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Gauge / gravity correspondence continue to be the central
themes of string theory

- @ BDS’s (Bern, Dixon, Smirnov) conjectured exponentiation
a la Sudakov of the all order planar n- gluon amplitudes
for perturbative N=4 SYM,

= P
which is now known to be slightly violated at n=6, L=2
loop level. BDKKRSVV 08031465

DHKS 08031466
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(2 A new version of gauge-string duality by Alday-Maldacena :
computation at strong coupling by the minimal surface of
an AdS; string

= eA”

?

+ MDand @ = A fruitful assessment of the issue An ~ kDn
and its reformulation are called for today.

Hints in the strong coupling limit would be supplied by IMM?2

Note that Anp = D , if it were true, would give a resolution
to the AdS-minimal surface problem.
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II) symbolically
“An(P1-- 5 PrlA) = Atree AIR Afinite

factorizes & exponentiates
To be more precise,

®@)
An=g""2 > ol S THTY@ T AT (p(1). . p(n))
L=0 P
A= 92N
D =4 — 2¢

p . honcyclic perm

Define, with the help of MHV & N=4 SUSY,

Mf,SL)(e) = " A%L)(e)/A%O) " . scalar function



A, = AY Z oL M) (o)
L=0

L 40 exploo at (£ (M (L) + ¢ + o(e) ]
A A |3 >

BDS conjecture

7O = 1§ + et + 250

known
BES |,
f) =4 Z a'f§  planar cusp anomalous dimension large /x

(=1

g(\) =2 Z f(g) planar collinear anomalous dimension



i)

is expressed as a sum of the so-called "two mass easy
box functions’’ F2™e: (Bern, Dunbar, Dixon, Kosower)

b—1
1
L= S F (D, Pupe Py Poa) » Pav= Y. Pe

a<b T~ c=a+1
P, Py massless massive
with
P = P'b
s=@+P)?, t=0r+Q)° o= P;
- (i
S-|—f—IJ2—Q2 . o :3"!{"

dilogarithmic rep. of F2me

me 1 —s\ ¢ —t\ —P2\"° _Q2 B
F? (p,P,q,Q)Z—EQ [(Mz) _I_(F) _(?) _(7) ]

+Lir(1 — aP?) 4 Lis(1 —aQ?) — Lis(1 — as) — Li»(1 — at)




dyHdy’ _ :
Dn :]{ ]{ ( i /;Jg+€ is known to reproduce, after computation,
Y=Y the rep. of pz{1)

In momentum space

[T : polygon made of light-like segment
external momenta p,

Drummond, Korchemsky, Sokatchev; Brandhuber, Heslop, Travaglini

= ) _(pair of segments in )

- p® 4+ p@ 4 p@

two identical adjacent nonadjacent
1

(—€)?

= 0 ~ ~ dilog




Dr ~ log of abelian Wilson loop

< exp (z]{_l dy“Au(y)> >  free field

1

= exp (—E]{ﬂ dy”]{_l dy" < Au(y)Av(y") >)

= exp(const Dp)
M,,(ll) = (const) Dpn

situation ; T-dualities operating

@ ourcorner

rep. on D instantons

rep. on D3 branes

weak coupling strong coupling



IV)
L I3 R?> 1
AdS / CFT duality ; V)= ¢°N = — 5~ s assumed

’
Oé/

compute the same gluon amplitude at strong coupling using
tree level semiclassical string theory

The original AdS. geometry

—(XTH2 = (XD)?+ (X2 + (X7 + (X°)? + (xH)? = —R?
embedding into R**

2
X_1+X4:§, X—l_X4:RZ _I_ZUILLZU’LL7 X“:Rﬁ
Z Z Z

dz? + dx, dzH
ds? = dX"dX, = R? <* +;3“ ”
Z

place D3 braneat »=2; — oo (IR regulator)



take T-duality in » = 0,1,2,3 directions

- R? R?
Ogzt = Zr—2€acacy'ua r = 7

T-dualized geometry, which is again AdS;

dr? 4+ dy,dy* R?
:R2 7°+2y,uy , T]R:——>O
Tr ZIR

ds?
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semiclassical string amplitudes

—_ M _ I
~ (prefaCtOl’) e_SE[yM_ysaa"“—’l“cl,kM]

Equivalence of Neuman rep. and Dirichlet rep. (AdSg o-model)

N: I[z2"] = Splzat] =i | € Ju(g Kb ()
Tu(&i k) = 3o (€~ ¢p)
I

0l[z, xH]
51(z7 x,u) Zel,

L
Ll

+— Zk“ (&)

\/X]. 8Inzlc‘9|nzl
et = 2L [ g 2Nz



D:

\/X]. olnr lam’rl \/X 1 1
I 7 7 :__/ d2 c & = ab/ deCut —_ 9
el = 505 Jp 4 Toga oga Tan ¢ Jop &Y 2%

The 2nd term, after T-duality relation, and = the D-instanton
condition ™ | o undary (8) = D yp©(sr < s < s741)
I

dy* 21
= / ds—wu(ﬁ) \/Xk/f = (Y01 — Yor—1)

= gz K (€)
I

p I[zclax'g[] — SE[Tclaygl]



V)

work on the Euclidean worldsheet
choose ¢l=y;, =1y

The 1st ansatz; y3=0 --- @
1
SE.NG = - dyirdyovVdet H , H;; = T—2(5ij_8iyoajyo+ai"°aj"°)
recognize thisas f(\) large /X

The 2ndansatz; 1=yt +71 < Y*=0 ... @
IMM1, IM8

@ and @ form AdS; ansatz, which contains the Alday-
Maldacena rhombus solution.
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Eq. of motion

Hi
Syo O 9 9 9
oA <r2 det H 1y0> T (frzx/detH 2y0>

linear approximation to NG

eliminate r° through Sk .na and @, linearize w.r.t. %o
Aoiyo =0 ,where Az =Ag—D?+7D
solution Ao =400, D= 20+ z0

k— 1
yo = y_ Re(ay2" )2F1(— ikt 125 =)

k>0 \
(14+kvV1I—2)(1 —VI—2)F /2"




Vi)

?
how to deal with the issue A =~ kDp fruitfully in the strong
coupling side

explicit examples containing oo ly many parameters needed

= an infinitesimal deformation of the unit circle into an
arbitrary curve on the plane

circle solution (formal n = oo limit of lightlike n-gon)

y3 =0

AdS, ansatz {
} 1 =y = r*—yg+y7

now yo = O
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1
Lyng = T—Q\/l + (9;r)*

The only candidate to the solution which lie in these ansatze is

2 IMM1

r=1-y? ,which in fact solves

r(9;r)(9;r)(8;05r) = (2 4 rd°r)(1 + (9;r)?)

unit circle < B

formulation
> bdd by Tl
Z=y1 + 1yo

consider the conformal map z = H(¢)

find the shape of the minimal surface
r?(z,2) = 1 - ({+a((, Q)
by solving the NG eq. for a(¢,{) subject to the b.c.
aljgl=1 =0



action = some simplification due to 9z =0

(©.@)
write 9: =14+ Y kbt =0H =1+ on
k=1

Y 1 —
Snala, b ;/—;/dQCT—Q\/|8H|2(|8H|2 + 40rdr)

14 0RI2(1 — (T + a + LB 0y1/2
(1-¢C+a)3/2

- 5]

need to compute a=a(h) (atleast)to the lowest order in h

regularization needed

0 :T 9 (af;)) +0 (a?éi)) —ZE = a —122)39 A (atCh~+-CR)+o(h?)

Eqg. of motion
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-&IMM%{’ — (ﬁg—Dz+D)'¢J = 0, .ﬂg — 455 D = z@—l—Eé

has appeared again in a-linearized problem

The solution which satisfies the boundary condition is
a(¢,0) =2 3 Re(¢" 1) A, (CD)
k=1
Ap(z) = F_1(z) — 2
(1 +kvI—2)(1-—V1I—2)k
k

T

Fi(x) =

remaining procedure

substitute the solution into the regularized area

and evaluate it
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vil)
I) Statement of our results

’TFLH m|n . -
API‘_IEQ’ — A|—|— 2]“: +27 = —37 (Z (_)m+n*'q§c11..|.ﬁfj;lrn|£1...{nh"[fl+l c h.;;nl_l_lhl{l_'_lh-{n_i_l)
! T,
pres — pp-TEN ™ 2 (5~ (Cymebn i) h gy, 41T, 41
n =Dn— + S =7 > (—) by o] lq. a1 41 - - - Pt 1 ey 1P, 1
m,n '
| ] ﬁ _1
. Femooth = (3 ki, £; sums understood
u, X ;regularization parameters, Lp ; the length of the contour I
In IMIM?2
(1) _ (B+1Dk(E—-1)  _(1)2)
A = z = D
2[1 (k1 +1)(k2+ 1) 211
A == : (K +kZ5+3k1ko—k1—k2) :Dﬁ(:l.'kglﬁf1+k2

ki.kolki+ka 12
= will see that the conformal inv. + polynomial assumption on
indices ensure

(m]1) _ nim[1)

Al Emlkrotm = Phyo okt
(1]n) _ (1n)

At bmligtn = Pyt Aty b
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The conformal inv. does not control the cases (.7} > 2 with
indices #; +1, #,+1>2 and

we find ". the hypothesis fails.

AR12) £ p(2]2)

i) Dp again

Representation of a generic coeff D{™I") as a multiple sum

‘Efl Em {1 I
* D(T..r.?.)amul ..... ¢, = Symmetrized ( Do > D Yy (km —-im)(ffn—jn))
" i1=0  im=03j;=0  jn=0
T
where Zzp+qu—ka—Z£q
p=1 g=1
X (k+ 1)k(k—1
Examples D =" (k + 1)k )|hk—|—1|2

k=0 6

p21) pli2)
Dy kolky4ky = Prydtbolky by = (ﬁ1+1)(32+1)(3~1+331*{v2+52 k1—k2)
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all of D(™I1) can be summed to give

: — 1 7 L 77 a
pll) = Z D(m| )Rm|h+ Ak hpi41 - b 1P 4 A +1 = —gjgh(C)Sk(:)(:de

m=1

n

3 (2" . L
z=¢+ Y ko and Se(z) = ZZ— -5 (’Z—,> : Schwarzian derivative
k

outline of the derivation of % ;

IFI

2j£<l lfgal— _IL—g"|2_|_(g{_"kC Cod)

have found (PQQ),,|, = (—4110)™ " (—40;1)" ™ " (P1j0—41]0) (Poj1—d01)

n(¢) = h(¢) (¢
(—¢ T e

Integrate twice. |£|

Here ¢, =
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iii) Evaluation of Minimal Area (Perturbative in h, 7 )

once again, eq. of motion ;

oL \ , = oL \ oL _ 1 s o
o= (a<8a->)+a (a(éa-))_aa- = s MG D)+ R T

and

a= ol -+ at?) + .-

Iterative construction of the solution ;
Aam (@ (¢, D) + Th(¢) + CR(D)) = 0
Apam(a™ (¢, 0) = —RW(a;h,R) |, k> 2

0
a = a(l) _|_ ce _|_ a(k_l)

o™ contributes first to ARK) 2k-th order inh, h
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inverting &A1mvm

construction of the solution to

Apm(CTFL(m) = Fmp(n) . =
finiteat n=0 and #,.(n=1)=0,
given the complete set of harmonics

Amm(Cgm) =0, Apum(CFgr(n)) =0
1+ k1 —n 1—kJ/1—n

gr(n) = TEie gk(n) = 1 JT o)
= method of constant variation

mp(1 — w)dpg .
— gl — + = —
Grlu) 9ic( = Gilu) 'i: l'-le[u} Grlu)/

o B r1 L omg (1 —w)dpy . 1y 1 1
Fi(n) = —:;'k'ﬁﬁ]')," — { ,|'I -
= _

i1 B2 w2 )it
T 2k(K2 — 1=

iy,

| (1—u?)dpy }
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" coincidence

401D i(i*—1) _ p@in

6
ey _ C+)G+1) (2, o, 4.0 . .\ _ 1)
A= 12 (z +7°+3i5—1 j‘) = D;;
i+1)G+1)(E+1
QD = CHDULEDEXD) (24 2 112 4 30554 jhik)—(5+k) ) = DY

- difference

Al22y e ki
gl T a4 - D+ + 1)

x{ze'j(r'“+5f3j +8i%° + 577 +3%) + 20 +4)° — 2(8* — k + 1)i%°
HEA(ES 4+ E—2)(i° —ij + 5°) + (3K* + 387 — 106° + 4k — 2)ij — F(2 + k- 2)

Jlr (2003 + k2 — 2k + 2)(i* + %) + (75 + 9k — 16k + 16)i5(i% + 72) + (9% + 15K — 24k + 24)i%5°
i an
_E{.E:3 —|—.|1-c2 — 2+ 1}[:?2 _I_j—E} — {51.'3 + 312 _ 8k +4}ij:|} b J]Ji;+lnr?j+1JT1;l.+lﬁg+1

. _ 1 ¥ ) ) } o ) . )
DU = Giintig( G+ DG+ 10k + 1 4305 +5% —i— )

—(i+ i+ 20+ 20k + Dk(k— 1)+ g{-ﬂ' + 3k + 2)(k + 1)k(k - lj}hi+1hj—|—l'ﬁk—l—15f+1
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iv) Conformal Invariance

With the AdS3 ansatz, reduces to SL(2).
When acting on a functional F[z(s)] of a parametrized curve

MN:s—>C
The three generators are
R OF
J_F = j{ . JoF = j§ LA
z(s) 0z(s)
OF
JL F = j{ 2
T 52(3
Oh,o Jo = Oh,l + kzo kah,k
) S 9
J + 2 + hihm
T 8h2 kgo 8h’k-|—1 k, nz 0 " 8hk—|—fm

the integrand of p, varies by a total derivative under
infinitesimal version of SL(2,R) ; , 0% + b

¢ ez —+ ¢
SL(2,R) is an isometry within our ansatz
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Use :

e.g. 43 J_ annih. = vanishes if any one of the indices

Ttk ] ]
, , is minus one
with 4211} Al gjven

Let

S = ali4 1) G+ (b41) (4722 B+ ik+ik) 7 i+ +)+3

. . 1
Jo . JL annih. = TR p=3, y=-1, 60=0

Hence, the assumptions of the polynomial structure and

of the conformal inv. of Aq and Dy = Al = p(m|1)
A(m) — p(tim)

« A(m) with min (m, n) > 2 fails to be a polynomial.
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v) Nonplanar Case

relax the requirement y° =0

the b.c. are now
r(¢.¢)] . =0

¥0($, 0| . =Y g+ Y gl
(=1 k=0 k=1

the iterative procedure
r(¢, <) as before

y0(¢,0) =M. O + b2, + -
b, D =Y axFo(cD) + Y a-ikl9x(¢O)

A and D coincide up to the cubic orderin 4, 7 and ¢ .
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vi) Nonuniversality of the k-factor

3
Our case Ksmooth = -
n=4 ko =1 Alday-Maldacena 1

(27)?

n = oo with T
st = (a4

1 = infinitely long strip

Alday-Maldacena 3

. . 1 .
In our series representation, h; ~ 5 can provide cusps or
angles to the wavy circle.

This is exactly the case in which the series fails to be convergent
and the renormalization procedure becomes different.
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