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1. The universal Whitham hierarchy (of genus zero) is a master 
system of many dispersionless integrable hierarchies 
(dispersionless KP, dispersioness Toda, etc). 

2.  It admits several different expressions: Lax equations, 
Hamilton-Jacobi equations, Hirota equations, etc.

3.  It may be thought of as a dispersionless or quasi-classical 
limit of the multi-component KP hierarchy formulated in a 
scalar form. 
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Main messages



Universal Whitham hierarchy (of genusof



3

Moj , Uc; and 9s are

dynamical variables.
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& dkP = dispersionless KP
dToda = dispersionless Toda

P , x

(Poisson bracket)

I

GanEBCP)
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dKP and dToda as particular cases

· dKP(N=0) (exeptional case)
Zolp

2 = p+ un+ p
- n

(px+ Gx)

(7 , 6)= (Poisson bracket) <p , sch = 1

Ex
= p"bumph-m Be = P

Ano
2 = E , n

= In (N= 1) (nog's) t = tol = e
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· dToda (N = 1) Spational (latticel word. S

(P
,

S1 = p (p(es)

Ba = 12" (0 = Ph+ bumpm Glogp, Sh = 1

=En = (2-10ampm-n
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Let

p = B1 = P + b (cf- p(+ +t = (x , Ps+ ebs)

Then
1 = p - b , t = p + pi+ Sp

- -
+...

↳
-
F p1b , += ++ --

Identify

z(p) = 2(P) , z<p) = ECP)" , 91 = b

ton(p) = Bu(p) , Min(p)= (P)
,

-10(p) = log1 = log (p - b) , S = +10
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Remark 5
,
3 + [ ,

]
Ex - p
S

· KP Ein = [BK, L] , L = bx + d

·

toda Be a
C-472s

L = ets + E Up .

e I e-
easf(s) = f(s

·

n = 1
I

ets- P
,
bs + logp
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Extended Lax formalism

#
W1w = 0 for
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By Darbonx's theorem , w can be expressed as

B = 0
,
1
,

%

,
N

It's are dispensionless analogues of the Orlov-Shulman

operators. Ess and 3p's satify the extended Laxegs :
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S-function and Hamilton-Jacobi egs

n21 fort= 0
,
n20 for X#0

F

=> d (Spip) dzpip)-Z]npdtyn) = 0

=> Spip)dzpip)-Z2npdtyn = dbg()

Substitute the inverse function P = Pp(z)

of z= zp(p) , and define Sp(z) = Sp(p(z) ·
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Then

hence

EnSp(z) = Eyn(Pp(z) , d = 0 , 1 ,
r

,N .

Moreover
,
sinceRo, (p) = p , 1 < =0 , n=
Pp(z) = Go1Sg(z) .
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Consequently, we have the Hamilton-Jucobiegs

&InSp(z) = Man(woes (21) , X
, B= 0. 1, ---,N

Remark

too--to

3 (PB(z)) = -zSp(z)
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F-function and Hirota egs

F function F = F Itoal) is defined to be a potential
function

In a generating functional form,
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where
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↑ satisfies the dispersionlessHirota equations

where
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How these stuff are related to

multi-component KP hierarchy ?
· T = exp(t-2F + 0(h+))

A IB
= exp(t+ Sp(z))(1 +0()

in an -dependent formulation of the (1 +N)-

component KP hierarchy.
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Quasi-classical approximation
IhSo

D Can+ hbar
,
ettgo -e

· 2 dnE(z) = Bantbol ple
↓B(z)NetSplat
-> tanSp(z) =him Ban (boSp1z

= &n (201 Sp(71)
Hamilton-Jacobi equation !
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· Joe Sp(z) = PB(z)

· 5801E(z) = (etEno+ 92) Eplz
-> 2015(7) = eGcoSpla + 9d
-> 220Sp(z) = log (201S(4-92) = Eg(Pp(z)

· (1800- 11/2a1-rc)tp1z) = 0 (ID Schrdinger eg)

->8415p(z) =-ra =(Pl
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Remark

((801 - 9a)ta - ralE(z) = 0

-> 8 E(z) = (201 - 92)
*

raEz)

-> UxnE(z) = (diff . op . in +x1)E(z)

= (pseudo-diff.op .

in tool EzI


