the particle motions out of the cages
for t * ta in glassy states. In Fig. 3, we display
4pr4Gssr , tad versus r at zero shear, where ta ≠ 3.2
and 2000 for T ≠ 0.473 and 0.267, respectively. These
curves may be compared with the Gaussian (Brownian
motion) result, s2ypd1y2,23r4 exps2r2y2,2d, where
3,2 ≠ 6DSEta ≠ 3y2p2 is the Stokes-Einstein mean
square displacement. Because the areas below the curves
give 6Dta , we recognize that the particle motions over
large distances r . 1 are much enhanced at low T ,
leading to the violation of the Stokes-Einstein relation.
We then visualize the heterogeneity of the diffusivity.

To this end, we pick up mobile particles of the species
1 with jDrjstdj . ,c in a time interval ft0, t0 1 tg and
number them as j ≠ 1, . . . , Nm. Here, ,c is defined such
that the sum of Drjstd2 of the mobile particles is 66% of
the total sum s> 6DtN1 for t * 0.1tad. In Fig. 4, these
particles are drawn as spheres with radii

ajstd ; jDrjstdjy
q

kfDrjstdg2l (4)

located at Rjstd ; 1
2 frjst0d 1 rjst0 1 tdg in three time

10-1 100 101 102 103 104 105
10-2

10-1

100

τα

D
τ α

T = 0.234
0.267 
0.306 
0.352 
0.473 
0.772

FIG. 2. Dta versus ta . The solid line represents the Stokes-
Einstein value DSEta ≠ s2pd22 arising from Eq. (1).
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fractional Stokes-Einstein relation
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Scenario①：Maxwell model
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Scenario②：Gauss approximation
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But, τ is τM or τα? What is the physical implication？
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Fragile-Strong crossover and violation of SE

are evidences of liquid-liquid transition？

The violation of the Stokes–Einstein relation
in supercooled water
Sow-Hsin Chen*†, Francesco Mallamace*‡, Chung-Yuan Mou§, Matteo Broccio*‡, Carmelo Corsaro‡,
Antonio Faraone‡¶, and Li Liu*!
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By confining water in nanopores, so narrow that the liquid cannot
freeze, it is possible to explore its properties well below its
homogeneous nucleation temperature TH ! 235 K. In particular, the
dynamical parameters of water can be measured down to 180 K,
approaching the suggested glass transition temperature Tg ! 165
K. Here we present experimental evidence, obtained from Nuclear
Magnetic Resonance and Quasi-Elastic Neutron Scattering spec-
troscopies, of a well defined decoupling of transport properties
(the self-diffusion coefficient and the average translational relax-
ation time), which implies the breakdown of the Stokes–Einstein
relation. We further show that such a non-monotonic decoupling
reflects the characteristics of the recently observed dynamic cross-
over, at !225 K, between the two dynamical behaviors known as
fragile and strong, which is a consequence of a change in the
hydrogen bond structure of liquid water.

decoupling of transport properties " dynamic crossover " MCM-41

Despite its fundamental importance in science and tech-
nology, the physical properties of water are far from

completely understood. The liquid state of water is unusual,
especially at low temperatures (1–3). For example, contrary to
other liquids, water behaves as if there exists a singular
temperature toward which its thermodynamical properties,
such as compressibility, thermal expansion coefficient, and
specific heat, diverge (1). The efforts of scientists from many
disciplines to seek a coherent explanation for this unusual
behavior, in combination with its wide range of impacts, make
water one of the most important open questions in science
today. On the other hand, the nature of the glass transition
(GT) of water represents another challenging subject for
current research (4). Dynamical measurements in glass-
forming liquids have shown a dramatic slowdown of both
macroscopic (viscosity ! and self-diffusion coefficient D) and
microscopic (average translational correlation time ") observ-
ables, as temperature is lowered toward the GT temperature
Tg. Accordingly, a comprehension of the GT has been sought
through the study of the dynamics at the molecular level,
which, despite all efforts, has not yet been completely under-
stood (5–8). Keeping in mind the ‘‘complexities’’ of both
low-temperature water and its GT, we present here direct
measurements of two dynamical parameters of water: the
self-diffusion coefficient and the average translational relax-
ation time, in the temperature range from 280 to 190 K,
obtained by NMR and quasi-elastic neutron scattering
(QENS) experiments, respectively.

Bulk water can be supercooled below its melting tempera-
ture (TM) down to !235 K, below which it inevitably crystal-
lizes; it is just in such supercooled metastable state that the
anomalies in its thermodynamical properties are most pro-
nounced, showing a power law divergence toward a singular
temperature TS " 228 K. At ambient pressure, water can exist
in a glassy form below 135 K. Depending on T and P, glassy
water has two amorphous phases with different structures: a

low (LDA) and a high (HDA) density amorphous ice; thus it
shows a polymorphism. LDA can be formed from HDA and
vice versa; LDA, if heated, undergoes a glass-to-liquid transi-
tion transforming into a highly viscous f luid, then crystallizes
into cubic ice at TX ! 150 K. Thus, an experimentally
inaccessible T region exists in bulk water between TH and TX.
Experiments performed within this interval could be of fun-
damental interest for understanding the many open questions
on the physics of water. For example, the presence of a first
order liquid–liquid transition line (LLTL), the precise location
of its Tg, recently suggested at !165 K (4, 9), and the existence
of a fragile-to-strong dynamic crossover (FSC) on approaching
Tg from the liquid side (10). The existence of a LLTL leads to
conjecture that liquid water possesses a low-temperature
second critical point (predicted to be located at Tc ! 220 K, Pc
! 1 Kbar) (2), below which it can switch from one phase, a
high-density liquid (HDL), to another phase, a low-density
liquid (LDL), whose corresponding vitreous forms are the
HDA and LDA, respectively. The difference between the two
liquid phases lies in the water structure: in the HDL, the local
tetrahedrally coordinated hydrogen-bond network is not fully
developed, whereas in the LDL, a more open, locally ice-like,
hydrogen-bond network is fully developed (11). Thus, near Tc,
water is a mixture of both LDL and HDL phases associated
with a diverging density f luctuation. At higher temperatures,
the two liquid phases are indistinguishable. Lowering temper-
ature or increasing pressure will result in an increase of the
LDL phase with respect to the HDL phase. The FSC can be
identified by the temperature at which transport properties,
like the shear viscosity ! or the inverse self-diffusion coeffi-
cient 1#D, cross over from a non-Arrhenius (fragile) to an
Arrhenius (strong) behavior on approaching Tg.

A possibility to enter this inaccessible temperature range of
water, named ‘‘no-man’s-land,’’ is now shown by confining water
in nano-size pores (12–15). When contained within these pores,
water does not crystallize, and can be supercooled well below TH.
Vycor pores (14, 15) (a porous hydrophilic silica glass), micellar
systems, or layered vermiculite clay (12) are examples of con-
fining nanostructures. The latter systems have been used to
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explore the Arrhenius behavior of the dielectric relaxation time
(!D) of very deeply supercooled water.

The FSC was recently confirmed by a QENS experiment,
which measured the T and P dependences of the average
translational relaxation time !!T" for water confined in nanop-
ores of silica glass (16, 17). In particular, as the temperature is
lowered, a !!T" versus 1!T plot exhibits a cusp-like crossover
from a non-Arrhenius to an Arrhenius behavior at a temperature
TL(P). This crossover temperature decreases steadily upon in-
creasing P, until it intersects the TH line of bulk water at P # 1.6
Kbar. Beyond this point, the FSC can no longer be identified.
These results, suggestive of the existence of the two liquid
phases, have been explained in a molecular dynamics (MD)
simulation study by considering the existence of a critical point.
The MD study shows that the FSC line coincides with the line of

specific heat maxima Cp
max, called Widom line. The Widom line

is the critical isochore above the critical point in the one-phase
region (18). Moreover, it is observed that crossing this line
corresponds to a change in the T dependence of the dynamics.
More precisely, the calculated water diffusion coefficient, D(T),
changes according to a FSC, whereas the structural and ther-
modynamic properties change from those of HDL to those
of LDL.

Results and Discussion
In this report, we present a detailed study done by using two
different experimental techniques, neutron scattering and NMR,
to probe dynamical properties of confined water at low temper-
atures, well inside the inaccessible region of bulk water. Our
main aim is to clarify the properties of water as a glass forming

Fig. 1. The temperature dependence of the inverse of self-diffusion coefficient of water and its average translational relaxation time. (A) For the fully hydrated
MCM-41-S samples with diameters of 14 and 18 Å, the inverse of the self-diffusion coefficient of water D measured by NMR as a function of 1!T in a log-linear
scale. The solid line denotes the fit of the data to a VFT relation. The short dotted line denotes the fit to an Arrhenius law with the same prefactor 1!D0. (B) The
average translational relaxation time !!T" obtained from QENS spectra in the same experimental conditions of the NMR experiment as a function of 1!T. The
dashed line denotes the VFT law fit, and the dotted line denotes the Arrhenius law fit with the same prefactor !0. The values of fitting parameters are shown.
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some supercooled liquids, it has been reported that SER breaks
down as the GT is approached. The self-diffusion coefficient
shows, as far as water in the present experiment is concerned, an
enhancement of orders of magnitude from what expected from
SER (19–21, 23, 24). These decouplings of the transport coef-
ficients, observed as a SER violation, have been attributed to the
occurrence of dynamical heterogeneities in structural glass form-
ers (19, 21, 25, 26). Thus, in supercooled liquids there exist
regions of varying dynamics, i.e., f luctuations that dominate their
transport properties near the GT. The extent of such decouplings
may depend on the material and the microscopic details of the
specific transport parameters.

The SER breakdown can be described by using a scaling
concept, in particular, the law D ! !"", where " # # (T)!$ (T),
with # and $ being temperature-dependent scaling exponents of
D and !, respectively (27). Recently, it has been shown that, for
Tris-naphthylbenzene (a fragile glass former), " # 0.77 (21),
whereas an MD simulation of Lennard–Jones binary mixture has
given " # 0.75 (28). By using such an approach, we will discuss
our SER results for confined supercooled water. Fig. 3 shows the
D vs. $!T% plot in a log–log scale. The red dots represent data
corresponding to temperatures above TL, where water behaves as
a fragile glass former, and the blue dots pertain to the strong
Arrhenius region. As it can be observed, the data clearly show
two different scaling behaviors above and below the FSC tem-
perature, in particular " " 0.74 on the fragile side (dotted line)
and !2!3 on the strong side (solid line). The dashed line
represents the situation in which SER holds, D ! !"1. These
results agree with those obtained in Tris-naphthylbenzene (21)
and, more specifically, with those of a recent theoretical study in
which the decoupling of transport coefficients in supercooled
liquids was investigated by using two class of models, one
describing diffusion in a strong glass former, and the other in a
fragile one (27). The main result of this study is that, while in the
fragile case, the SER violation is weakly dependent on the
dimensionality d, with " # 0.73, in the strong case the violation
is sensitive to d, going as D ! !"2/3 for d # 1, and as D ! !"0.95

for d # 3. On considering the geometry of the system that we
have used in our experiment to confine water (1D cylindrical
tubes, with a length of some micrometers and pore diameters of
14 and 18 Å), the scaling plot shown in Fig. 3 compares

remarkably well with the findings of the theoretical investigation
(27) on both fragile and strong sides.

In summary, we explore dynamical properties of water in a
deeply supercooled regime (well inside the ‘‘no-man’s land’’) by
means of NMR and QENS experiments, which separately give a
conclusive proof of the existence of a FSC. This finding supports
the hypothesis that liquid water is consisting of a mixture of two
different liquid structures (the LDL and HDL phases). Accord-
ingly, a liquid–liquid phase separation line exists in the P–T plane
with a liquid–liquid critical point as its end point. Remarkably,
we give experimental proof of the existence of a violation of SER
above and below the FSC in water, i.e., in both the fragile and
strong regimes of supercooled water. This result clearly reflects
the decoupling of transport coefficients of the liquid when
temperature is lowered toward Tg. This latter result certainly
constitutes an element that serves to clarify one of the most
intriguing properties of water.

Methods
Water was confined in micellar-templated mesoporous silica
matrices MCM-41-S, which have 1D cylindrical pores with a
length of some micrometers arranged in 2D hexagonal arrays,
synthesized after a similar method for the previous synthesis of
MCM-48-S (29). The MCM-41-S materials are the same as those
used in the QENS study of confined water (17). Pore size was
determined by using a nitrogen absorption–desorption tech-
nique (16, 17). Investigated samples have hydration levels of H "
0.5 (0.5 g of H2O per g of MCM-41-S), obtained by exposing dry
powder samples to water vapor at room temperature in a closed
chamber. This water-confining system can be regarded as one of
the most suitable adsorbent models currently available (30, 31).

High-resolution QENS spectroscopy method was used to
determine the temperature dependence of $!T% for confined
water. Because neutrons can easily penetrate the wall of sample
cell and because they are predominantly scattered by hydrogen
atoms in water, rather than by the matrices containing them,
incoherent QENS is an appropriate tool for our study. Using two
separate high-resolution QENS spectrometers, we were able to
measure the translational-relaxation time from 0.2 to 10,000 ps
over the whole temperature range under study.

Fig. 3. The scaling plot in a log–log scale of D vs. $!T%. Red dots are data corresponding to temperatures above TL, i.e., when water is in the fragile glass phase, whereas
bluesdotscorrespondtothestrongArrheniusregion.TwodifferentscalingbehaviorsexistaboveandbelowthetemperatureoftheFST. Inthefragileregion, thescaling
exponent is " " 0.74 (dotted line) and !2!3 in the strong side (solid line). Dashed line represents the situation in which the SER holds, D ! !"1.
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Fragile-Strong crossover and violation of SE

are evidences of liquid-liquid transition？
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Appearance of a fractional Stokes–Einstein
relation in water and a structural interpretation
of its onset
Limei Xu1,2, Francesco Mallamace3*, Zhenyu Yan2, Francis W. Starr4, Sergey V. Buldyrev2,5

and H. Eugene Stanley2*

The Stokes–Einstein relation has long been regarded as one
of the hallmarks of transport in liquids. It predicts that the
self-diffusion constant D is proportional to (⌧/T)�1, where ⌧
is the structural relaxation time and T is the temperature.
Here, we present experimental data on water confirming
that, below a crossover temperature T⇥ ⇡ 290K, the Stokes–
Einstein relation is replaced by a ‘fractional’ Stokes–Einstein
relation D ⇠ (⌧/T)�⇣ with ⇣ ⇡ 3/5 (refs 1–6). We interpret
the microscopic origin of this crossover by analysing the OH-
stretch region of the Fourier transform infrared spectrum over
a temperature range from 350 down to 200K. Simultaneous
with the onset of fractional Stokes–Einstein behaviour, we
find that water begins to develop a local structure similar to
that of low-density amorphous solid H2O. These data lead to
an interpretation that the fractional Stokes–Einstein relation
in water arises from a specific change in the local water
structure. Computer simulations of two molecular models
further support this interpretation.

We first present our experimental results on water confined in
MCM-41-S nanotubes. We measure the self-diffusionD by nuclear
magnetic resonance, and we measure the translational relaxation
time ⌧ by using incoherent, quasi-elastic neutron scattering1,2
(QENS). Thus, the Stokes–Einstein relation,

D⇠ (⌧/T )�1 (1)

can be tested. Our data (Fig. 1a) confirm equation (1) at high
temperatures, but show that, on cooling below a crossover
temperature T⇥ ⇡ 290K, the Stokes–Einstein relation (1) gives way
to a ‘fractional Stokes–Einstein relation’2–6,

D⇠ (⌧/T )�⇣ (2)

with ⇣ ⇡ 0.62.
As a first step to obtain a structural interpretation of this

fractional Stokes–Einstein behaviour, we turn to measurements
of the infrared spectrum1,2,7–9. For water, this spectrum can
be split into two contributions, one resembling the spectrum
of high-density amorphous (HDA) solid H2O and the other
resembling the spectrum of low-density amorphous (LDA) solid

1World Premier International (WPI) Research Center, Advanced Institute for Materials Research, Tohoku University, Sendai 980-8577, Japan, 2Center for
Polymer Studies and Department of Physics, Boston University, Boston, Massachusetts 02215, USA, 3Dipartimento di Fisica and CNISM, Universitá di
Messina, I-98122, Messina, Italy, 4Department of Physics, Wesleyan University, Middletown, Connecticut 06459, USA, 5Department of Physics, Yeshiva
University, 500 West 185th Street, New York 10033, USA. *e-mail: francesco.mallamace@unime.it; hes@bu.edu.

H2O. We interpret these two contributions as corresponding
to water molecules with more HDA-like local structure, or
more LDA-like local structure, respectively10. Figure 1b shows the
relative populations of molecules with locally LDA-like structure
and molecules with locally HDA-like structure calculated by
decomposition of the infrared spectra. With decreasing T , the
LDA-like population increases, whereas the HDA-like population
decreases. The fractional Stokes–Einstein crossover temperature
T⇥ seems to roughly coincide with the onset of the increase of
the population of molecules with LDA-like local structure (and a
corresponding decrease of the population of the molecules with
HDA-like local structure), consistent with the possibility that the
changes in intramolecular vibrational properties may be connected
to the onset of fractional Stokes–Einstein behaviour.

To more clearly see the change in the relative populations of
molecules with LDA-like local structure (and, correspondingly,
with HDA-like local structure), we calculate the derivatives of
the relative populations with respect to temperature (Fig. 1c). The
derivatives of the relative populations become noticeably non-zero
at the same value of the crossover temperature, T⇥ ⇡ 290K. In
contrast, we find that the maximal rate of change of the vibrational
spectrum occurs at a much lower temperature, Tmax ⇡ 245K,
approaching theWidom temperature 225K for bulkwater11.

As these experiments examine water confined to cylindrical
pores of ⇡2 nm diameter, it is natural to question whether the
findingsmight be instructive for understanding bulkwater at lowT .
There are two reasons to believe that the answer is yes: (1) computer
simulations of confined water on a hydrophilic surface12 show that
hydrophilic silica-confined water has similar behaviour to bulk
water, indicating that the hydrophilic surfaces do not have serious
effects on the properties of water, except for significantly lowering
the freezing temperature and stabilizing the liquid phase, which
enables the study of the supercooled region made impossible in
bulk water owing to crystallization; (2) the presence of hysteresis
in a temperature cycle (on cooling/heating) is a signature of an
interaction between water and silica. However, for the MCM-41-S
confined system, only negligible hysteresis was observed by means
of X-ray scattering and calorimetric experiments13,14. Thus, it is
plausible that the MCM-41-S confined water provides information
regarding bulk water.

As experiments on bulkwater atT <250K are impractical owing
to crystallization, we carry out constant-T and constant-density
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Figure 1 | Experimental results for water at P= 1 bar. a, Parametric relation of D as a function of ⌧/T. The onset of the fractional Stokes–Einstein relation
around T⇥ ⇡ 290 K is indicated by the change of slope from ⇣ = 1 to ⇣ = 0.62, whereas Tmax ⇡ 245 K is determined from c. b, The relative population of
different species of water molecules in experiment. (1) LDA: all molecules represented by group I of the infrared spectra (see the Methods section); (2)
HDA: all of the other molecules. c, The derivative of the relative population with respect to temperature for LDA-like and HDA-like species.
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Figure 2 |Analogue of Fig. 1 for bulk TIP5P water. a, Parametric relation of D as a function of ⌧/T. The Stokes–Einstein relation breaks down around
T⇡ 320 K, whereas Tmax ⇡ 255 K. b, The relative population of different species of molecules in the simulation for TIP5P along paths of constant density
⇢ = 1 g cm�3. The crossing of relative populations of LDA and HDA corresponds to the temperature where the specific heat CP shows a maximum, similar
to the experimental results in Fig. 1b. c, Derivative of the relative population with respect to temperature. For each species (LDA and HDA), the maximum
change occurs at Tmax ⇡ 255 K. The breakdown of the Stokes–Einstein relation occurs at temperature T⇥ when each species starts to change more rapidly.

molecular dynamics simulations of N = 512 water molecules
interacting with the TIP5P potential15 at a fixed density
⇢ =1 g cm�3. In addition, direct access to themolecular coordinates
makes it possible to connect the changes in D to changes in the
local molecular structure.

The relaxation time ⌧ is defined as the time when the coherent
intermediate scattering function decays by a factor of e for the wave
vector q of the first peak of the static structure factor. The diffusion
coefficient is computed from the root-mean-square displacement
of the oxygens as a function of temperature. Analogous to the
experimental results in Fig. 1a, we show the simulation results of
TIP5P water forD as a function of ⌧/T (Fig. 2a). We see that below
T⇥ ⇡ 320K the Stokes–Einstein relation crosses over to a fractional
Stokes–Einstein relation16 of equation (2) with ⇣ =0.77.

We next use our simulations to make a connection to local
structure, rather than intramolecular vibration. This provides a
more intuitive connection to the real space structure of the fluid.
Similar to the experimental approach, we wish to relate the onset
of the fractional Stokes–Einstein relation to the emergence of
LDA-like local structure in the liquid. We identify different local
structures by carrying out a direct calculation for each molecule
i = 1,2,...,N of the local tetrahedral structural order parameter
Qi (ref. 17), defined as

Qi ⌘ 1� 3
8

3X

j=1

4X

k=j+1

✓
cos�jk + 1

3

◆2

where �jk is the angle formed by the lines joining the oxygen atom
of molecule i with pairs of its four nearest neighbours j and k.

The possible values of Qi vary between Qi = 0 for the limit of
uncorrelated angles andQi =1 for the perfect tetrahedral network.

For each molecule, we calculate its local orientational order Qi.
We assign a locally ‘LDA-like’ molecule if Qi > 0.8, and an ‘HDA-
like’ molecule ifQi 0.8. Our decomposition to different structural
groups is based on the probability density function P(Q). As shown
in Fig. 2d of ref. 18, for density ⇢ = 1 g cm�3, P(Q) changes
with temperature. At very low temperature (T = 240K), P(Q) has
one dominant peak near Q ⇡ 0.9, indicating a more tetrahedral
local structure similar to ice. At intermediate temperatures, P(Q)
starts to develop a shoulder at Q ⇡ 0.5, indicating a change in
the population of the local structure; and at higher temperatures
(T = 340K), P(Q) has a broader distribution with two peaks at
Q⇡ 0.5 and Q⇡ 0.9, respectively. Thus, the decomposition of the
local structure to (1) the low-density-liquid-like structure (locally
tetrahedral structure in the first shell with Q ⇡ 0.9) and (2) the
high-density-liquid-like structure (non-tetrahedral structure with
Q < 0.8) is a reasonable and valid decomposition based on the
number of hydrogen bonds and the distribution of the local
tetrahedral order parameterQ.We can count nL and nH the number
of molecules with ‘LDA-like’ and ‘HDA-like’ local structures,
respectively. The relative populations are defined as nL/N and
nH/N , as shown in Fig. 2b.

We observe in Fig. 2b a gradual increase in LDA-like local
structures, and a decrease in HDA-like local structure. The
derivatives of the relative populations of the LDA-like and the
HDA-likemolecules with respect to temperature (Fig. 2c) show that
the change does not have a sharp onset at T⇥ ⇡ 320K. For each
species (LDA-like and HDA-like), the maximum change defines
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Figure 1 | Experimental results for water at P= 1 bar. a, Parametric relation of D as a function of ⌧/T. The onset of the fractional Stokes–Einstein relation
around T⇥ ⇡ 290 K is indicated by the change of slope from ⇣ = 1 to ⇣ = 0.62, whereas Tmax ⇡ 245 K is determined from c. b, The relative population of
different species of water molecules in experiment. (1) LDA: all molecules represented by group I of the infrared spectra (see the Methods section); (2)
HDA: all of the other molecules. c, The derivative of the relative population with respect to temperature for LDA-like and HDA-like species.
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Figure 2 |Analogue of Fig. 1 for bulk TIP5P water. a, Parametric relation of D as a function of ⌧/T. The Stokes–Einstein relation breaks down around
T⇡ 320 K, whereas Tmax ⇡ 255 K. b, The relative population of different species of molecules in the simulation for TIP5P along paths of constant density
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to the experimental results in Fig. 1b. c, Derivative of the relative population with respect to temperature. For each species (LDA and HDA), the maximum
change occurs at Tmax ⇡ 255 K. The breakdown of the Stokes–Einstein relation occurs at temperature T⇥ when each species starts to change more rapidly.

molecular dynamics simulations of N = 512 water molecules
interacting with the TIP5P potential15 at a fixed density
⇢ =1 g cm�3. In addition, direct access to themolecular coordinates
makes it possible to connect the changes in D to changes in the
local molecular structure.

The relaxation time ⌧ is defined as the time when the coherent
intermediate scattering function decays by a factor of e for the wave
vector q of the first peak of the static structure factor. The diffusion
coefficient is computed from the root-mean-square displacement
of the oxygens as a function of temperature. Analogous to the
experimental results in Fig. 1a, we show the simulation results of
TIP5P water forD as a function of ⌧/T (Fig. 2a). We see that below
T⇥ ⇡ 320K the Stokes–Einstein relation crosses over to a fractional
Stokes–Einstein relation16 of equation (2) with ⇣ =0.77.

We next use our simulations to make a connection to local
structure, rather than intramolecular vibration. This provides a
more intuitive connection to the real space structure of the fluid.
Similar to the experimental approach, we wish to relate the onset
of the fractional Stokes–Einstein relation to the emergence of
LDA-like local structure in the liquid. We identify different local
structures by carrying out a direct calculation for each molecule
i = 1,2,...,N of the local tetrahedral structural order parameter
Qi (ref. 17), defined as

Qi ⌘ 1� 3
8

3X

j=1
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k=j+1

✓
cos�jk + 1
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where �jk is the angle formed by the lines joining the oxygen atom
of molecule i with pairs of its four nearest neighbours j and k.

The possible values of Qi vary between Qi = 0 for the limit of
uncorrelated angles andQi =1 for the perfect tetrahedral network.

For each molecule, we calculate its local orientational order Qi.
We assign a locally ‘LDA-like’ molecule if Qi > 0.8, and an ‘HDA-
like’ molecule ifQi 0.8. Our decomposition to different structural
groups is based on the probability density function P(Q). As shown
in Fig. 2d of ref. 18, for density ⇢ = 1 g cm�3, P(Q) changes
with temperature. At very low temperature (T = 240K), P(Q) has
one dominant peak near Q ⇡ 0.9, indicating a more tetrahedral
local structure similar to ice. At intermediate temperatures, P(Q)
starts to develop a shoulder at Q ⇡ 0.5, indicating a change in
the population of the local structure; and at higher temperatures
(T = 340K), P(Q) has a broader distribution with two peaks at
Q⇡ 0.5 and Q⇡ 0.9, respectively. Thus, the decomposition of the
local structure to (1) the low-density-liquid-like structure (locally
tetrahedral structure in the first shell with Q ⇡ 0.9) and (2) the
high-density-liquid-like structure (non-tetrahedral structure with
Q < 0.8) is a reasonable and valid decomposition based on the
number of hydrogen bonds and the distribution of the local
tetrahedral order parameterQ.We can count nL and nH the number
of molecules with ‘LDA-like’ and ‘HDA-like’ local structures,
respectively. The relative populations are defined as nL/N and
nH/N , as shown in Fig. 2b.

We observe in Fig. 2b a gradual increase in LDA-like local
structures, and a decrease in HDA-like local structure. The
derivatives of the relative populations of the LDA-like and the
HDA-likemolecules with respect to temperature (Fig. 2c) show that
the change does not have a sharp onset at T⇥ ⇡ 320K. For each
species (LDA-like and HDA-like), the maximum change defines
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Nanoconfined water

TIP5P

Scenario①：Maxwell model

D ⇠ (⌧↵/T )
�0.62
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Whatever, why SE breakdowns in supercooled water?

 Key point: direct calculations of viscosity in MD


 Strict assessment of SE violation

‣ Maxwell model vs. Gauss approximation


 We newly propose preservation of SE relation

‣ hydrogen-bond lifetime

‣ non-Gaussianity and non-exponentiality



Phase diagram of TIP4P/2005 supercooled water

R. S. Singh, J. W. Biddle, P. G. Debenedetti, and M. A. Anisimov, 
J. Chem. Phys. 144, 144504 (2016)

isobars

144504-5 Singh et al. J. Chem. Phys. 144, 144504 (2016)

FIG. 1. Isochores in the P–T plane for TIP4P/2005 model. The open circles
indicate simulation data, while the solid lines show the same isochores
according to the TSEOS. The LLPT line, the LLCP, and the Widom line
are shown as the solid black line, large red circle, and black dashed line,
respectively. The thin dotted line is the melting line of TIP4P/2005 as reported
in Ref. 36.

the isothermal compressibility (T) and the corresponding
predictions of the TSEOS. The isothermal compressibility,
defined as T = �(1/V )(@V/@P)T = h(�V )2i/kBTV (kB is
Boltzmann’s constant, V is the volume) is a measure of
the mean-square volume fluctuations h(�V )2i at constant
temperature. The compressibility as a function of density
along isotherms, shown in Fig. 3(a), is computed from the

FIG. 2. Densities along isobars computed by Sumi and Sekino61 (open
squares), Abascal and Vega36 (open diamonds), in this work (open circles;
0.1 MPa), and fits by the TSEOS (solid lines). The black dashed line bounds
the two phase region as predicted by the TSEOS, and the red circle shows the
predicted location of the critical point. Isobars shown, from top to bottom, are
300, 200, 175, 150, 125, 120, 100, 70, 40, and 0.1 MPa.

TABLE I. Parameters for the two-structure equation of state.a

Parameter Value Parameter Value

Tc 182 K ĉ20 �5.348 1
Pc 170 MPa ĉ12 0.000 493
⇢c 1017 kg/m3

ĉ21 0.109 4
� 1.407 ĉ30 1.329 3
a 0.171 ĉ22 �0.021 29
b �0.100 ĉ31 �0.024 46
!0 0.071 7 ĉ40 �0.131 73
ĉ01 0.861 7 ĉ23 0.003 687
ĉ02 �0.003 412 ĉ32 0.012 29
ĉ11 0.013 51 ĉ33 �0.003 513

aThe adjustable coe�cients of Eq. (2) are made dimensionless by the critical parameters.

simulation data. In Fig. 3(b), we show the compressibility
data along the isobars reported by Abascal and Vega,36 along
with this work at 0.1 MPa, to compare with the predictions
of the TSEOS. The results presented in these figures show
that the two-structure thermodynamics successfully describes
the observed anomalous behavior of thermodynamic response
functions in the supercooled region.

In Fig. 4, we demonstrate the temperature dependence of
the heat capacity at constant volume, CV , along di↵erent
isochores. The isochoric heat capacity CV , defined as
(@E/@T)V = h(�E)2i/kBT2, is a measure of the total energy
(E) fluctuations of the system. We observe excellent agreement
between two-state thermodynamics and computer simulation
predictions for higher densities (greater than 1040 kg/m3)
and reasonably good agreement (considering the larger
uncertainties involved in computing energy fluctuations) at
lower densities and temperatures. From the figure, it is evident
that unlike T , CV does not show any significant anomaly on
supercooling down to 185 K. This is not surprising, as the
anomaly of the isochoric heat capacity near the critical point
is very weak. It originates solely from fluctuation e↵ects
associated with the divergence of the correlation length and
does not exist in the mean-field approximation. According to
scaling theory,89 the weak divergence of CV should only be
noticeable in the close vicinity of the critical point (practically,
within 1-2�, i.e., at (T � Tc)/Tc < 10�2 90). Moreover, in a
finite-size system, the correlation length cannot exceed the
size of the box, and so the critical anomalies are rounded.
Our system contains only 216 molecules, which is too small
for weak (fluctuation-induced) anomalies to be observed. A
crossover TSEOS that incorporates fluctuation e↵ects upon
approaching the critical point has recently been applied for the
description of the ST2 model,42 and it was shown that within
the accuracy of simulation data for that model, fluctuation
e↵ects are negligible.

V. LOW-DENSITY FRACTION AND THE NATURE
OF THE ORDER PARAMETER

Two-structure thermodynamics makes use of the fraction
x, an extent of reaction between two interconvertible
structures, as a phenomenological order parameter. It does
not, however, specify the microscopic nature of these two
structures nor does it give a microscopic definition of the order

 Reuse of AIP Publishing content is subject to the terms: https://publishing.aip.org/authors/rights-and-permissions. Downloaded to  IP:  133.1.24.64 On: Thu, 12 May
2016 03:58:07

LLPT?

Widom lineTL

1 g/cm3
<latexit sha1_base64="PRt3UqhVghRWJuE4228mOGzP4fo="></latexit><latexit sha1_base64="PRt3UqhVghRWJuE4228mOGzP4fo="></latexit><latexit sha1_base64="PRt3UqhVghRWJuE4228mOGzP4fo="></latexit><latexit sha1_base64="PRt3UqhVghRWJuE4228mOGzP4fo="></latexit>



TIP4P/2005

stress correlation viscosity

TL

  fragile-strong crossover: TL � 220K

Arrhenius

super-Arrhenius
�(T ) � exp
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TIP4P/2005

MSD self-diffusion

No obvious fragile-strong crossover!!

D(T ) � exp

�
EA

T

�Arrhenius

D = lim
t��

1

6t
�|r(t) � r(0)|2�



Stokes-Einstein relation

TX

TX

  Onset temperature of SE violation:                    ?TL � 220K

TL
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TIP4P/2005

density correlation structural relaxation time

TL

  fragile-strong crossover: TL � 220K

Arrhenius

super-Arrhenius

F (k, t) = ��k(t)��k(0)�



Gauss approximation or Maxwell model?

is a good indicator of D�� D�/T

�/T � ��

TX

D�/T � D�� �= const



Hydrogen-bond breakages: rearrangements of local orders 

Quantifying the coordination number Z
⇒ applicable to other systems

rOH < 2.4 Å
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Hydrogen-bond breakages: rearrangements of local orders 

HB correlation HB lifetime

TL

No obvious fragile-strong crossover in τHB!!

 0

 0.5

 1

10-2 10-1 100 101 102 103 104 105

F s
 (k

, t
)

t (ps)

a
T = 300 K
T = 260 K
T = 240 K
T = 220 K
T = 200 K
T = 190 K

 0

 0.5

 1

10-2 10-1 100 101 102 103 104 105

F b
 (t

) 

t (ps)

b

T = 300 K
T = 260 K
T = 240 K
T = 220 K
T = 200 K
T = 190 K 10-1

100

101

102

103

104

3 3.5 4 4.5 5 5.5

1000 / T (K-1)

c
τb (ps)
τα (ps)



Violation/Preservation of SE relation

TX

preservation

violation

 Coupling between diffusion D and HB lifetime τHB



What is the relationship between time scales τHB and τα?

G�(t) � Gp exp[�(t/��)� ]

Gp: plateau modulus

τη : stress relaxation time

Z 1

0
Gp exp[�(t/⌧⌘)

� ]dt = Gp⌧⌘�(1/�)/�
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What is the relationship between time scales τHB and τα?

SE violationSE preservation

⌧HB ⇠ ⌧⌘
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D�/T � D�� � Gp�(1/�)/(T�)� = Gp���(1/�)/�
D⌧HB ⇠ D⌧⌘
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Summary:

Identifying time scales for violation/preservation of SE relation

diffusion constant D

Thermal activation jump motions determine this transport coefficient.

This is coupled with HB breakage lifetime τHB.

structural relaxation τα
The decoupling with D is related to not only non-Gaussianity in Fs(k, t) 
but also non-exponentiality (β) and attaining solidity (Gp) in Gη(t).

violation/preservation of SE relation

The mechanism of SE violation was fully clarified!!

Such classification is applicable to general glass-forming liquids 
including metallic alloys, silica glasses, ionic liquids, and so on.

D⌘/T ⇠ D⌧↵ ⇠ Gp�(1/�)/(T�)
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D⌧HB ⇠ D⌧⌘
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