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heterogeneous due to particle migration, and that consequently the macroscopic stress–
strain rate relationship cannot be directly related to the local constitutive behavior and
thus in particular to the shear thickening.

Here, we compare local and global measurements for what is perhaps the best-known
example of a shear-thickening suspension: cornstarch particles suspended in water. We
show that the shear thickening can in fact be viewed as a re-entrant solid transition in this
system: (i) at rest the material is solid because it has a (small) yield stress; (ii) for low
shear rates, shear banding (localization) occurs, and the flowing shear band grows with
increasing shear rate, the shear thus liquefies the material; (iii) shear thickening happens
at the end of the localization regime, where all the material flows, subsequently it sud-
denly becomes ‘‘solid’’ again. In addition, and (iv) we find a pronounced dependence of
the critical shear rate for the onset of shear thickening on the gap of the measurement
geometry, which can be explained by the tendency of the sheared system to dilate. This is
confirmed by an independent measurement of the dilation of the suspension as a function
of the shear rate. It also explains the MRI observations: when flow is localized, the non-
flowing region plays the role of a “dilatancy reservoir” which allows the material to be
sheared without jamming.

This paper follows up on our earlier work on shear thickening of cornstarch [Fall et al.
(2008)] but is much more detailed in that here we present also the MRI measurements of
the concentration, more detailed measurements of the velocity profiles, plate–plate meas-
urements, oscillation measurements and more detailed measurements of the variation of
the gap of the plate–plate cell under an imposed normal stress. In order for these new
data to be comprehensible, we do have to repeat some of the earlier data and discussion.
In this way, we obtain a more complete picture of the shear-thickening behavior.

II. MATERIALS AND METHODS

The cornstarch particles (from Sigma Aldrich) are relatively monodisperse particles
with, however, irregular shapes (Fig. 1). Suspensions are prepared by mixing the corn-
starch with a 55 wt. % solution of CsCl in demineralized water. The CsCl allows one to
perfectly match the solvent and particle densities [Merkt et al. (2004)]. We study suspen-
sions of volume fraction ranging between 38% and 46%, and focus here mainly on the

FIG. 1. Micrograph of the cornstarch particles.
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Fig. 1 SEM micrograph of silica particles

be spherical, dispersed in solution, and polydisperse in
size.

The surface charge (Maranzano et al. 2000) was
probed with a highly sensitive Zeta-PALS instrument
(Brookhaven), using ethylene glycol to lower the sol-
vent viscosity and enhance sensitivity. The electro-
phoretic mobility was below measurement detection
and can be assumed to be below 10−11 m2·V−1s−1

(McNeil-Watson et al. 1998).

Rheological testing

Shear rheology was measured on a stress rheometer
(TA Instruments AR-G2, 40 mm 1◦ aluminum cone
and peltier plate at 25 ± 0.1◦C). The samples were pre-
sheared to remove any loading history by a continuous
stress ramp from 0.01 Pa to 1,000 Pa for 3 min for
the two lower concentration samples and from 0.1 to
1,500 Pa for the highest concentration sample. After
the preshear, the time to achieve steady state was
ascertained by shearing at low stresses. (0.01 Pa and
0.1 Pa were applied for 2 min each for the two lowest
concentrations; the concentrated sample was sheared at
0.1 and 1 Pa.) Finally, steady-state stress sweeps from
0.01 to 800 Pa, 0.01 to 1,000 Pa, and 0.1 to 1,500 Pa
were performed for the φ = 0.194, 0.391, and 0.490
samples, respectively. The constant stress tests were
repeated, and then steady state sweeps from high to
low stress over the same stress range were performed to
measure hysteresis or sample degradation. All samples
were stable and reversible with negligible hysteresis.

USANS measurements

USANS experiments were performed using the BT5
thermal neutron double-crystal instrument at the
National Institute of Standards and Technology
(NIST), National Center for Neutron Research
(NCNR) in Gaithersburg, MD (Barker et al. 2005;
Kim and Glinka 2006). The USANS instrument uses
multiple reflections from perfect crystals both to tightly
collimate the neutron beam before the sample and
select a small wavelength range to be detected on the
line detector after the sample. This geometry gives no
measure of flow-induced anisotropy. USANS mea-
surements on quiescent samples were performed in
1-mm-thick titanium sandwich cells with quartz win-
dows, except for the highest concentration sample,
which was measured in the shear cell due to loading
issues in the sandwich cell. The data as recorded
has both wavelength smearing (λ = 2.38Å, #λ/λ =
5.9% wavelength spread) and effective slit smearing
(due to the low vertical resolution). The slit smearing
dominates, and so, only slit-smearing will be applied to
models to fit to the data (Kline 2006).

Here, we also perform the first reported flow-
USANS measurements by inserting as the sample
geometry the NIST-SANS shear cell (Maranzano et al.
2000; Straty et al. 1991). This sample geometry is a
Couette cell with a 60-mm inner quartz cylinder and a
61-mm outer quartz cup driven by a servomotor. The
beam is oriented radially through the center of the
Couette along the velocity gradient direction and there-
fore passes through the sample twice. The scattering is
a projection in the velocity–vorticity (1–3) plane. The
data were reduced using standard procedures (Kline
2006). As noted, USANS yields slit smeared data;
hence, under shear, USANS yields a one-dimensional
scattering profile that is a slit-smeared average over an
anisotropic scattering pattern in the velocity–vorticity
(1–3) plane of flow. Therefore, presently, it is not pos-
sible to desmear data acquired under flow.

Scattering modeling and analysis

Scattering data from monodisperse scatterers, in terms
of absolute scattered intensity (I) versus scattering
vector (q), is described by

I
(
q, γ̇

)
= A*P

(
q, a

)
*S

(
q, a, φ, γ̇

)
+ B, (1)

where A is a concentration dependent prefactor;
S

(
q, a, φ, γ̇

)
is the structure factor, a function of vol-

ume fraction, particle size, and particle interactions in
the static case but also a function of shear rate (or
stress) and, possibly, the flow history; P(q, a) is the
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adhesion force and particle radius was verified, we cannot
explain the low surface energy obtained.
Results from repeated adhesion measurements with one

pair of particles were highly reproducible and showed
a standard deviation of only 4%. In contrast, results
obtained with different pairs of particles having identi-
cal reduced radii varied considerably more and showed
standard deviations from the mean value of 25% which
possibly indicates the presence of small-scale surface
heterogeneity.
Surface roughness is known to decrease the adhesion

force [30]. To get information about the surface rough-
ness of the contact zones, we imaged silica microspheres
with an AFM using oxide-sharpened AFM tips (Olym-
pus Ltd., Tokyo) for high resolution. The roughness (root
mean square deviation from the ideal sphere) was !0, 13 6
0, 01" nm, measured over an area of 50 3 50 nm2, which
is comparable to the contact area [26]. The roughness
value is considerably lower than the expected deforma-
tion d, so that roughness effects should be negligible.
In addition to adhesion, friction forces influence the ag-

gregation, dispersal, and flow behavior of powders and
the processes occurring in collisions between particles.
Based on the JKR theory, Dominik and Tielens have de-
veloped an expression for the friction forces in transver-
sal particle-particle contacts [31]. It turns out that the
sliding-friction forces between spherical surfaces exceed
the rolling-friction forces by many orders of magnitude so
that, in collisions between particle aggregates, restructur-
ing will be caused by rolling of the constituents whenever
the impact energy is sufficiently large. For the rolling-
friction force between two spherical particles, Dominik
and Tielens derived

Fr ! 6pgj . (3)

Here, j is the critical rolling displacement, which is the
distance a sphere may roll on top of the other before
irreversible rearrangement in the contact zone occurs.
In general, j should depend on the particle size. A
lower limit for j is given by the mean distance between
neighboring atoms in the material so that j $ 0.2 nm.
The maximum value for j is given by the radius of
the contact area a0 between the two adhering particles.
For R1 ! R2 ! 1 mm and g ! 0.014 J#m2, this sets an
upper limit at j # 14 nm [26] so that we expect a rolling-
friction force between 5 3 10211 and 4 3 1029 N. To
our knowledge, rolling-friction forces between spherical
microparticles have not been determined experimentally.
However, the stick-slip behavior of rolling motion has
been recently investigated for carbon nanotubes [19].
In order to measure rolling-friction forces directly, we

produced chainlike structures of 5 to 20 microspheres and
tested their resistance to a forced motion on one end of
the chain while the other end was fixed to a tipless AFM
cantilever [Fig. 2(a)]. Chainlike structures were produced
from aggregate precursors [32] [Fig. 2(b)] by pulling on

FIG. 2. Principles of rolling-friction force measurements with
particle chains (a). SEM image of a typical microsphere
aggregate precursor (b). Sequence of optical microscope
images taken every 2.5 s during one bending-and-stretching
cycle of a microsphere chain (c). The forced up-and-down
motion of the lower end of the aggregate stems from a
piezoelectric stage which is not visible in the images. The
scale bars in (b) and (c) indicate 10 mm.

an aggregate with the AFM tip until a chain was formed.
Monodisperse silica spheres of 0.95 mm radius (hence
R ! 0.475 mm) were used. We investigated a sample of
11 different particle chains on which we applied a forced
up-and-down motion through the piezoelectric translator.
The frequency of the piezoelectric-crystal motion was
kept constant at 0.1 or 1 Hz with peak-to-peak amplitudes
of 4 or 8 mm. For these experiments, the high-resolution
long-distance microscope was additionally equipped with
a video camera which allowed us to observe structural
changes in the chains. Figure 2(c) shows an example
from a measurement cycle which encompasses a total
of 500 images. Each of the snapshots in Fig. 2(c) was
taken roughly 2.5 s after the previous image shown,
thus representing a full measurement cycle, starting from
maximum stretching on the left side. A movie of the
particle chain oscillation under external forced motion is
also available [33].
We calculated Fr from the measured force at the

position of maximum angular restructuring of the particle
chains, taking into account each individual geometric
arrangement (lever arm) as imaged by long-distance
microscopy.
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Reynolds 1885

“On the dilatancy of media composed 
of rigid particles in contact”

“If in any way the volume be fixed,  
then all change of shape is prevented.”

from wikipedia



Bagnold 1954
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FIGURE 3. T is obtained by converting into dynes/cm2 of inner periphery the gross measured 
torque less the torque due to plain-fluid drag on drum ends and to spindle friction and less 
the residue, estimated as r/(1 +A) of the measured plain-fluid drag on the inner drum 
periphery. Values of A (linear concentration = grain diameter/free linear dispersion) are 
indicated on the curves. Curve a, plain fluid shear stress T (A=0) at inner periphery. 
o-= 1, p= 1, D=0132 cm, y=0-01 (water). 
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“Experiments on a gravity-free dispersion of large 
solid spheres in a Newtonian fluid under shear”

from wikipedia



Einstein 1906

Hydrodynamic theory

Batchelor & Green 1972

one-body problem
two-body problem 

from wikipedia



Stokesian Dynamics
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Newtonian
Liquid

Molcular dynamics 

Mechanical properties of fluid materials

Stokesian dynamics

Suspensions
Non-Newtonian
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mean free path2

velocity
∼ 10−11 [s] radius2

diffusion constant
∼ 1 [s]



microstructure
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Rheology

MD-like
Particle simulation

material functions
scalars 

(not coordinate specific)
physical interpretations

⌘( €�), N1( €�), N2( €�)
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Re { ∂ ⃗u
∂t

+ ( ⃗u ⋅ ∇) ⃗u } = − ∇p + ∇2 ⃗u

⃗0 = − ∇p + ∇2 ⃗u

Re ≡ ρ0a2 ·γ
η0

→ 0

Stokes equations (linear)

Navier-Stokes equations (non-linear)
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Hydrodynamic interactions

Zero-Reynolds number hydrodynamics

cf. Stokes drag ( = 6πη0a)

(6 N dimension)



Newtonian dynamics vs. Overdamped dynamics

m
dU
dt

= − 6πη0aU

U(t) = U0 exp(−t/τ)

τ = m
6πη0a

≈ 2 × 10−7 [s]a = 1 [μm]
η0 = 0.001 [Pa s]

ρ = 1000 [kg/m3]

Δt ≪ τ

m
dU
dt

= − 6πη0aU0

U(0) = U0
U(Δt) = 0

Δt ≫ τ
time step for numerical integration

t/τ

U(t)
U0
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cf.  time-scale of shear flow
τshear = 1/ ·γ



Purely hydrodynamic suspensions

Perfect reversibility, if lubrication layers can remain.

shear reversal demo

hydrodynamic interaction FH = − ( ⋅ (U − u) + (′ � : 0
force balance eq. FH = 0
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Singularity of non-Brownian simulation



Regularize the singularity

Particle contacts are no longer forbidden!!
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lubrication force

1
h

→
1

h + δ h > 0
1
δ h ≤ 0

Flub = − 3πη0a2

2h
(Ui − Uj) ⋅ nn

δ = 10−3a



(Fij
C)nor = kn(rij − 2a)nij

(Fij
C)tan = − ktξij

FH + FC = 0
FH = − ( ⋅ (U − u) + (′� : 0

|Ftan
C | < μ |Fnor

C |

We need a contact force model

because particle contacts are no longer forbidden
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Effect of particle softness
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Young's Modulus of Silica (SiO2) E = 65 ∼ 75 [GPa]

Fn = kn(2a − r)3/2

kn = 4
3 E a

typical force Fn ∼ σxy × (2a)2 = 4 × 10−9 [N]

σxy = 103 [Pa]

a = 10−6 [m]particle size

a large shear stress

2a − r
a

≈ 10−5overlap

Contact deformation of Silica

This level of stiffness is very difficult in simulation!!



With and without hydrodynamic lubrication
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Hydrodynamic vs contact force contributions



attractive
ϕarea = 0.7 μ = 0.5

repulsive

ϕarea = 0.8 μ = 0.5

Force-chain network in 2D simulation
F̄ij ≡ − ⃗F (ij) ⋅ ⃗nij
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Angular dependence of normal force

Only hydrodynamics forces are able to be attractive



ϕarea = 0.7 μ = 0.5

normal force F̄ij ≡ − ⃗F (ij) ⋅ ⃗nij contribution to shear stress σxy



normal force F̄ij ≡ − ⃗F (ij) ⋅ ⃗nij contribution to shear stress σxy

ϕarea = 0.8 μ = 0.5
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η/η0 = c(ϕ(μ)
J − ϕ)−λ

With and without contact friction
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μslid = 1
μroll = 0.2

μslid = 1
μroll = 0

μslid = 0
μroll = 0

with rolling friction



μslid = ∞ μroll = ∞
no slide and rolling as long as pushing

2D demo for an extreme contact model



FH + FC = 0
Origin of rate-dependence

rate independent

Laun 1984
Latex particles in water
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Low �̇ High �̇

FH + FC + FR = 0 rate-dependent 

repulsive force





Stokesian Dynamics was introduced to tackle this problem
6N-dimensional overdamped Langevin eq.

How do shear flows bring Brownian hard spheres 
to non-equilibrium states?

FH + FB = 0

hydrodynamic force FH = − ( ⋅ (U − u) + (′� : 0
Brownian force ⟨FB⟩ = 0, ⟨FB(t1)FB(t2)⟩ = 2kBT(δ(t1 − t2)

u(r) = ∇u ⋅ r = 0 ⋅ r + (ω/2) × r



FH + FB + FC = 0

Modified Stokesian Dynamics

Step 1: Remove lubrication singularity

Step 2: Introduce a contact-force model



Pe = 1 Pe = 100
Contacts in sheared Brownian motions



Egres 2005 Cwalina 2014

a = 225 nm a = 260 nm

Pe Pe

⌘0 = 0.049 Pa s ⌘0 = 0.05 Pa s
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Experimental data



our F* = 0 simulation. This can be understood as our simulation
missing a repulsive force that arises from the suspension “sta-
bilization” in the experiments.
We first look at the effect of the repulsive force on the

thickening of the colloidal suspension. The relative viscosity
curves for different values of F* are shown in Fig. 4 (Left) for
ϕ= 0.5. The main effect of the repulsion is, as expected, to push
the onset of thickening to higher stresses. The relative viscosity in
the thickened state is unaffected by the value of F*, as in this
regime the repulsive force can be neglected relative to the hy-
drodynamic and contact forces. Note that the slope of the shear
thinning is also the same for all of the simulated F*. In Fig. 4
(Right), we show that the onset stress is approximately
σon ≈ 5kBT=a3 + 0.01F*=a2. Thus, to a good approximation the
effects of Brownian and repulsive forces on shear thickening can

be combined in a simple additive manner. In this regard, the
Brownian forces have an effect that is virtually identical to that
of a potential repulsive force.
Besides F*, our repulsive force contains another free param-

eter, the force decay length λ. As we show in Fig. 5, λ essentially
controls (in conjunction with the Brownian motion) the strength
of the shear thinning at low Pe. Increasing λ, i.e., increasing the
distance over which the repulsive force decays, makes the shear
thinning more pronounced. This can be qualitatively understood:
When λ→ 0, the repulsive force disappears, and only the shear
thinning due to the Brownian motion remains.
We use simulations to assess the appropriate repulsive force to

capture the behavior seen in experiment. We focus here on the
recent data by Cwalina and Wagner (26), which include mea-
surements of the shear stress and normal stress differences for a
suspension of silica beads with radius a= 260  nm in a low mo-
lecular weight PEG Newtonian suspending fluid at T = 300 K.
The particles are coated with octadecane chains to provide steric
stabilization (40). The short-range van der Waals attraction is
also reduced by index matching between particles and solvent.
We obtained the best comparison with the results of Cwalina

and Wagner (26) by setting μ= 1, F* = 5× 103kBT=a, and
λ= 0.02a, as shown in Fig. 6. The agreement with the experi-
mental data for the relative viscosity is excellent. The second
normal stress difference N2 also shows a very good agreement
with the experimental data, being negative for all volume frac-
tions; −N2=σ is in the range 0.15–0.4 for all Pe, as shown in Fig. 7,
consistent with the behavior for non-Brownian suspensions
(11). Rather surprisingly, given the agreement for both ηr and N2,
N1 disagrees substantively between our simulations and these
experiments. In the experiments, N1 < 0, as predicted based on
hydrodynamic force dominance (41). Our simulations find
weaker negative N1 for the lower volume fractions presented
(ϕ= 0.50 and 0.53), whereas for ϕ= 0.55, N1 > 0. We note that
Lootens et al. (42) observed a similar change in sign of N1 at the
shear thickening transition. The parameters used in the simula-
tions can be translated into SI units using the experimental
parameters, with an inferred repulsive force at contact of
F* ≈ 79 pN and a repulsion range of λ≈ 5.2 nm, which is to be
compared with the thickness of the stabilizing polymer comb
estimated to be 15 to 20 nm from the structure factor measured
by neutron scattering (40). The volume fractions used in the
simulations to get the best agreement with experiments are
always higher than the experimental ones. This might be

Fig. 6. Comparison with experimental data from Cwalina and Wagner (26)
(black lines) for the relative shear viscosity (Top), second (Center), and first
(Bottom) normal stress difference viscosities as functions of the Péclet
number. Simulation results (colored lines and symbols) are obtained with a
repulsive force at contact F* = 5× 103kBT=a and a repulsion range λ= 0.02a.

Fig. 7. Second normal stress difference N2 normalized by the shear stress as
a function of the shear stress for several volume fractions ϕ for the same
conditions as in Fig. 6.

4 of 5 | www.pnas.org/cgi/doi/10.1073/pnas.1515477112 Mari et al.

Experimental data 
black-solid lines

Cwalina and Wagner, JOR (2014)

Stokesian Dynamic + DEM
FH + FB + FC + FR = 0

To match experimental data



- Introduction—a bit of history


- Modeling strategy to capture dynamics of colloids  
(Modified Stokesian Dynamics)


- Flow in a Widegap Couette cell



Newtonian
Liquid

Molcular dynamics 

Mechanical properties of fluid materials

Stokesian dynamics

Suspensions
Non-Newtonian
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mean free path2

velocity
∼ 10−11 [s] radius2

diffusion constant
∼ 1 [s]



Particle dynamics sim.
Micro-scaleMacro-scale

continuum sim.
constitutive eq.
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Force-balance dynamics with fixed particles



�area = 0.78
n = 9000



jradial = 2a2

9η0
f(ϕ)∇ ⋅ σ

Migration



Shear band 

Jamming
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Monolayer simulation for wide-gap Couette cells

η(r) = η(ϕ(r))
local viscosity



Simulation models for colloidal suspensions 
are very different from MD simulations. (Particles are not points)

We introduced a Modified Stokesian Dynamics simulation. 
- A realistic choice to avoid lubrication singularity 
- Various possibilities for contact interaction between colloids 
- Additional force is essential for rate-dependence

Although we now know rheology of dense suspensions well, 
we know little about fluid mechanics of dense suspensions 

Summary


