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On a proof of soliton solutions by the ultradiscrete Pliicker relation
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1 Introduction

We suggest a new proof of soliton solution to the ultradiscrete 2D Toda and the
ultradiscrete KP equations by using the ultradiscrete Plicker relation.
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1-1 Ultradiscretizing

Ultradiscrete soliton equations are obtained by ultradiscretizing discrete soliton
equations.

Ex.) The discrete KdV equation(bilinear form)
FMU R = (1= 0)Fo F + 6F L F

7

(R. Hirota, J. Phys. Soc. Jpn. 43 (1977))
Transforming F* = efi' /¢, § = e~'/¢, and using key formula

. ale b/ey __
51_1>I£r10510g(e + e’/°) = max(a, b),

we obtain the ultradiscrete KdV(uKdV) equation.

At P = max(f + fF RS T =),

(S. Tsujimoto and R. Hirota, J. Phys. Soc. Jpn. 67 (1998))
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The solution to the ultradiscrete KdV

Ultradiscrete soliton solutions are also obtained by ultradiscretizing discrete
soliton solutions.

Ex.) NV soliton solution to the discrete KdV equation is expressed by
N
p;=0,1 j=1 1<j<j’§N
N soliton solution to the uKdV equation is expressed by

it = max (Z pisi(n,t) — Z ,uj,uj/ajj/)

j=1 1<j<j'<N

sj(n,i) = pjn — qji + ¢j,
1
qj = §(ij + 1| = |p; — 1)),

ajir = |pj +p;r| —|pj —pj|

In this talk, the above solution is called "perturbation form solution (E &)
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Determinant solution

On the other hand, discrete soliton equations have another expression of the
solution, determinant solution, which has revealed its algebraic structure.

Ex.) N soliton solution (determinant form) to the discrete KdV equation

m(n,i) mn+2,4) ... m(n+2(N—1),4)
an: . .

nn(n,t) nyv(n+2,4) ... nyn+2(N —1),17)
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Determinant solution

On the other hand, discrete soliton equations have another expression of the
solution, determinant solution, which has revealed its algebraic structure.

Ex.) N soliton solution (determinant form) to the discrete KdV equation

m(n,i) mn+2,4) ... m(n+2(N—1),4)
an: . .

nn(n,t) nyv(n+2,4) ... nyn+2(N —1),17)

— Determinant solution cannot be ultradiscretized by reason of
"negative problem".

. a/e _b/e __ 9
61_1>I5r10<€10g(e e’") =1
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Analogue

However, Takahashi and Hirota showed an analogue of determinant solution
on ultradiscrete system. It is called ultradiscrete permanent(UP) ( D Takahashi,
R Hirota, “Ultradiscrete Soliton Solution of Permanent Type", J. Phys. Soc.

Jpn. 76 (2007)).

Discrete soliton equation || — || Ultradiscrete soliton equation

Perturbation form solution| — Perturbation form solution

Determinant form solution UP form solution
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1-2 Ultradiscrete Permanent

The permanent of a matrix (A;;)1<: j<n is defined by signature-free
determinant,

perm[A,-j] = Z A17r1 AQﬂ-Q .. ANﬂ'N
Applying ultradiscretization for N = 2,

lim elog

(e(au+a22)/6_|_6(a12+a21)/6>
e——+0

=max (a11 + a22,a12 + a21).

Then, let us define "ultradiscrete permanent (UP)" by

max|a;;] = max (G1qy + @27y + -+ N7y ) -

Ty
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Example of UP for N = 2

For 2 x 2 matrix,

® Determinant

ail a2
det = 11022 — A12021
a1 az2
® Permanent
a1 a2
perm = a11a22 + a120a21
a1 a22
® UP
ail a2
max = max (a11 + a22,a12 + a21)
a1 a2
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UP form solution to the uKdV

The uKdV equation is expressed by
[ S = max(f + i S T ),

The UP form solution is expressed by

1s1(n,2)|  |si(n+2,7)] ... [si(n+2(N —1),7)]

f;" = = max

Jsw(n,d)| lsn(n+2,9)] ... |sy(n+2(N —1),0)

Here s; is the same as the perturbation form solution. (D. Takahashi, R.
Hirota, J. Phys. Soc. Jpn. 76 (2007))
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Other result

Some results other than uKdV are also obtained by UP form
® the ultradiscrete mKdV soliton solution

® the ultradiscrete Toda soliton solution(H. Nagai, J. Phys. Math: Gen. A 41
(2008))

® Backlund transformation between the generalized ultradiscrete soliton
solutions

Here, the generalized soliton solution, which includes that of uKdV, is defined

by
—|31(n,i)| si(n+ ki +10)] ... |31(n+k(N—1),7j—|-l(N—1))|_
i — %max _ ;
[[sn(n,i)] [snv(n+Eki+1)] ... [sn(n+k(N—1),i+I(N—1))]

sj(n, i) = pjn — gji +¢;.
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How to prove

These results are proved by the following procedure:

1. Transforming UP form solution into perturbation form solution by using a key
formula

o1 + (=N +Dy1| |z +(-N+3)w1| ... |z + (N =Dyl |
max

ey + (=N +1Dyn| |znv +(=N+3)yn| ... |zy+ (N —1yn|]
~ max zaw S |+ 5w

i =+ 1<i<j<N 1<i<j<N
where
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How to prove

These results are proved by the following procedure:

2. Substituting perturbation form solution into the soliton equation and simplify
the equation.

Ex.) In the case of uKdV
9(1) = max(g(0), g(—1) — 1),

where

1
o(e) = max (3 ojlop; —5a)— D oioymy).

I<j<N 1<j<j'<N

3. Evaluating the maximum term included in g(«).
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How to prove

The procedure of this proof is complicated and is done after transformations to
the perturbation form solution.

Discrete soliton equation || — || Ultradiscrete soliton equation

Perturbation form solution| — Perturbation form¥solution

Determinant form solution UP form s‘o ution
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1-3 Differences between UP and Det

Algebraic structure of UP is similar to that of determinant. For example,

discrete case

Cc X det[A1 As ... AN] = det[cAl Ao ... AN], (C : ConSt.)

where A; is N dimensional column vector.

ultradiscrete case

¢+ max[a1 az ... an| =max[c+ a1 a2 ... an]

where a; is N dimensional column vector.
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Differences between UP and Det

discrete case

det[A1 + B1 Az ... AN]
:det[Al As ... AN]—I—det[Bl Agz ... AN],

where B; is N dimensional column vector.
ultradiscrete case

max|max(ai, b1) az ... an]

:max<max[a1 az ... an|, max[by az ... aN]>,
where b; is N dimensional column vector and max(a;, b;) denotes

max(alj , blj)

max(aj, bj) — maX(an’ sz)

maX(aNj, ij)
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Differences between UP and Det

However, such correspondence is not complete and there are many
counter examples.

For example,

discrete case

deﬂfl1f11443 c e flAdiz(l

ultradiscrete case

max|ai a1 as ... aN] # —x
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Differences between UP and Det

The Pllcker relation for n = 3 is expressed by

det:Al ce AN_2 Bl Bz X det:Al ce AN_z B3 B4
—det:Al ce AN_2 Bl B3 X det:Al ce. AN_z Bz B4

—|—det:A1 ... An_2 By B4 X det:Al ... An_2 B3 B4 = 0.

Especially, using the notation

—_— EAl AN_z,

the Pllcker relation for n = 3 is expressed by

det[— — B4 Bg] X det[— — B» B4]
:det[— — Bl Bz] X det[— — B3 B4] —+ det[— — Bl B4] X det[— — Bz B3]
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Differences between UP and Det

the Plicker relation for n = 3 is expressed by

det[— — Bl B3] X det[— — Bz B4]
:det[— — Bl Bz] X det[— — B3 B4] —+ det[— — Bl B4] X det[— — Bz B3]

In ultradiscrete case,
max[— T b1 b3] + max[— — bz b4]

= max(max[— — b1 b2] + max|— — bs ba], max|— — b1 ba| + max[— — b2 b3]>

does not always hold .
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Differences between UP and Det

the Plicker relation for n = 3 is expressed by

det[— — Bl B3] X det[— — Bz B4]
:det[— — Bl Bz] X det[— — B3 B4] —+ det[— — Bl B4] X det[— — Bz B3]

In ultradiscrete case,

max(max:— — by b2] + max|— — bs ba], max|— — by bs| + max[— — b2 b4:>
:max<max:— — b1 b2] + max|— — bg bs|, max[— — b1 ba] + max[— — b2 bg:)
:max<max:— — by bs] + max|— — bz ba], max|— — b1 ba| + max[— — b2 bg:)

holds instead (EH-HK, mfE K, HHAEELSS (2007)) .
In this talk, we call the above relation the ultradiscrete Plucker(uPlucker)
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Differences between UP and Det

If we provide some conditions of a; and b; satisfy

max|— — by bs| + max[— — bz bg] > max[— — by bz] + max|— — bz b4]

or max[— — by b3] -+ max[— — bs b4] > maX[— — by b4] —+ max[— — bs b3],

the uPlucker relation is reduced to
max[— — by b3] —+ maX[— — bs b4]

— Imax (max[— — b1 bg] + max[— — b3 b4], max[— — b1 b4] + max[— — bz b3]> .

We call the conditional uPliicker relation in this talk.
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Problem

These differences:
® UP which has the same column cannot be neglected
® The ultradiscrete Pllcker relation is an implicit form
have made it difficut to prove not via perturbation form solution.

Discrete soliton equation || — || Ultradiscrete soliton equation

Perturbation form solution| — Perturbation form¥solution

Determinant form solution UP form solution

B U 2o I — B A AW Y U b UROFERIZ SN T - p.17/41



2 Today’s topic

We suggest a new proof, which answer these problems, for N soliton solution
to the ultradiscrete 2D Toda(u-2D Toda) and ultradiscrete KP(uKP) equation
respectively. We show in the case of 3 soliton solution to u-2D Toda equation
for example in this talk.

2-1 The u-2D Toda equation

2-2 N soliton solution of UP form

2-3 Reduction to the conditional uPlucker relation
2-4 In the case of the uKP equation

2-5 Conjecture

Discrete soliton equation || — || Ultradiscrete soliton equation

Perturbation form solution| — Perturbation form¥solution

Determinant form solution UP form solution
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2-1 u-2D Toda equation

The discrete 2D Toda equation is expressed by

rdis (I,m — 1, n)TdiS (l+1,m,n)

= (1 —86e)r¥ (I, m,n)T¥ (1 +1,m — 1,n) + 67 (I,m — 1,n + 1)7¥* (1 +1,m,n — 1).

Here, blue text color denotes discrete system. ( Progress of Theoretical Physics
Supplement No. 94, (1988), Ryogo Hirota, Masaaki Ito and Fujio Kako ).

The u-2D Toda equation is obtained by ultradiscretizing.

7(l,m—1,n)+7(+1,m,n)
:maX<T(l,m,n)+T(l+1,m—1,n), T(l,m—1,n+1)+7(l+1,m,n—1)—5—5>
(6,e > 0)
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Discrete soliton solution

Determinant form soliton solution to the discrete 2D Toda equation is
expressed by

T4 (1, m,n) = det[¢p? (I, m,n + 7 — 1)]i<i j<3,

where ¢%*(1,m,n) is defined by

o3 (1, m,n) = ai(1 + or)' (1 + E)_m"“zn + Bi(1+ o)) (1 + E/)_mrin'

v )

dzs

Especially, satisfies the following relations.

YL+ 1,m,n) = P (1, m,n) + 63 (I, m,n + 1)
qbgiS(lvm —1,n) = ¢gis(l7man) + €¢;lzs<l7m,n —1).
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2-2 UP soliton solution

UP form soliton solution to the u-2D Toda equation is given by
7(l,m,n) = max[¢p;([,m,n + j — 1)]1<i <3,
(cf. 745(l,m,n) = det[{**(I,m,n +j — D]1<i,j<3)
where ¢;(l, m,n) is defined by
di(l,m,n) = max(maX(O, r; —0)l — max(0, —r; —e)m + rin + ¢,

max(0, —r; — §)l — max(0, r; —e)m — r;n + ci)

1

n
1

(cf. qb,?is(l,m,n) = a;(1+ 5ri)l(1 + i)_m?“;'n + Bi(1+ i)l(l +er;)” ™

r; r; Tr

(r} =1/r:))
Especially, ¢:(l, m,n) satisfies the following relations.

oi(l +1,m,n) = max(¢;(l,m,n), ¢;(I,m,n+ 1) —9)
¢l(l7m - 17”) — max(¢i(l7m7n)7 ¢i(l7m7n — 1) — 8)
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2-3 Reduction to the conditional uPICker relation

Outline of the proof on the ultradiscrete system is similar to that on discrete

system. We can change the shift on [ of m to that on n by the dispersion
relations.

Ex) 7(l+1,m,n)=F(..,7(l,m,n—1),7(l,m,n), 7(l,m,n+1),...)
7(l,m—-1,n)=G(....,7(l,m,n—1),7(l,m,n), 7(l,m,n+1),...)

We shall adopt a notation of the form

(b1(L,m,n)  di(l,m,n—+1) ¢i(l,m,n+2)
T(l7m7n> = max ¢2(Zaman) ¢2(l7m7n+1) ¢2(lam7n+2)
_¢3(Zam7n) ¢3(l7m7n+1) ¢3(l7man+2)_
= max|¢(0) ¢(1) ¢(2)]

= max|[0 1 2]

for simplicity.
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(Il 4+1,m,n)

In this notation, 7(I + 1, m,n) is reduced to

P11+ 1,mn) ¢i(l+1mn+1) ¢i(l+1,mn+2)]
7(l+ 1,m,n) =max |p2(l +1,m,n) ¢2(l+1,m,n+1) ¢2(l+1,m,n+ 2)
_¢3(l+1aman) ¢3(l+17m7n+1) ¢3(l+17m7n+2)

= max[max(¢(0), $(1) — ) max(p(1),P(2) — ) max(¢(2), p(3) — )],

by the dispersion relation,

¢1(l+1,m,n)
¢2(l + 1,m, n)
¢3(l + 1,m, n)

max(¢1(l,m,n), ¢p1(l,m,n + 1) —9)
max(¢2(lam7 n)a ¢2(lam7 n -+ 1) - 5)
max(¢3(lam7 n)a ¢3(lam7 n -+ 1) - 5)

= (max(¢(0), (1) —9)).

) 2 — BRRZ WY U b U ROFERIC DWW T - p.23/41



(Il 4+1,m,n)

Using UP’s property,

7(l 4+ 1,m,n)
max|[max(¢(0)
— max(max
max

— max(max

max

maxmax(ai, b1) az ... aN]

= max (max[a1 a2 ... an]|, max[b; az ... an])

is reduced into the maximum of two UPs.

, @(1) —0) max(¢(1),$(2) — 6) max(¢(2), $(3) — )]

$(0)  max(¢(1),$(2) - §) max(¢(2),$(3) - 9]
$(1) 6 max(¢(1), $(2) — 8) max(¢(2), $(3) - 9)])
$(0) max(¢(1), 4(2) — 8) max(¢(2), $(3) — 8)];

(1) max($(1), $(2) — ) max(4(2), $(3) — 8)]-0)
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(Il 4+1,m,n)

Recursively, (I + 1, m, n) is reduced into the maximum of eight UPs.

7L+ 1,m,n)
— max <max[0 12], max[112] — 6, max[02 2] — 4§, max[013] — 0,

max[1 2 2] — 26, max[1 1 3] — 26, max[0 2 3] — 2, max[1 2 3] — 35)

where

max[¢(0) (1) $(2)] = max[01 2].

Note UP’s property shows

max|xi 1 €3 ... TN] F —00.
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(Il 4+1,m,n)

7(l+ 1,m,n)
= max(maX[O 1 2], max[l 1 2] —§, max[0 2 2] — §, max[0 1 3] — 4,

max[1 2 2] — 26, max[1 1 3] — 25, max[0 2 3] — 26, max][1 2 3] — 35)

Proposition

The following inequality holds.
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(Il 4+1,m,n)

7(l+1,m,n)
= max(maX[O 1 2], max[l 1 2] — ¢, max[0 2 2] — §, max[0 1 3] — 4,

max|[1 2 2] — 26, max[1 1 3] — 20, max[0 2 3] — 2, max[1 2 3] — 35)

Proposition

The following inequality holds.

This proposition means UPs which have the same column can be ne-

glected.
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(Il 4+1,m,n)

Proof The definition of ¢; leads

Giy (1 +J) + Piy(n + J)
<max(¢i,(n+j—1)+di(n+j+1), piy(n+j+ 1)+ ¢i(n+j—1))

for1 < 11,12,7 < N.
Using this relation, fori; = 2,12 =3, =1,

$2(1) + ¢3(1) < max(d2(0) + ¢3(2), ¢2(2) + ¢3(0)),

which corresponds to the relation between gray elements.

$1(1) ¢1(1) ¢1(2 $1(0) #1(2) ¢1(2
max | ¢2(1) ¢2(1) ¢2(2) <max | ¢2(0) $2(2) ¢2(2)
¢3(1) ¢3(1) ¢3(2) $3(0) ¢3(2) ¢3(2)
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(Il 4+1,m,n)

Proof The definition of ¢; leads

Giy (1 +J) + Piy(n + J)
<max(¢i,(n+j—1)+di(n+j+1), piy(n+j+ 1)+ ¢i(n+j—1))

for 1 <11,12,7 < N.

Using this relation, fori; =1,i2 =3, =1,

$1(1) + ¢3(1) < max(#1(0) + ¢3(2), ¢1(2) + ¢3(0)),

which corresponds to the relation between gray elements.

$1(1) #1(1) ¢1(2) $1(0) ¢1(2) ¢1(2)
max | ¢2(1) ¢2(1) ¢2(2 <max | $2(0) $2(2) ¢2(2
¢3(1) ¢3(1) ¢3(2) $3(0) ¢3(2) ¢3(2)
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(Il 4+1,m,n)

Proof The definition of ¢; leads

Giy (1 +J) + Piy(n + J)
<max(¢i,(n+j—1)+di(n+j+1), piy(n+j+ 1)+ ¢i(n+j—1))

for 1 <11,12,7 < N.

Using this relation, fori; = 1,42 =2, 5 =1,

$1(1) + ¢2(1) < max(h1(0) + ¢2(2), ¢1(2) + ¢2(0)),

which corresponds to the relation between gray elements.

$1(1) #1(1) ¢1(2) $1(0) ¢1(2) ¢1(2)
max | ¢2(1) ¢2(1) ¢2(2) <max | ¢2(0) $2(2) ¢2(2)
¢3(1) ¢3(1) ¢3(2) $3(0) ¢3(2) ¢3(2)

) 2 — BRRZ WY U b U ROFERICOW T - p.27/41



Proof

The definition of ¢; leads

Giy (1 +J) + Piy(n + J)
<max(¢i,(n+j—1)+di(n+j+1), piy(n+j+ 1)+ ¢i(n+j—1))

for 1 <11,12,7 < N.

Using this relation,

Therefore,

max

P1(1) P1(1) ¢1(2)
P2(1) ¢2(1) ¢2(2)
$3(1) ¢3(1) ¢3(2)

=max[1 1 2] < max[0 2 2]

7(l+ 1,m,n)

$1(0) ¢1(2) ¢1(2)
< max $2(0) ¢2(2) ¢2(2)
¢3(0) ¢3(2) ¢3(2)
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(Il 4+1,m,n)

Similarly, we can prove

max([l 12] — 6 <max[022] —§ <max[013]—9

max|1 2 2] — 2§ < max|[113] —26 < max[02 3] —20 .

Hence,
7(l+1,m,n)
— max (max[o 12, max[1 12] — 8, max[022] — 6, max[013] -,

max[1 2 2] — 26, max[1 1 3] — 26, max[0 2 3] — 26, max[1 2 3] — 35).
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(Il 4+1,m,n)

Similarly, we can prove
max([l 12] — 6 <max[022] —§ <max[013]—9
max|1 2 2] — 2§ < max|[113] —26 < max[02 3] —20 .

Hence,
7(l+1,m,n)

:max<max[0 1 2], max[0 1 3] — §, max[0 2 3] — 24, max[1 2 3] — 35).

That is, UP that has the same column can be neglected for the definition

of ¢,(l, m, n)
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CT. Discrete system

In discrete system, the below reduction is obtained by elementary
transformation.

rdis (l+1,m,n)

pfE(1+1,m,n) P+, mon+1) P+ 1,mn+2)]
=det |¢9**(I+1,m,n) @55 +1,m,n+1) ¢§°(+1,m,n+2)
P91+ 1,m,m)  $F(+Lmn+1) ¢34+ 1,m,n+2)

= det[¢™**(0) +5¢M(1) ¢ (1) +60M(2) M (2) + 647 (3)]

= det[0 1 2] 4 5 det[0 1 3] 4 62 det[0 2 3] + 62 det[1 2 3]

7(l +1,m,n) = max|{max|[0 1 2], max[0 1 3] — 3§, max[0 2 3] — 25, max[1 23] —35).
<<,,)([],[],[],[1)>
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Other arguments

Other 7(I + a,m + b,n + ¢) are reduced similarly.

e7(l,m—1,n)

— max <max[o 1 2], max[—112] — &, max[—1 0 2] — 2¢, max[—1 0 1] — 35)

oe7(l+1,mn—1)

— max (max[—l 0 1], max[—1 0 2] — §, max[—1 1 2] — 26, max[0 1 2] — 35)

e7(l,m—1,n+1)

= max (max[l 2 3], max[0 2 3] — e, max[0 1 3] — 2¢, max[0 1 2] — 38)

e 7(l,m,n) = max[0 1 2]
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Other arguments

7(l + 1,m — 1,n) is obtained by the dispersion relations.
7(l+1,m—1,n)

- max(maX[O 12], max[013] — 8, max[02 3] — 26, max[1 2 3] — 30,

max|[—1 1 2] — e, max(max[0 1 2], max[—113]) — 4§ — ¢,
max(max[0 1 3], max[—1 2 3]) — 20 — &, max[0 2 3] — 3J — ¢,
max|[—1 0 2] — 2¢, max(max|[—1 1 2], max[—10 3]) —§ — 2¢,
ax(max[0 1 2], max[—1 1 3]) — 2§ — 2¢, max[0 1 3] — 3 — 2,

[—101] — 3¢, max[—102] — § — 3¢,

=

S

ax

max[—112] — 28 — 3¢, max[012] — 36 — 35)
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Substituting

In order to prove, we substitute each 7 into

max(7(l,m—1,n)+7(l+1,m,n), 7(l,m,n)+7(+1,m—1,n)—0—¢e)

=max(7(l,m,n)+7(l+1,m—1,n), 7(l,m—-1L,n+1)+7(l+1,mn—1)—9—¢),

which is equivalent to the u-2D Toda equation

7(l,m —1,n) + 7+ 1,m,n)
=max(7(l,m,n)+7(l+1,m—1,n), 7bm—-1,n+1)+7(l+1,mn—1)—4§—¢)

for 6, > 0. Then, it is proved when terms which have the same § and ¢ of both
side are equivalent respectively.

74 (I,m — 1,n)7% (1 +1,m,n)

= (1 —8e)7¥ (L, m,n)T¥ (1 +1,m — 1,n) + e (I,m — 1,n + 1)7¥* (1 +1,m,n — 1).
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Comparing

EX.) —435 — koe (k2 =0,1,2,3)

The terms which have —46 — k2¢ in |.h.s are expressed by

max[0 1 2] + max(max[l 2 3], max[0 2 3] — e, max[0 1 3] — 2¢, max[0 1 2] — 35).
On the other hand, that in r.h.s are expressed by

max[0 1 2] + max(max[l 2 3], max[0 2 3] — &, max[0 1 3] — 2¢, max[0 1 2] — 35).

Therefore, the terms which have —44 — kse in both sides are equivalent.

Similarly, the terms which have —koe, —k15, and —ki10 — 4e (kl,]{}Q =

0,1,2,3) are equivalent respectively.
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Comparing

The other terms are not equivalent.
Ex.) -0 —¢
Comparing both side, we have

max(max[—1 1 2] + max[0 1 3], 2max]0 1 2])

= max<max[—1 0 1] 4+ max[1 2 3], max[0 1 2] + max(max[0 1 2], max[—1 1 3]))).
Removing the common term 2 max[0 1 2], we get a sufficient condition.
max|—1 1 2]+max[0 1 3] = max (max[—l 01]4-max[1 2 3], max[0 1 2]+max[—11 3])).

It is expressed by the Maya diagram.

023

2 0
O 1+ |0

23 10

3 10 2
O =max(|00] | |+ | [0

2

1
0
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The conditional uPliicker relation

Other terms are expressed as the following:

Tk k3 Ak k3 1k k3 Akk3 dkk3 4kk:?

23 i
O 10 14 [0 0]=max(0[0] | |+ | 10/0.10] | |04 10[0] |)

where —1 < k1 < ko < 3. It is expressed by the conditional uPlucker
relation,

max(—q1 ... Ty ... 2| + Max|xo ... Tiy ... T3]
:max<max:a}_1 .. Thy ... 2]+ max[xo ... Th, ... T3],
max[T_1 ... Tky ... Thy ... T3] + max[xo 1 :132]>

where

by suitable transformation. And zx denotes the (k 4 1)-th column is deleted.
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In general

The UP soliton solution to the u-2D Toda for IV is reduced to the following
Maya diagram(—1 < k1 < k2 < N).

1k kN 1k kN 1k kN -1k k

) N
Ol 1O ]+ 10 10 =max(010_| ]+ | 100

Note: the symbol k; denotes ¢(I, m,n + k;),

d(lymyn + ki) = (max(n; (I, m,n) + kirj, n;(I,m,n) — kir;))1<j<n-
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In general

LT kN 1k kN Lk b N Lk kN Lk kN 4k kN

oL o7 1+ Tl 1o =max( 00 T 1+ T 0l0L IO T Iok okl 1

By suitable transformation, it is expressed by the conditional uPllcker relation.

—

max[®o ... Tk, -.. TN|+ max[ey ... Tk, ... TN+1]
:max<max:a:o ce. Ty ... TN|+ max[x1 ... Thy, ... TN+1),
max[®o ... Tky --. Thy ... LN4+1] + max[ey ... :BN]>

where
x; = (®ij)1<i<n = (|yi + J7ri|)1<i<n-

However, a general proof has not been obtained yet.

We have checked for N = 4.
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2-4 In the case of the uKP

The uKP is obtained by ultradiscretizing the discrete KP (Hirota-Miwa)
equation.

Tl,m-|—1,n-l—1 + 7_l—l—l,WL,n—I—l — a9 — as

Tl—l—l,m,n + Tl,m—l—l,n—i—l .

:max( ail — a3,’rl’m’n+1 + Tl+1’m+1’n —ao — a3> (al > ag > a3).

Especially, the uKP is equivalent to

maX<7_l—{—1,m,n +7_l,m—{—1,n—{—1 —aj — aa,
7_l,wL—I—l,n _|_7_l—|—1,m,n+1 — as — as, 7_l,rn,n—{—l +7_l—{—1,m—{—1,n —ay — a3>

— maX(Tl—i—l,m,n + 7_l,'m—l—l,n—i—l — a1 — a3,
7_l,7n—{—1,n +7_l—{—1,m,n—{-1 — a1 — as, Tl,m,n—l—l _|_7_l—i—1,m—l—1,n —ag — CL3>.
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UP solution to the uKP

UP form solution is expressed by
7(l,m,n,s) = max[¢p;([,m,n,s +j — 1)]1<i j<n.
Here, function ¢, (I, m,n) is defined by
oi(l,m,n,s)
— max (pis + max(0, p; — a1)l + max(0, p; — az)m + max(0, p; — az)n,

— pis + max(0, —p; — a1)l + max(0, —p; — a2)m + max(0, —p; — a3)n>.

Function ¢; (I, m, n, s) satisfies

di(l+1,m,n,s) =max(¢;(l,m,n,s), ¢;(Il,m,n,s+1)—ai)
di(l,m+ 1,n,s) = max(¢;(l,m,n,s), ¢:(l,m,n,s+1)— az)
¢’i(l7man + 17 S) — max(¢’i(l7m7n7 8)7 ¢i(l7m7n7 S+ 1) — a3)
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In the case of the uKP

The uKP equation reduces to the conditional uPlucker relation by the similar
procedure.

kK kN KKy kNl K Ky kg NEL Ky Ky ko Nt K g ko NeL K K, K N

Ol 0]+ 101 0] =max(|0[0 | |+ | 10[0},101 | 10w 100} ]

Note: the symbol 0 < k1 < k2 < k3 < N + 1 denotes

d(lymyn, s+ ki) = (max(n;(l,m,n, s) + kipj, n;(l,m,n,s) —kip;))i<i<n-
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2-5 Conjecture

Both of the u-2D Toda and uKP equations reduces to the following conjecture.

Conjecture
max[To ... Tk, ... TN|+ max[@o ... Tky .- Thky --- LN41]
:max<max:mo oo Ty ... TN|+ max[xo... Ty .. Thy --.- LN+1),
max[®@o ... Tky --- Thky --- LN4+1| + Max[To ... Tr, --- ch]>

where 0 < k1 < k2 < k3 < N + 1 and

x; = (xij)1<i<n = (|ys + Jri|)1<i<n

We have checked N = 4.
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3 Concluding Remarks

® \We suggest a new proof of UP form soliton solutions to the u-2D Toda
and the uKP equation by using the conditional uPlucker relation. We have
proved for N = 4 to be exact.

® Because of the condition of soliton solution, UP and ultradiscrete Plicker
relation can be behaved like determinant.

the uPllcker relation

max(max[— — b1 b2] + max[— — bg bs], max[— — by bz] + max|— — ba b4])
= max (max[— — b1 b2] + max[— — bg bs], max[— — by ba] + max[— — ba bg])
= max (max[— — by bg] + max[— — b2 by]|, max[— — by bg] + max[— — ba b3]>

|l Soliton form
the conditional uPlucker relation

max[— — by b3] —+ maX[— — bs b4]

— max (max[— — by ba] + max|— — bs ba], max[— — by ba] + max[— — bs b3]).
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