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Chern-Simons (CS) 3形式
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はゲージ不変ではない．パッチUiにおけるゲージ場をAiと書く．ゲージ変換は

Aj = v−1
ij (Ai + d)vij , vij ∈ U(N). (2)

このゲージ変換でCS 3形式の変化分を計算すると，

v−1(A+ d)v = v−1(A+ dvv−1)v (3)

より，
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= tr [v−1(A+ dvv−1)v{−v−1dvv−1Av + v−1dAv − v−1Advv−1v − v−1dvv−1dvv−1v) (7)
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X = dvv−1と書くと，
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= tr [(A+X)(−XA+ dA−AX −X2) +
2

3
(A+X)3]− tr [AdA+

2

3
A3] (11)

= tr
[
−AXA+AdA−A2X −AX2 −X2A+XdA−XAX −X3 (12)

+
2

3
(A3 +A2X +AXA+AX2 +XA2 +XAX +X2A+X3)

]
− tr [AdA+

2

3
A3] (13)

= tr
[
−A2X +AdA−A2X −AX2 −AX2 +XdA−AX2 −X3 (14)

+
2

3
(A3 +A2X +A2X +AX2 +A2X +AX2 +AX2 +X3)

]
− tr [AdA+

2

3
A3] (15)

= tr [XdA−AX2 − 1
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X3]. (16)

tr [XY Z] = tr [XµYνZρ]εµνρ = tr [YνZρXµ]εµνρ = tr [YµZνXρ]ερµν = tr [YµZνXρ]εµνρ = tr [Y ZX] (17)
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に注意．ここで，

X2 = dvv−1dvv−1 = −dvdv−1 = d(dvv−1) = dX (18)

に注意すると，

tr [XdA−AdX] = tr [XdA− dXA] = −dtr [XA], (19)

（tr [XdA− dXA] = tr [dAX −AdX] = dtr [AX] = −dtr [XA]に注意．）であるから，

δtr [AdA+
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A3] = −dtr [dvv−1A]− 1

3
tr [dvv−1]3 (20)

となる．第１項は全微分項．第２項はU(N)への写像度を計算する体積要素である．

1 SU(2)の場合
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