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Abstract:
The lattice Gelfand-Dickey hierarchy is a lattice analogue of
the Gelfand-Dickey (aka generalized KdV) hierarchy.  This
integrable hierarchy has an extension by an infinite number of
logarithmic flows.  These flows are motivated by a possible
relation with a kind of Frobenius manifolds and cohomological
field theories.  The construction of the extended system
resembles the extended 1D and bigraded Toda hierarchy, but
exhibits several novel features as well.  Moreover, this system
can be deformed to a generalization of the intermediate long wave
hierarchy .  This seems to explain an origin of the mysterious
logarithmic flows.  This talk is based on arXiv:2203.06621 and
arXiv:2211.11353.
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Gelfand-Dickey (GD) hierarchy

KP hierarchy = /BR
,
L]
,
k = 1

,

2
, Ex=

L = Ex + Nat +Ust ..., Br = (L420 (non-neg%2)

↓ reduction condition 2 = V = C+b ... +by

GDhierarchy = /BR
,
2] , G = 0

e
.g. N = 2 : KdV
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Lattice analogues
& lattice KP hierarchy Cata discrete #P , modified (P, etc)

En = (BR ,L], k = 1 ,2, .. ↑ f(s) = f(s+ 1)

↳ = 1 + n
,
+ 4
,
+ + ..., 1 = eb eths

Br = ((430 = 14+ bazXk-+.. + bak

(non-neg,fX)
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· lattice GD hierarchy
reduction condition

2 = 1 = XN + b , N
+
+ - .. + bn( = Bv)

= [BR
,
[]
, Br = (2k//20 ,

= [Bun
,
2] = [ 24, 2) = 0

2
.g .
N= 2

,

z = 12+ b , 1+ be - lattiaKdV(
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Remarks
G br

· by is constant : th
= O for all k.

· The ordinary KP and GD are hidden behind :

24

v = B ,
E = (x + bit + 1 =(+ - b)4

elliminate s

-
th
= (1+brin+ bar Lu
= (b + <28th+.. -+ [h)E 3 GD

NE = LE = (Gy ++ -..-C) I
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· h-dependent formulation Es-hds
, Etp- with

· Frenkel's 9-difference GD hierarchy (1996)

T 9
sta
_
Clogge (9-shift operator

2 = +N + b ,+*
+
+... + by Tf(x)=f(qx)

T 1 = etits with 9 = et , log= -



Z
Extension by logarithmic flows
Let t , ,

-.. be new time variables and

consider Lax equations of the form

Z↳ [((blog L o 1 2] , k = 1
,
2, ..

xxp
=

But what (LkW log 1)zo means ? (Blog L is NOT
a genuine difference operator·
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Use dressing operator W

= WNWt , W = 1+ -

logt = W . Gs . WY (1 = ets)

= Es - W[ts , W
+]

= Is-W

.. LklogL = yeas-chW&
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Let us interprete its (10-part as

(Lklogh o
= 240s - (20·

After all , this turns out to
be a correct

interpretation. Thus we re-define
theLaxegs

of the logarithmic flows as :

&
= [IRGs + Pr , 2] ,

JSCR

Pr=-(20
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Remarks

·The egs of motion for
the last term by of 2

2bN
read

sta
= 0

, ↳b-

· Buryck and Rossi Carxiv : 1806 . 09825) proposed

the N= 2 (lattice KdV) case as an integrable

structure of an exotic cohomological field theory



If

and considered an extension of the lattice

kdV hierarchy (without a Lax form of the
extended flows) . Our logarithmic flows
seem to match their proposal . At least

the egs of motion of by agree with theirs.

· Recent work of Lin-Ru-Wany-Zhang /arxiv :

2402 . 00373) seems to study a similar issue.



12

·

Introducing yet another independent variabley
and replacing IR2s and by

262y and ,
we obtain a 12 + 11D or

toroidal-algebraic extension :

↑

Ch = [Br , 2),

k = [LEgy + PK, 2],
Pr = -(2kW)
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Bilinear egs fore-function
· ext . lattice GD hierarchy : T = +(S,#,DD

G zmN+
(s- S)

+
3CH'-#

,
z)
+ (s)- 3 ( , zN) , H- (z+] , x)+4)

X+(s - 3(B , zY) , H + Sz , x+B)d = 0
2

for m, sl-setzo , where

3 (t
,
2) = tre , Cel = (z ....
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· 12+ 17Dlatice ED hierarchy : e = < (S, Y ,t . CC)
M

G zmN+
(s- s)

+
3CH'-#

,
z)
+(s
, y
- 3 ( , zN) , H- (z+] , x +4)

xT (s
, y - 3 (B , zY) ,

H + Sz
,
x +p) = 0

·C + 1) DGD hierarchy T = T(y ,+ ,
()

JzmNe3Ch'-# , z) + /y - 3( , zN) , H- (zt] , x+4)
x (y - 3(B , zY) , H + Sz , (+p) = 0



Generalized[LW hierarchy
15

(ILW = Intermediate Long Wave)

is the lattice KP hierarchy under the

reduction condition

(*- vlog() = 0

Where U is a non-zero parameter.
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Reduced Lax operator

2 = N+ b ,
N-+ -. . + bx - Vis

N= 1 : ILW2g & hierarchy
(Ablowitz-Kodama-Satsuma, Cheng-Lee,

Degasperis-Lebedev-Olshanetsky - Pakuliak,

Tntiya-Satsuma , Shiraishi-Tutiya)
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v-> O limit

· As V +0 , the constraint reduces to

(L * < 0
= 0

hence the gen .
1LW hierarchy reduces

to the lattice GD hierarchy. Actually,
this limit is not so naive.
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· The kN-th flows become trivial

( E = [LE, LT = 0) in the naive
limit

.

However
, they turn into the logarimic flows

in the scaling limit by setting

and letting v-> 0.



19

Remarks

· The structure of the gen . ILW hierarchy
resembles the equivariant Toda hierarchy,

The parameter v plays the role of equivariant
parameter of the equivariant cohomology

of CP1(Getzler , Okounkor - Pandharipade) .
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& equivariant (bigraded) Toda hierarchy

vep scaling limit

extended (bigraded) Toda hierarchy
for non-equivariant Gromov-Witten

theory of 12-point orbifold of) CP" .


