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Main messaqes

1. The universal Whitham hierarchy (of genus zero) is a master
system of many dispersionless integrable hierarchies
(dispersionless KP, dispersioness Toda, etc).

2. It admits several different expressions: Lax equations,
Hamilton-Jacobi equations, Hirota equations, etc.

3. It may be thought of as a dispersionless or quasi-classical

limit of the multi-component KP hierarchy formulated in a
scalar form.
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Spacetime variables
t = (to,tl, e .,tN), to = (ton)zozl, ta = (tom>$bo:0 (Oz = 1, .o ,N)

to1 A@Spatizﬂ variable of dKP hierarchy)  JkP = dispersionless KP
tao ~ s (spatial variable of dToda hierarchy) dTodo = dasp evsionless Todoo
UW hierarchy contains N + 1 copies of dKP hierarchy and N
copies of dToda hierarchy.
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Lax equations
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and given by the singular part of Laurent expansion of zo(p)™ and
2o(p)™ (including the constant term for the former):
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Let b= il

p==01= P+ b (et pesdy=dn, Pes ™)

Then . )
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Ideatidy
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Extended Lax formalisw

Zakharov—Shabat equations

a,Bn 2um (P) — Oam Q,Bn(p) + {Oam (p), Q,Bn(p)} = 0.
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w =dzg(p) ANd¢g(p), =01, N
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S- function and Hamilan - Jacobi eqs
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F- function and Hivota e%s
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How these Stuff are refloted +o
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“Charged” N 4+ 1-component KP hierarchy

e N + 1 sets of continuous variables tg = (tg1,t02,...), t1 =

(t117t127---)1 tN = (tvatN27"')

e N discrete variables sq1,...,sy € Z, auxiliary variable sg =
—S1 — ... — SN

e s = (sp,51,--.-,8N) iS the charge vector (total charge = 0)

of a state in the Fock space of N + 1-component charged
fermions v, ¢%;, 0 <a < N, j€Z (DJKM 81, Kac & van de

aj’
Leur 93):
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e Scalar-valued wave functions (= matrix elements in the 1st
row of a matrix-valued wave function)

7(s,t) ’

—Dﬁ(z) _ t)
_ - s5—1 £(tg,2) € 7(s + eg — eg,
Wis(z) = €g(s)z e (5D :

where e = (...,0,1,0,...) (1 in the a-th component),

1<B<N,
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e Auxiliary linear equations for scalar wave functions

(1)  0onWs(2) = Bon(9o1)Wg(2),

(2) aanwﬂ(z) — Ban(aal)wﬁ(z>7

(3) 9o1V5(2) = (e7%0 4 ga)W4(2),

(4)  9a1Vg(2) = rae0wg(z2),

(5) ((Bo1 — qa)Oa1 —Ta)Wg(2) =0, 1<a<N,0<B<N,

where e%0 stand for the shift operators ¢9/95a in s,

et0a0f(s) = f(sTeptea) = f(soF1L,....,sa+1,...).
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