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Aim:
Construction of a Lax formalism for discrete Painlevé equa-

tions.

[Ref: SIGMA 5(2009)42, arXiv:0811.1796]
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1. Differential Painlevé equation

We will quickly recall the classical differential Painlevé equa-

tion R, and its Lax formalism.



Py1 equation: [P.Painlevé-B.Gambier, R.Fuchs]
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Hamiltonian form:
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Hamiltonian:
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The Ry equation is a compatibility condition of the linear
differential equations for y(z,t).[R.Fuchs (1905)]
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Problem: Lax formalism for discrete Painlevé equations.

Jimbo, Sakai, Boalch, Murata, Arinkin, Borodin, Rains,



2. Discrete Painlevé equation

We will recall Sakai's theory of discrete Painlevé equations,

in particular the ¢g-PA,; equation and its Lax formalism.



Discrete Painlevé equations of 2nd order: [H.Sakai (2001)].
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These are characterized by point configurations.




Point configurations:

9 points on P2 — a curve of degree 3.

8 points on P1 x P! — a curve of degree (2,2).
The group structure on the curve: (Add.), (Mul.), (EIl.).

(Mul.) cases — g-Painlevé equations:

(1) (1) 1 1 1 1 1
BD B O o AP g

\ )

-




Curves of degree (2,2):
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Dgl)-symmetry: (P! x P! form)

f

<f,g>=<o,bql>, <o,”;>, (00,b3), (00, ba),
(0,1,0), (GQ,O), (a3,oo), (a,4,oo).

g — OO ® ®
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qg-Py1 equation: [Jimbo-Sakai (1996)]
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A Lax pair for ¢-Py1:(< 2 x 2 Lax of Jimbo-Sakai)
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3. Geometry of Lax equations

For the cases with higher symmetries, the discrete Painlevé

equations and their Lax equations are very complicated.

How to tame these wild beast 7

KBasic idea: Characterize the Lax equation as an algebraic\

curve in variables (f,g), where y(z) is regarded as param-

Keter. )
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"Observation: The lax equation for Pyr:

y'+ Oy + Oy =0

1 1
is a curve of degree 4 on P2 = {(= : p: —1)} passing
q R

through the following 94342 points:

(0:0:1), (1:—-an:1), (1:0:0),
(O:a3z:1), (1:—a1—ao:1), (1:a4:0),

((t —1)e:1:te— aotsz) (30’ o

((z —1)e:1:ze+ 252> (3—0)’

< 1 Y (z4¢) 1 )
z+ec ylz+¢e) z4+e—1/(e2=0)
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"Observation: The lax equation for g-Pyg:

y(qz) + Oy(z) + Oy(z/q) =0

is a curve of degree (3,2) on P x P! passing through the
following 84242 points:

(Oa bql)a (07 qu>7 (OO, b3)7 (OO, b4)7
(CL]_,O),(&2,0),(&3,00),(&4,00), i <

(z,00), (5,0, !
q

(Z, aiaz y(2) )7 (5 alazy(Z/Q)>_

g y(gz)" ‘¢ q y(z)
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It is easy to guess the general structure of Lax equations:

.
"Curve of degree (3,2) in (f,g) variables, passing through
(1) the marked 8 points on Cp,
(2) generic point P, on Cj,

(3) two more points depending on y(qz),y(z),y(z/q).
-

The nontrivial problem is how to set up the condition (3).

[Hint] The condition (3) should be chosen adequately so that

the Lax equation becomes linear in variables y(qz),y(z),y(z/q).
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4. q—Eél) Painlevé equation

We will construct a Lax formalism for the q—Eél) Painlevé

equation using the geometric method.
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Notation:

e P, = (f2,9,) = (= —|— — z+ —) parametrization of (2,2)
curve Cp.

o P,=(fi,9;) =Py, 1 =1,...,8): 8 points on Cp.

hih3s

ul...u8.

q:

e (Abel's Theorem) P, (+=1,...,N = 2(m-+mn)) are inter-

sections of a (m,n) curve Cyn and the (2,2) curve Cp

& hT'hS = z1--- zpN.
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Discrete time evolution: z = T'(x):

e [ime evolution of the parameters:

”U,.]_ — ul/Q) 71:2 — qup, uZ — Uy (Z # 172)

= Py, P>, P3,..., Pg are intersections of Cg and another (2, 2)
curve C. (Cp and C form a pencil : one parameter family

of elliptic curves).

e [ime evolution of the dependent variable P :
P+ P =P+ P.

on a (2,2) curve C : a member of the family.
(non-autonomous addition formula [KMNOY('03)])
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1. Configuration of the 8 points and the (2,2) curve Cy
passing through them:

4 N
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2. Another (2,2) curve C passing through Py, P3,..., Pg and
the initial point P:

4 N
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3. Intersection of C and a (1,1) curve :
Pi+P3+P+Q=0.
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4. Intersection of C' and another (1,1) curve :
P4+ P3+P+Q=0.
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e Explicit formula for the time evolution of P = (f,g) :
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Where Fy, Fy [or G, G1] are polynomials in (f,g) of degree
(5,4) [or (4,5)] , and they have zeros at (Py, P>, ..., Pg) with
multiplicity (4,0,2,2,...,2). (30— (1046 x 3) = 2)

Coefficients a,d’,...,d,d are fixed by the condition:

P, = PZUl/(quz)'
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/We define Lax equations

NS
|

Li=COg+ Oy+

0,
Ly =g+ Oy+ Oy =0,

<
|

as the curve of degree (3,2) on P! x Pl passing through

Kthe following 11 points:

Ll: P17P27P37'°°7P87P27 Qzan/qa
LQ: P17P377°"7P87qu2/u17ph1q/z7 Q’LL17Qz/q7

where
Qe = (fz,9) (9 —92)y(x) = (9 — 93, /2)y(qz),
Qui = (fu1,9) (9= gu1)y(2) = (9 — gny juy )9(2).

(x = 2,2/q)
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From eqs Ly =0, Lo =0, we derive L3 =0,:--- ,Lg =0 :

-

Le
Y Y Y Y Y Y
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The equation Lg = 0 is a 3-term relation between y,y,y.

Theorem (compatibility)
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-
Summary.

We have constructed a Lax pair for discrete Painlevé equa-

Ktions through a geometric method.

prpIication.
Special solutions (determinants of 15V771) by using the

Padé interpolation. (in progress with Tsujimoto)
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