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Jamming phase diagram (Frictionless)
σ : shear stress

φ

φJ : Transition pointLow density : Fluids High density : Solids

σ

σ

σ

σ
φ：Packing fraction

• Granular materials behave like fluids. 
• There is no contact network.

φ<φJ

• They behave as solids with ever-
lasting contacts under small σ. 

• They can flow if σ is larger than the 
yield stress.

φ>φJ

Unnamed : Liquid-like phase Jammed : Solid-like phase
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Under steady shear
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packing fraction：Φ

Under quasi-static shear

Continuous transition

φ < φJ

φ > φJ

Rheology near φJ (Frictionless)

The coordination number exhibits discontinuous transition.

G = 0

G / (�� �J)
1/2



Effect of friction : Shear Jamming
D. Bi, J. Zhang, B. Chakraborty, and R. P. Behringer., Nature, 480, 355–358 (2011).

σ : shear stress
Frictionless grains Frictional grains (Experiments)

Unjammed Jammed

High φ High σ or γ

Fragile (F) Shear Jammed (SJ)

Force chain

They studied geometrical properties. 
(no mechanical properties.)
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Jamming phase diagram
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pure shear



Under steady shear Under quasi-static shear

Rheology near φJ (Frictional)

σ

Discontinuous transition

Discontinuous shear thickening (DST)
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(They disappear in frictionless limit.)

Discontinuous transition
G = G0 +A(�� �J)

1/2

MO and H. Hayakawa, Phys. Rev. E, 95, 062902 (2017)MO and H. Hayakawa, Phys. Rev. E, 83, 051301 (2011)

Relation between shear jamming and rheological properties



Model : dry granular particles(DEM)

Shear strain

• Oscillatory shear strain :  

• Small angular frequency：ω 

• Strain amplitude：γ0 

• Shear stress : σ, Pressure : P

Shear storage modulus :

�(t) = �0(1� cos!t)

Fn : Normal repulsive force 
Ft : Tangential frictional force

μ：friction coefficient
Coulomb law：Ft  µFn

Ft  µFn

�

Ft  µFn

r Fn / r

δ：tangential displacement

+ dissipative part

G = �!

⇡

Z 2⇡/!

0
dt

�(t) cos(!t)

�0

compression length : r

G0
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Protocols to measure G
�

tMeasurement

�

t

Measurement

2�0

2�0

Direct Shear (DS)

1 Step Shear (1SS)

2�0
Amplitude for measurement:

2�(I)
0

Remark
1SS with �(I)

0 = 0

DS

Nc cycles Nc cycles

Time dependent strain : �(t)

Initial amplitude : �(I)
0



Effect of initial shear on shear modulus

γ0(I) increases

γ0(I) increases

γ0(I) increases

• Transition point φJ decreases as the initial strain γ0(I) increases. 
• Shear modulus decreases as γ0(I) increases for higher φ. 
• Shear modulus increases as γ0(I) increases for lower φ.

2�0 : Strain for measurement

: Initial strain

µ = 1.0, �0 = 10�4

�(I)
0

Shear induced jamming 
(unjammed without shear)

�

G0
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Stress-strain curve

1ss, Initial

1ss, Final

DS

�0 = 0.01

Shear induced jamming 
(unjammed without shear)

: Critical strain
� < �C no rigidity (unjammed)
� > �C rigidity (Shear jamming)

�c

�c

μ=1.0 
φ=0.822

�(I)
0 = 0.1

�

�

-τ

⌧ : Residual stress



Contact network for 1SS
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Contact network for 1SS
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Shear induced percolation appears



Contact network for 1SS

σ

γ
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1 Step Shear (1SS)
1ss, Initial

1ss, Final

γ

The shear induced percolation leads to the 
emergence of rigidity

�c

Shear induced percolation appears



Phase diagram on γ0
(I)-φ plane

• SJ is above U. 
• The critical strain for SJ is finite.
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“Fragile” phase?
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• There is a “Fragile” 
phase in SJ. 

• “Fragile” : There are 
solid-like and liquid like 
phase in a cycle.

� = 0.820, �(I)
0 = 0.12
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• Liquid-like state (P=0) before applying shear 
• Solid-like state (P>0) after applying shear

• The state depends on the phase of the shear



Definition of Fragile state: Dependence on phase

�(t) = �(I)
0 {cos ✓ � cos(!t+ ✓)}
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: (Initial or Final) phase of shear

Fragile
G0

= 0 for ✓ = 0

<latexit sha1_base64="FtVjPOZkTr8RiA95Yx5vE1CxGdc="></latexit><latexit sha1_base64="FtVjPOZkTr8RiA95Yx5vE1CxGdc="></latexit><latexit sha1_base64="FtVjPOZkTr8RiA95Yx5vE1CxGdc="></latexit><latexit sha1_base64="FtVjPOZkTr8RiA95Yx5vE1CxGdc="></latexit>

G0 > 0 for ✓ = ⇡/2
<latexit sha1_base64="2Q/pBPLYU6BALmZmWyJo7j0ueHc="></latexit><latexit sha1_base64="2Q/pBPLYU6BALmZmWyJo7j0ueHc="></latexit><latexit sha1_base64="2Q/pBPLYU6BALmZmWyJo7j0ueHc="></latexit><latexit sha1_base64="2Q/pBPLYU6BALmZmWyJo7j0ueHc="></latexit>

SJ

U

JF

S
tr
ai
n
am

p
li
tu
d
e:

�
(I
)

0

Packing fraction: �

Strain amplitude: �(I)
0

G0
<latexit sha1_base64="0BI1i0cvl9j3krmn4Gr8cPGhRE4="></latexit><latexit sha1_base64="0BI1i0cvl9j3krmn4Gr8cPGhRE4="></latexit><latexit sha1_base64="0BI1i0cvl9j3krmn4Gr8cPGhRE4="></latexit><latexit sha1_base64="0BI1i0cvl9j3krmn4Gr8cPGhRE4="></latexit>

Generalized oscillatory shear:

�̇(t) = �(I)
0 ! sin(!t+ ✓)
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DST-like behavior in loss modulus
G00 =

!

⇡

Z 2⇡/!

0
dt

�(t) sin(!t)

�0
Loss modulus :

• η exhibits a rapid increase, which is similar to the discontinuous 
shear thickening (DST). 

• Fragile state exists between “DST” lines for θ=0 and π/2.
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Strain amplitude: �(I)
0

“DST” for θ=0

“DST” for θ=π/2
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Summary
• Topic :  Shear modulus of frictional grains. 

• Due to large initial shear, the shear jamming occurs and the shear 
modulus drastically changes. 

• The jamming phase diagram is obtained from mechanical properties. 

• There is “Fragile” phase, where G’ depends on the phase of the shear. 

• DST-like behavior is observed.


