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metallic glass

interactions between a particle and the cage created by its
nearest neighbors. This fast process reflects a diffusive
particle motion and it is usually described by a single
exponential decay (thus with a shape exponent ¼ 1) [21].
In contrast with those works, here we probe the stress
response in the deep nonequilibrium glassy state, and we
observe a completely different additional decoupling
between two dynamical processes.
At high T (closed symbols in Fig. 1), the standard

Kohlrausch-Williams-Watts (KWW) function,

σðtÞ=σð0Þ ¼ exp½−ðΓ0tÞγ0 %; ð1Þ

provides an excellent fit to the data. Here, Γ0 is the
relaxation rate, γ0 the exponent, and t is the time. For
lower T (open symbols in Fig. 1), the model function
(1) fails to describe the data and the two-step decay can be
perfectly captured by a double KWW expression:

σðtÞ=σð0Þ ¼ A exp½−ðΓ1tÞγ1 %
þ ð1 − AÞ exp½−ðΓ2tÞγ2 %ðΓ1 > Γ2Þ; ð2Þ

where Γ1 and Γ2 represent the characteristic fast and slow
relaxation rates, respectively, γ1 and γ2 are the correspond-
ing exponents, and A and (1-A) give the relaxation strength.
The parameters obtained from the fits are shown in Fig. 2

as a function of Tg=T for better comparison. In all MGs, the
relaxation rates display a universal decoupling between the
fast and the slow process at Tg=T ∼ 1.03 [Fig. 2(a)]. Both
Γ1 (half-filled symbols) and Γ2 (open symbols) decrease
with temperature but in a very distinct way. Γ2 decreases for
as large as ten decades, while Γ1 varies within less than one
decade over the probed temperature range. In addition, all
Γ2 collapse well onto a single master curve, implying the
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FIG. 1. (a) Stress relaxation profiles of Zr44Ti11Cu10Ni10Be25
MG, from bottom to top and left to right, T ¼ 629, 619, 609, 599,
589, 579, 569, 559, 539, 519, 499, 469, and 439 K.
(b) La55Ni20Al25 MG, T ¼ 472, 462, 452, 442, 432, 422, 412,
402, 382, 362, 342, and 322 K. (c) Zr50Cu40Al10 MG, T ¼ 693,
683, 673, 663, 653, 643, 623, 603, 583, 563, 533, 503,
and 473 K. In the stress relaxation experiments, a tensile strain
ε ¼ 0.3% is applied on the MG ribbons. Solid lines are
theoretical fits to the data. The obtained fitting parameters are
plotted in Fig. 2.
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FIG. 2. The fitted relaxation rate (a) and exponent (b) as a
function of Tg=T. Filled symbols represent Γ0 and γ0, half-filled
symbols Γ1 and γ1, and open symbols Γ2 and γ2; red squares refer
to Zr44Ti11Cu10Ni10Be25, green circles La55Ni20Al25, and blue
triangles Zr50Cu40Al10 MG. The inset in panel (a) plots Γ1 of the
three samples against ð1000 KÞ=T. Error bars are given by the
fitting, where they are not shown they are within the symbol size.
Solid lines in panel (a) and the inset are the best linear fit.
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colloidal glass (hardsphere glass）温度効果のあるジャミング転移 �
エマルション (emlusion;�乳濁液，�乳剤) �

水と油など， 混ざり合わない液体が �
ミセルを形成して �

 一方が液滴となって他方に分散している系�

エマルションの圧力と剛性率の測定（室温）�
(大きい○=圧力, 黒シンボル=剛性率) �

(s: 表面張力, R:�粒径) �
T. G. Mason et al. (1997) �

エントロピー弾性�
温度効果なしや液体では0�

接触力�

液滴(粒子)間の相互作用の大きさで �
換算して温度T ~ 10 -5 �
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3. Other soft materials 
 
Now that I’ve introduced colloids, let’s discuss other soft systems which resemble colloids to 
varying degrees. 
 
3.1 Emulsions 
 
Emulsions are similar to colloids, but rather than solid particles in a liquid, they consist of liquid 
droplets of one liquid, mixed into a second immiscible liquid; for example, oil droplets mixed in 
water.  Surfactant molecules are necessary to stabilize the droplets against coalescence which is 
when two droplets come together and form a single droplet.  A cross-section of an emulsion is 
shown in Fig. 3.1, and a sketch showing a droplet with the surfactants is shown in Fig. 3.2.  
Mayonnaise is a common example of an emulsion, made with oil droplets in water, stabilized by 
egg yolks as the surfactant, with extra ingredients added for taste. 
 

 

 
 
 
Fig. 3.1.  Confocal microscope image of an 
emulsion.  The droplets (dark) are dodecane, 
a transparent oil.  The space between the 
droplets is filled with a mixture of water and 
glycerol, designed to match the index of 
refraction of the dodecane droplets.  The 
droplets are outlined with a fluorescent 
surfactant.  The hazy green patches are free 
surfactant in solution, or else the tops or 
bottoms of other droplets.  (Picture taken by 
ER Weeks and C Hollinger.) 

 

 

 
 
 
 
 
Fig. 3.2.  Sketch of an emulsion droplet.  Not 
to scale:  typically the surfactants are tiny 
molecules, whereas the droplet is micron-
sized.  (Sketch by C Hollinger.) 
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tightly as possible; nearly every particle touches its neighboring particles.  Random packings with 
φ  > 0.64, or any packing with φ  > 0.74, require deforming the particles. 
 

 

 
 
 
 

 
 
 
 
 
Fig. 2.6.  A single layer within a colloidal 
crystal formed with 2.3 µm diameter 
PMMA colloids.  The scale bar is 5 µm.  
This sample is at a volume fraction φ ≈ 0.6. 

   Colloidal crystallization 
Interestingly, hard sphere colloids will spontaneously organize into the crystalline phase at a 
volume fraction φ ≈ 0.5.  Counter-intuitively, this transition to an ordered state is due to entropy.  
Consider two systems at equal volume fractions of 0.64, one random (and thus rcp) and the other 
in a crystalline hcp state.  The rcp system has no room for the particles to move.  It has high 
configurational entropy but low vibrational entropy.  The hcp system is the opposite; it is in an 
ordered, low entropy configuration, but the particles have plenty of room to move locally around 
their lattice sites.  After all, they could be packed in as tightly as φ  = 0.74, but the system is only 
at φ  = 0.64.  Thus, the vibrational entropy is higher.  In practice, the total entropy of the 
crystalline system becomes higher than the random system at φ ≈ 0.5.  More precisely, the system 
starts to form crystals at φ ≈ 0.494, and entirely crystallizes at φ ≈ 0.545.  In between the system 
is in coexistence between the liquid-like state at 0.494 and the crystal at 0.545; see Fig. 2.7 for the 
phase diagram. 

 

Fig. 2.7.  Phase diagram for hard spheres.  Note that the metastable glass phase is only 
present if the system is polydisperse, at least ~5%. 
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Figure 8. Scaled low shear viscosities at different φ for various
colloidal suspensions of nearly monodisperse hard spheres. The low
shear viscosities (η) are normalized by the viscosity of the pure
solvent (η0). The fit line is to equation (15) with C = 1,
φm = 0.638, D = 1.15. Data taken from [221, 225– 227].

Figure 9. Schematic of shear thinning and shear thickening for
colloidal suspensions at various volume fractions. Reprinted with
permission from [187].

maximal change in viscosity is only a factor of 104; indeed,
one critique of the colloidal glass transition as a model for
molecular glass transitions is that the viscosity increase is
not nearly as great. This discrepancy likely arises for several
reasons. First, it is experimentally difficult to load high-volume
fraction samples into a rheometer [66, 221]. Such a limitation
can potentially be overcome using thermosensitive particles,
which could be loaded into the rheometer at a temperature
where the sample is liquid-like and then thermally changed to
a higher volume fraction in situ [222, 223]. Second, ensuring
that the sample has a well-known and controllable volume
fraction can be extremely challenging [66]. Finally, colloidal
samples that are sheared too rapidly can shear thin (the apparent
viscosity decreases with increasing shear rate) or, at still higher
shear rates, shear thicken (an increasing apparent viscosity with
increasing shear rate). These trends are indicated qualitatively
in figure 9. Shear thinning is more severe for φ > 0.5 [28, 224],
meaning that experiments at high φ must be done at extremely
low shear rates (ω → 0 as described in section 2.5) and
low applied stresses to see the correct linear response [178].
Measurements for φ ≈0.6 would take weeks or years to be
done properly [221].

Important early work on the viscosity of colloidal
suspensions was performed by Marshall and Zukoski using
rheometry [28]. Their system consisted of small silica hard

spheres (radius <300 nm) in a solvent of decahydronapthalene.
A constant stress rheometer was used to measure viscosity
at various applied stresses, enabling an extrapolation of the
viscosity to a state of zero stress. For all particle sizes used,
they observed an increase in viscosity with φ, with a sudden,
apparently divergent increase at volume fractions associated
with the glassy phase of hard spheres. They also found that
the form of the increase was well described by the Doolittle
equation,

η

η0
= C exp

[
Dφ

φm −φ

]
, (15)

with C = 1.20, D = 1.65 and φm = 0.638. This equation was
first used to describe the temperature dependence of viscosity
in molecular liquids approaching the glass transition [228].
The original Doolittle equation was expressed as a function of
free volume (which was implicitly a function of temperature).
We note that (15) has been modified in a reasonable fashion
(see [28] for details) to depend on φ as shown above, with φm

being the maximum packing. Atφ = φm in the above equation,
the viscosity diverges. It is intriguing that their observed
φm = 0.638 is close to φrcp, where all motion is suppressed.
Indeed, the data in figure 8 are also well fit by (15) with a
similar φm [221]. This raises questions about whether the glass
transition occurs at φg ≈ 0.58 or possibly at φrcp ≈ 0.64.
We will discuss these questions more comprehensively in
section 6, but for now, we note that the viscosity is large at φg

and that other quantities, to be discussed next, diverge at φg.
The Doolittle model has been critiqued in the past as

being oversimplified or perhaps founded on shaky physical
arguments [229, 230], and it is possible that other functional
forms would fit the data just as well [165, 221]. The question
of which functional form is most appropriate is generic to
studying the glass transition. It was noted by Hecksher et al in
2008 that multiple functional forms fit glass transition data
(relaxation times as a function of T ) [231, 232]. Of these
expressions, some have a divergence at finite T while others
have no divergence at all. In all cases, the experimental data
range over many decades in η, but are clearly many more
decades away from η = ∞, and so extrapolation is always
tricky [233– 235].

While the glass transition is associated with a
dramatically increased viscosity, it is equally associated with
a dramatically increased microscopic relaxation time and
decreased diffusivity. For colloids, the long-time self-diffusion
coefficient DL(φ) approaches zero as φ → φg (see section 1.5
for a discussion of DL). A related quantity is the intermediate
scattering function F(km, τ ), where the wave vector km is
often chosen to correspond to the peak of the static structure
factor. The decay time for F(km, τ ) becomes large as the
glass transition is approached, as shown in figure 5; this is
the microscopic relaxation time scale, often termed τα when
referring to the final decay of F(k, τ ) [236]. (See section 2.4
for a discussion of DLS and scattering functions.) Roughly,
τα ∝ a2/DL, where a is the particle radius, and so both τα and
DL are considered measures of how microscopic dynamics
slow near the glass transition.

The question then is how DL and τα depend on φ [237,
238]. Results from viscometry and DLS studies were reported

12

viscosity
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Early works: Kranendonk-Frenkel (1991), Grigera-Parisi (2001)

Preparation of equilibrium configurations
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The state following construction.—The state following
formalism is designed to describe glass formation during
slow cooling of a liquid [19]. We present here a short
account of this construction; for a more detailed discussion
see [16–19] and [23].
Approaching the glass transition, the equilibrium

dynamics of the liquid happens on two well-separated
time scales [1,2]. On a T-independent fast scale τvib
particles essentially vibrate in the cages formed by their
neighbors. On the slow α-relaxation scale ταðTÞ, which
increases fast approaching the glass transition, cooperative
processes change the structure of the material. When
ταðTÞ ≫ τvib, the system vibrates for a long time around
a locally stable configuration of the particles (a glass), and
then on a time scale ταðTÞ transforms in another equivalent
glass. Hence, ταðTÞ is the lifetime of metastable glasses.
The liquid reaches equilibrium if enough different glass
states are visited; hence, the experimental time scale (e.g.,
the cooling rate) should be τexp ≫ ταðTÞ. For given τexp, the
glass transition temperature Tg is therefore defined by
τexp ¼ ταðTgÞ [1,2]. For T < Tg the system is confined into
a given glass with lifetime ταðTÞ ≫ τexp, which can thus be
considered an infinitely long-lived metastable state.
Although the system is strictly speaking out of equilibrium
in this regime, the slow relaxation is effectively frozen and

the material is confined in a thermodynamic equilibrium
state restricted to a given glass. In fact, if cooling stops at
some T < Tg, thermodynamic quantities quickly reach
time-independent values, that satisfy equilibrium thermo-
dynamic relations. Still, the “thermodynamic” state
depends on preparation history, and most crucially on
the temperature Tg at which the liquid fell out of
equilibrium. Note that aging effects can be neglected
here because they happen, for T < Tg, on time
scales τaging ≫ ταðTgÞ∼τexp.
This identification between out of equilibrium states and

long-lived metastable states, i.e., between dynamics and
thermodynamics, is the core of the state following con-
struction, and allows one to describe the thermodynamic
properties of glasses prepared by slow cooling through a
thermodynamics formalism [16–19]. Let us now briefly
review this formalism. Consider N interacting classical
particles, described by coordinates X ¼ fxigi¼1;…;N and
potential energy VðXÞ. During a cooling process with time
scale τexp, the system remains equilibrated provided
T ≥Tg. Define R¼ frig the last configuration visited
by the material before falling out of equilibrium; its
probability distribution is the equilibrium one at Tg,
PðRÞ ¼ exp½−VðRÞ=Tg%=ZðTgÞ (here kB ¼ 1). For
T < Tg, the lifetime of glasses becomes effectively infinite
[36]: the material visits configurations X confined in the
glass selected by R. This constraint is implemented
[16,17] by imposing that the mean square displacement
between X and R, ΔðX;RÞ ¼ ðd=NÞ

PN
i¼1ðxi −riÞ2, be

smaller than a prescribed value Δr. The evolution of this
glass is followed by changing its temperature T or applying
some perturbation γ that changes the potential to Vγ . The
free energy of the glass selected by R is, therefore,
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FIG. 2 (color online). Following glassy states prepared at φ̂g
upon applying a shear-strain γ. Shear-stress σ (main panel) and
reduced pressure p (inset) as a function of strain for different φ̂g.
Same styles as Fig. 1. Upon increasing shear strain, the states
undergo a Gardner transition at γGðφ̂gÞ. For γ > γG our RS
computation is unstable but it predicts a stress overshoot followed
by a spinodal point.
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FIG. 1 (color online). Following glasses in (de)compression.
Inverse reduced pressure d=p is plotted versus packing fraction
φ̂ ¼ 2dφ=d. Both quantities are scaled to have a finite limit for
d → ∞. The liquid EOS is d=p ¼ 2=φ̂. The dynamical transition
φ̂d is marked by a black dot. For φ̂g > φ̂d, the liquid is a
collection of glasses. The glassy EOS are reported as full colored
lines that intersect the liquid EOS at φ̂g. Upon compression, a
glass prepared at φ̂g undergoes a Gardner transition at φ̂Gðφ̂gÞ
(full symbols and long-dashed black line). Beyond φ̂G our
computation is not correct: glass EOS are reported as dashed
lines. For low φ̂g they end at an unphysical spinodal point (open
symbol). Upon decompression, the glass pressure falls below the
liquid one, until it reaches a minimum, and then grows again until
a physical spinodal point at which the glass melts into the liquid.
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The state following construction.—The state following
formalism is designed to describe glass formation during
slow cooling of a liquid [19]. We present here a short
account of this construction; for a more detailed discussion
see [16–19] and [23].
Approaching the glass transition, the equilibrium

dynamics of the liquid happens on two well-separated
time scales [1,2]. On a T-independent fast scale τvib
particles essentially vibrate in the cages formed by their
neighbors. On the slow α-relaxation scale ταðTÞ, which
increases fast approaching the glass transition, cooperative
processes change the structure of the material. When
ταðTÞ ≫ τvib, the system vibrates for a long time around
a locally stable configuration of the particles (a glass), and
then on a time scale ταðTÞ transforms in another equivalent
glass. Hence, ταðTÞ is the lifetime of metastable glasses.
The liquid reaches equilibrium if enough different glass
states are visited; hence, the experimental time scale (e.g.,
the cooling rate) should be τexp ≫ ταðTÞ. For given τexp, the
glass transition temperature Tg is therefore defined by
τexp ¼ ταðTgÞ [1,2]. For T < Tg the system is confined into
a given glass with lifetime ταðTÞ ≫ τexp, which can thus be
considered an infinitely long-lived metastable state.
Although the system is strictly speaking out of equilibrium
in this regime, the slow relaxation is effectively frozen and

the material is confined in a thermodynamic equilibrium
state restricted to a given glass. In fact, if cooling stops at
some T < Tg, thermodynamic quantities quickly reach
time-independent values, that satisfy equilibrium thermo-
dynamic relations. Still, the “thermodynamic” state
depends on preparation history, and most crucially on
the temperature Tg at which the liquid fell out of
equilibrium. Note that aging effects can be neglected
here because they happen, for T < Tg, on time
scales τaging ≫ ταðTgÞ∼τexp.
This identification between out of equilibrium states and

long-lived metastable states, i.e., between dynamics and
thermodynamics, is the core of the state following con-
struction, and allows one to describe the thermodynamic
properties of glasses prepared by slow cooling through a
thermodynamics formalism [16–19]. Let us now briefly
review this formalism. Consider N interacting classical
particles, described by coordinates X ¼ fxigi¼1;…;N and
potential energy VðXÞ. During a cooling process with time
scale τexp, the system remains equilibrated provided
T ≥Tg. Define R¼ frig the last configuration visited
by the material before falling out of equilibrium; its
probability distribution is the equilibrium one at Tg,
PðRÞ ¼ exp½−VðRÞ=Tg%=ZðTgÞ (here kB ¼ 1). For
T < Tg, the lifetime of glasses becomes effectively infinite
[36]: the material visits configurations X confined in the
glass selected by R. This constraint is implemented
[16,17] by imposing that the mean square displacement
between X and R, ΔðX;RÞ ¼ ðd=NÞ

PN
i¼1ðxi −riÞ2, be

smaller than a prescribed value Δr. The evolution of this
glass is followed by changing its temperature T or applying
some perturbation γ that changes the potential to Vγ . The
free energy of the glass selected by R is, therefore,
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FIG. 1 (color online). Following glasses in (de)compression.
Inverse reduced pressure d=p is plotted versus packing fraction
φ̂ ¼ 2dφ=d. Both quantities are scaled to have a finite limit for
d → ∞. The liquid EOS is d=p ¼ 2=φ̂. The dynamical transition
φ̂d is marked by a black dot. For φ̂g > φ̂d, the liquid is a
collection of glasses. The glassy EOS are reported as full colored
lines that intersect the liquid EOS at φ̂g. Upon compression, a
glass prepared at φ̂g undergoes a Gardner transition at φ̂Gðφ̂gÞ
(full symbols and long-dashed black line). Beyond φ̂G our
computation is not correct: glass EOS are reported as dashed
lines. For low φ̂g they end at an unphysical spinodal point (open
symbol). Upon decompression, the glass pressure falls below the
liquid one, until it reaches a minimum, and then grows again until
a physical spinodal point at which the glass melts into the liquid.
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Rainone-Urbani (2015), Biroli-Urbani (2017), Urbani-Zamponi (2017)
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liquid density functional theory + replica method
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Replicated simple liquids in

��F (�̂, {�a})/N = 1� log � + d log m + d
2 (m� 1) log(2�eD2/d2) + d

2 log det(�̂m,m)

� d
2 ��

�
d��
2�
F

�
�ab + �2

2 (�a � �b)2
�

Replicated Mayer function

f{�a}(x, y) = �1 +
m�

a=1

e��v(|S(�a)(xa�ya)|) S(�)µ� = �µ� + ���,1�µ,2

��F ({�a}) =
�

dx�(x)[1� log �(x)] +
1
2

�
dxdy�(x)�(y)f{�a}(x, y)

“Shear on replicated liquid” : HY and F. Zamponi,  (2014).
ua

�1 �2
...

d ! 1
Kurchan-Parisi-Zamponi (2012),  Kurchan-Parisi-Urbani-Zampoi (2013)
Charbonneau-Kurchan-Parisi-Urbani-Zamponi (2014)



1 step RSB

��EA � ��d � C(��� ��d)1/2

��µab = ��µEA

�
�ab �

1
m

�

�µ̂EA = ���1
EA

1/��d
1/��

µ̂EA

in agreement with MCT

G. Szamel and E. Flenner, PRL 107, 105505 (2011).

W. Gotze, Complex dynamics of glass-forming liquids: A 
mode-coupling theory, 
vol. 143 (Oxford University Press, USA,2009).

0

��d < �� < ��Gardner

HY and F. Zamponi,  Phys. Rev. E 90, 022302 (2014).



1+continuous RSB ��Gardner < �� < ��GCP

b' ! b'�
GCP p / 1/m ! 1

�(y) / �1y�(�1)  = 1.41575

E DeGiuli; E Lerner; C Brito; M Wyart, PNAS 111.48 (2014) 17054.
consistent with scaling argument + effective medium computation

HY and F. Zamponi,  Phys. Rev. E 90, 022302 (2014).

�µEA = 1/�EA / m� / p

�

“rigidity of inherent structures”

�bµ(1) = 1

m�(1)
/ p

“rigidity of metabasins”



3D hard-sphere glass : MD simulation

Y. Jin and HY, Nature Communications 8, 14935 (2017).

Y. Jin, P. Urbani, F. Zamponi and  HY, arXiv: 1803.04597.

Y. Jin and  HY,  in preparation
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A more complete phase diagram under compression and decompression — Gardner transition

Gardner line

(I) normal (stable) phase simple basin 

(II) Gardner (marginally stable) phase

complex basin 

Consequence of Gardner transition on vibrational dynamics

Berthier, Charbonneau, Jin, Parisi, Seoane, Zamponi, PNAS (2016)

caging in normal glass phase
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�
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Experiment: 
Experimental evidence of the Gardner phase in a granular glass, Seguin & Dauchot, PRL (2016). 
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Consequence of Gardner transition on shear modulus — protocol dependence  

Spin glass experiment:
ZFC: zero field cooling 
FC: field cooling

Tg

Nagata and Keeson, PRB (1978)

Hard sphere simulations: Gardner phase:

� ⇠ dF
d� µ ⇠ d�

d� ⇠ d2F
d�2

µZFC µFC
ZFC: zero field compression
FC: field compression

The Gardner transition is akin to the 
spin glass transition.

metabasin

basins

relaxation



図1　模式的なエネルギー地形：
「水は方円の器に従う」と言うように、液体は容器の形、シア ひずみを変えても逆ら
わない。エネルギー地形はひずみに対して全く平坦である。この液体を圧縮すると結晶
ができ、また急圧縮するとガラスが出来る。どちらもシアを掛けるとエネルギーが増大
し、押し戻そうとする復元力が発生する。つまりどちらも「硬さ」をもつ固体である。
理論上は、このガラスをさらに高密度まで圧縮し、「ガードナー転移」が起こると、エ
ネルギーの谷が分裂し、複雑な多谷構造が出現する。本研究では、もしこれが実際に起
こるならば、シアに対する応答、復元力に反映されるはずであるとの仮説に基づき、シ
ミュレーションを行った。

※4

the emergence of subbasins in the Gardner phase28,34 implies
that even though the usual relaxation (a-relaxation) is frozen, an
additional slow dynamics may appear. This aspect is explored
below.

Ageing and slow dynamics. We next show that in the Gardner
phase, the relaxation of shear stress becomes complicated,
accompanied by ageing and a slow dynamics. Due to the
similarity between the Gardner transition and the spin glass
transition, here it is very useful to first recall what happens in
spin glasses that are essentially disordered and highly frustrated
magnets43,44. The mean-field spin glass theory has suggested
complex free-energy landscapes of spin glasses manifested as
continuous replica symmetry breaking45, much as what happens
in the Gardner phase of hard sphere glasses27,28. Remarkably, this
feature is predicted to have a reflection in the dynamics, resulting
in nontrivial dynamical responses to external magnetic field,
and ageing effects in the relaxation of magnetization46–48.
In experiments, the simplest approach to examine the
intriguing features of the dynamics is a combination of the
so-called zero-field cooling (zfc) and field cooling (fc) protocols.
In the zfc protocol, one cools a spin glass sample from a high

temperature in the paramagnetic phase down to a target
temperature T, where a magnetic field h is switched on and
one measures the increase of the magnetization. In the
fc protocol, one first switches on the magnetic field h, and
then subsequently cools the system down to the target
temperature T and measures the remanent magnetization. The
key point is that, in the two protocols, the order of cooling and
switching on of the magnetic field is reversed. In such
experiments49,50, the magnetizations observed in the zfc/fc
protocols are the same if the working temperature T is higher
than the spin glass transition temperature, while the
fc magnetization becomes larger than the zfc magnetization
if T is lower than the spin glass transition temperature.
The anomaly, that is, the difference between the zfc and
fc magnetizations, is naturally explained by the mean-field
theory45. Furthermore, examinations of the ageing effects
by these protocols give detailed information about the complex
free-energy landscape32,33,46–48.

It has been pointed out theoretically that the shear on
structural glasses plays a very similar role as the magnetic field
on spin glasses9,51, and that the relaxation of the shear stress
should also reflect the complex free-energy landscape encoded by
the continuous replica symmetry breaking solution in the
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Figure 2 | Relaxation of shear stress. Relaxations of the rescaled ZFC shear stress ~sZFC¼sZFC=p (filled symbols) and the rescaled FC shear stress
~sFC¼sFC=p (open symbols) show different behaviours at (a) j¼0.670 and (b) j¼0.688, corresponding to the pink plus and cross in Fig. 1, respectively
(the Gardner transition density jG¼0.684(1) (ref. 34)). We show results for several different waiting time tw, under an instantaneous increment of
shear strain g¼ 10" 3. Data are averaged over many realizations of compressed glasses obtained from a single equilibrated sample at jg¼0.643 with
N¼ 1,000 particles. Here the rescaled remanent stress ~s0 is measured in the ZFC protocol at j, after the longest waiting time tw¼ 1,000 and before the
shear strain is applied. The difference ~sZFC t; twð Þ" ~sFC t; twð Þ quickly vanishes and does not show significant tw dependence at (c) j¼0.670, while it
decays much slower and shows a strong tw-dependent ageing effect at (d) j¼0.688. Note that by definition, ~sFCðtÞ is a one variable function, but we plot
it here as ~sFC t; twð Þ to compare it with ~sZFC t; twð Þ. The pressure p is independent of time and protocol, in both cases (see Supplementary Fig. 11). The error
bars denote the s.e.m.
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that even though the usual relaxation (a-relaxation) is frozen, an
additional slow dynamics may appear. This aspect is explored
below.

Ageing and slow dynamics. We next show that in the Gardner
phase, the relaxation of shear stress becomes complicated,
accompanied by ageing and a slow dynamics. Due to the
similarity between the Gardner transition and the spin glass
transition, here it is very useful to first recall what happens in
spin glasses that are essentially disordered and highly frustrated
magnets43,44. The mean-field spin glass theory has suggested
complex free-energy landscapes of spin glasses manifested as
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feature is predicted to have a reflection in the dynamics, resulting
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intriguing features of the dynamics is a combination of the
so-called zero-field cooling (zfc) and field cooling (fc) protocols.
In the zfc protocol, one cools a spin glass sample from a high

temperature in the paramagnetic phase down to a target
temperature T, where a magnetic field h is switched on and
one measures the increase of the magnetization. In the
fc protocol, one first switches on the magnetic field h, and
then subsequently cools the system down to the target
temperature T and measures the remanent magnetization. The
key point is that, in the two protocols, the order of cooling and
switching on of the magnetic field is reversed. In such
experiments49,50, the magnetizations observed in the zfc/fc
protocols are the same if the working temperature T is higher
than the spin glass transition temperature, while the
fc magnetization becomes larger than the zfc magnetization
if T is lower than the spin glass transition temperature.
The anomaly, that is, the difference between the zfc and
fc magnetizations, is naturally explained by the mean-field
theory45. Furthermore, examinations of the ageing effects
by these protocols give detailed information about the complex
free-energy landscape32,33,46–48.

It has been pointed out theoretically that the shear on
structural glasses plays a very similar role as the magnetic field
on spin glasses9,51, and that the relaxation of the shear stress
should also reflect the complex free-energy landscape encoded by
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Figure 2 | Relaxation of shear stress. Relaxations of the rescaled ZFC shear stress ~sZFC¼sZFC=p (filled symbols) and the rescaled FC shear stress
~sFC¼sFC=p (open symbols) show different behaviours at (a) j¼0.670 and (b) j¼0.688, corresponding to the pink plus and cross in Fig. 1, respectively
(the Gardner transition density jG¼0.684(1) (ref. 34)). We show results for several different waiting time tw, under an instantaneous increment of
shear strain g¼ 10" 3. Data are averaged over many realizations of compressed glasses obtained from a single equilibrated sample at jg¼0.643 with
N¼ 1,000 particles. Here the rescaled remanent stress ~s0 is measured in the ZFC protocol at j, after the longest waiting time tw¼ 1,000 and before the
shear strain is applied. The difference ~sZFC t; twð Þ" ~sFC t; twð Þ quickly vanishes and does not show significant tw dependence at (c) j¼0.670, while it
decays much slower and shows a strong tw-dependent ageing effect at (d) j¼0.688. Note that by definition, ~sFCðtÞ is a one variable function, but we plot
it here as ~sFC t; twð Þ to compare it with ~sZFC t; twð Þ. The pressure p is independent of time and protocol, in both cases (see Supplementary Fig. 11). The error
bars denote the s.e.m.
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µ/p

R. Zargar, E. DeGiuli and D. Born, EPL 116.6, 68004 (2017) µ ⇠ p1.3

marginally stable glassstable glass

T. G. Mason, Martin-D Lacasse, Gary Grest, Dov Levine, J Bibette, D Weitz, Physical Review E 56, 3150 (1997) µ ⇠ p
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FIG. 2. Stability-reversibility map. (A) Stability-reversibility map of the HS glass annealed up to 'g = 0.655, obtained by
the constant pressure-shear (CP-S) protocol (see Materials and Methods for the definition). The horizontal axis is the volume
strain ✏ and the vertical axis is the shear strain �. The origin (0, 0) marked by the green square represents the initial glass
without deformations. The glass remains stable only inside a region bounded by the yielding line �Y('g; ✏) (brown diamonds)
and the shear-jamming line �J('g; ✏) (blue triangles). The shear-yielding and the shear-jamming lines meet at the yielding-
jamming crossover point (gray pentagon) (✏c, �c) = (�0.020(4), 0.16(1)) (corresponding to 'c = 0.669(3)). The Gardner line
�G('g; ✏, �) (red circles) separates the marginally stable glass phase (blue area) from the stable glass phase (yellow area).
Under decompression, i.e., increasing ✏ with � = 0 the glass becomes fully liquified at the melting point (pink cross). In the
plot, the stable, marginally stable and unstable regimes correspond to reversible, partially irreversible and irreversible regimes
respectively. The black arrows at the bottom indicate the volume strains used in Fig. 1 (the two arrows on the left of the
green square at ✏ = �0.0069 and ✏ = �0.029, which are above and below ✏c respectively) and Fig. S1 (the arrow on the right
at ✏ = 0.057). (B) Snapshot shows the particles involved in a typical plastic event in the marginally stable glass phase. (C)
Snapshot shows the planar fracture structure that appears during yielding. The colors in (B-C) represent the relative single
particle displacement �ir =

p
�i

r; warmer colors indicate higher values.

This implies that in a macroscopic system, any small but finite increment of strain would cause a non-zero number of226

mesoscopic plastic events [11]. Moreover, time-dependent aging e↵ects associated to such plastic events were observed227

in stress relaxations [24]. Therefore, in macroscopic systems at large enough time scales the plasticity would be228

averaged out, and one would observe just a renormalized “elastic” response. The bare elastic response can only be229

seen within the piece-wise linear mesoscopic response for �� < ��trigger(N). This means that two di↵erent shear moduli230

can be defined: the bare one µbare = limN!1 lim��!0 ��('g; ✏, �; N)/�� that takes into account the piecewise elastic231

behavior between two subsequent avalanches, and the macroscopic one µmacro = lim��!0 limN!1 ��('g; ✏, �; N)/��,232

which represent the average behavior and is smaller than the former [30, 34]. Therefore the small strain �� ! 0 limit233

and the thermodynamics limit do not commute in the marginal plastic phase (see Text S1 for a detailed discussion).234

Stability-reversibility map and glass equations of state235

These three di↵erent kinds of responses of the system to simple cyclic shear, listed above as (i)-(iii), can be236

summarized by the stability-reversibility map in the ✏�� plane as shown in Fig. 2. There we also show a typical plastic237

event in the marginal phase (Fig. 2B) and a yielding event (Fig. 2C), which clearly indicate two di↵erent mechanisms238

that can cause a failure of stability. As long as the glass remains stable or marginally stable, its macroscopic properties239

can be characterized by the G-EOS for the pressure p = pglass('g; ✏, �) and the shear stress � = �glass('g; ✏, �) as240

shown in Fig. 3A and B. The pressure p and the stress � are derivatives of the glass free-energy ��F ('g; ✏, �) with241

respect to ✏ and � respectively.242

Along the � = 0 line, the evolution of the system under volume strain ✏ will eventually lead the system either to243

jamming after su�cient compression ✏ < 0 or melting after su�cient decompression ✏ > 0. At jamming, particles244

form an isostatic rigid contact network such that no further compression can be applied. Decompressing the system245

reduces p, which eventually melts the system into a liquid state. The evolution of the pressure p follows the zero-shear246

strain G-EOS p = pglass('g; ✏, 0) both upon compression and decompression. Obviously � = �glass('g; ✏, 0) = 0.247

Applying a shear strain at any point on the � = 0 G-EOSs p = pglass('g; ✏, 0) and � = �glass('g; ✏, 0) allows us to248

(2) (1)

Stability-reversibility map

'g = 0.655
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3

✏ = �0.0069
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FIG. 1. Reversibility, partial irreversiblity and irreversiblity of the HS glass under simple shear. Here we display
typical behaviors of a glass sample obtained by annealing up to 'g = 0.655. (A) Single-realization stress-strain curve of a glass
at the fixed volume strain ✏ = �0.0069 (' = 0.66). The shear strain is reversed at � = 0.06 (green), 0.14 (red), and 0.2 (black).
The smooth and jerky regimes are separated by �G ⇠ 0.09. The yielding strain �Y ⇠ 0.144 is also indicated. (B) Corresponding
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The smooth and jerky regimes are separated by �G ⇠ 0.09. The yielding strain �Y ⇠ 0.144 is also indicated. (B) Corresponding
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D-inset, five di↵erent realizations for the same sample are plotted, showing that plastic avalanches only occurs above �G. See
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up to the yielding. The three cases (✏ = �0.0069,�0.029, 0.057) are indicated by black arrows in the stability-reversibility
map Fig. 2.
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FIG. S2. Multi-cycle stress-strain curves. Single-realization stress-strain curves of a single sample over four cycles of

constant volume shear at ✏ = �0.0069, or ' = 0.66 (compressed from 'g = 0.655). The shear strain is reversed at (A)

� = ±0.06, (C) � = ±0.11, and (E) � = ±0.17. The cycle numbers (1, 2, 3, 4) and the shear directions (+ or �) are indicated.

In (C), the data for 0.02  �  0.11 are magnified in the inset to show better the plastic events. The corresponding data of
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Glass equation of sates
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shear (CV-S), and constant shear strain-compression/decompression (CS-C/D) protocols. (A-C) G-EOSs
obtained by the CP-S protocol for the 'g = 0.655 system. The solid thin lines are isobaric lines for p =
14.5, 15.0, 15.8, 16.5, 17, 18, 19, 21, 27, 40, 65, 160, 1000 (from right to left in A. The same colors are used for B and C.) The yield-
ing line (filled brown diamonds) for the CP-S protocol are determined from the peak positions of the stress susceptibility-strain
(����) curves shown in (C). (D-F) G-EOSs obtained by the CV-S protocol. The solid thin lines are isochoric (constant-') lines
for ' = 0.558, 0.562, 0.568, 0.574, 0.579, 0.586, 0.595, 0.607, 0.616, 0.635, 0.655, 0.667, where the system exhibits yielding (from
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For small �, the two peaks are indistinguishable. The data suggest that the signature of melting only appears in the pressure

susceptibility, but not in the stress susceptibility.
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Properties of shear-jammed packings
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Yielding
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FIG. 3. First order phase transition at yielding. (a) The stress � and the overall susceptibility �� = N
�
h�2i � h�i2

�

as functions of �, for di↵erent N . The peak position of ��(�) gives �Y. (b) The probability distribution P (�) for N = 1000.

The data are obtained from Ns = 100 samples, and Nr = 1000 realizations for each sample (i.e., 100,000 realizations in total).

For this system, the first-order transition point �Y ⇡ 0.117, and the spinodal point �S ⇡ 0.132. (c) Finite-size scaling of the

susceptibility, where the exponents a = 1.08 and b = 0.5. The solid line is the best fitting according to the scaling form of

susceptibility in a first-order phase transition [1] ��/N
a
= d1(e
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, where x = (� � �Y)N

b
and d1, d2, and d3 are

fitting parameters.
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For this system, the first-order transition point �Y ⇡ 0.117, and the spinodal point �S ⇡ 0.132. (c) Finite-size scaling of the

susceptibility, where the exponents a = 1.08 and b = 0.5. The solid line is the best fitting according to the scaling form of

susceptibility in a first-order phase transition [1] ��/N
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�� = N [h�2i � h�i2]

path-to-path fluctuation 

of stress
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Stability-Reversibility map: comparison with  theory
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+ A. Altieri, Y. Jin, H. Yoshino

+ See talk by H. 
Yoshino!

Shear-Jamming vs Shear-Yielding

Elastic regime

Gardner (plastic) regime

Jamming

Yielding

Gardner

Large-d theory (1RSB level)

Urbani,Zamponi, Phys. Rev. Lett 118(3),038001 (2017)
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Conclusions

3D hard-sphere glass under shear/(de)compression

Swap + MD simulation

1. “Gardner phase”: emergence of internal relaxation 
process deep inside the glass phase

2. Stability-reversibility map & glass-EOS

3. Shear-jamming : isostatic, universal criticality

4.  Yielding:  discontinuous


