Variants of symmetry-based indicators in the
band theory

Ken Shiozaki
YITP, Kyoto Univ. and JST PRESTO

Dec. 11, 2019 @Yokohama, MRM2019

Ref: KS, arXiv:1907.13632.

15



Symmetry indicator

>

A diagnostic tool of topological insulators/semimetals from the irreps at
high-symmetry points.

Easy to compute! (cf. generic k-space topological invariants are not classified yet,
and they are not easy to compute.)

Let n® € Z>( be the number of irrep « at high-symmetry point k €BZ. {n¥}
forms a lattice A called the band structure.

The set of atomic insulators (Als) forms a sublattice Ay1 C A.

Therefore, the complement A\ A4y indicates a topological insulator or a gapless
phase.
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Variants of symmetry indicator

» Symmetry indicator for superconductors. Ono-Watanabe, Ono-Yanase-Watanabe

» Careful definition of atomic insulators. Skurativska-Neupert-Fischer, KS,
Ono-Po-Watanabe, Geier-Brouwer-Trifunovic

» Symmetry indicator for fractional surface/edge/corner charges.
Benalcazar-Li-Hughes,
Schindler-Brzezinska-Benalcazar-Iraola-Bouhon-Tsirkin-Vergniory-Neupert
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Atomic insulator in SCs

» What are atomic insulators in SCs?

The many-body setting would helps us to consider this problem.

» Consider a complex fermion f1 as dof.
We have two ground states: |0) and f710).

|0) £1]0)
Vacuum Atomic insulator

Two states are distinguished by the fermion parity.

In general, we call |0) of the dof vacuum.

We call the fully occupied state [, f; |0) of the dof the atomic insulator.



Symmetry indictor in 1d

> In 1d with translation invariance, the building-block atomic insulator is the fully
occupied state of the dof composed of a complex fermion per unit cell.

L

[[5ro= — ; ; —

j=1

» We have the simplest example of the symmetry indicator.
» Atomic insulator for L even must have the trivial fermion parity (—1)" = 1.

IAT) coven = (—1)F =1
» Therefore, the negative fermion parity (—1)f" = —1 for L even implies the Kitaev
chain phase if the state is gapped.
|Kitaev) = fk 0 X H ug + kak ZfT Z fjf}f’z +---]10)

k=£0,m i<j<k



Symmetry indictor in 2d

» Similarly, in 2d with translation invariance, atomic insulators must have the trivial
fermion parity (—1)¥" =1 for even L, and L,

F
‘AI>LI,Ly€even = (_1) =1.
» The negative fermion parity (—1)" = —1 for even L, and L, implies a topological

SC ((pg + ipy)-wave SC) if the state is gapped.

Dz + ipy) = fli:o X H (uk + kalifjk) 0).
k¢TRIM



BdG Hamiltonian

v

v

v

A similar symmetry indicator should be defined in free fermions.

BdG Hamiltonian with translation invariance:

=: Hy,

i A
e =Y fihw i + % S AR )T+ he = %(f,l, k) [ S ] <
k k N ,

PHS CH,C'=—-H_,, C=mK.

We also have the magnetic point group symmetry of Hj. For unitary symmetry,
u';Ak(u;k)T =& Ap,k, &gy is a l-dim. rep

k
k k\— k U
= PgHi(pg) ™" = Hpy, Py = ( ’ fg(ugk)*>‘
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Vacuum and atomic insulators

» In the BAG Hamiltonians, the vacuum and the atomic insulators are written as
y t _ |1 _
k
o i ar_ | —1 _
HAI——Zk:fkfk = Hyg —[ 1]——%-

» It should be noticed that the vacuum and the atomic insulator depend on the dof
on which the Hamiltonian defined, which we denote it by Fqof.



Topological invariants and triple

» Topological invariants of BdG Hamiltonians are designed to determine if two BdG
Hamiltonians Hy, H,’c on the same dof Ey4.¢ are adiabatically equivalent each
other or not.

» We define topological invariants for the triple
(EdofaHkaHllc) = n(EdovakaI,c) ELXLX:-- X ZP Koees

> If Hp ~ Hl/c then TL(EdOf, Hy, Hllc) =0.
» The contraposition is important for us. If n(Eqof, Hg, Hy},) # 0, then Hy, o Hj,.

> If the set of topological invariants is incomplete to characterize all distinct
topological classes, the converse statement is not true. (cf. stable equivalence)



“Irreps” at high-symmetry points

» As in the case of insulators, irreps of high-symmetry points are computable
topological invariants for SCs.

» On TRIMs T, according to how PHS acts on each irrep at I', which can be
computed by the Wigner criteria for TRS and PHS, we have a nontrivial Z or Zs
topological invariant, or no topological invariants.
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Zo and 7Z invariants

» (For simplicity, we assume no TRS.)

» When PHS operator preserves an irrep a at a TRIM I', we have a Z, Pfaffian
invariant

Pf [Hp7,)

1
(B H HL) = —Arg | =D Te]
VI‘( dofy 11k, k;) T rg |:Pf[HI/1Tx]

] € Zs ={0,1}.

» When PHS operator exchanges irreps o and 8 at a TRIM T, we have the Z
invariant as the number of irreps

nt(Eaof, Hr, Hy) = No[Hr] — No[Hr] € Z,
where N, [H] is the number of a-irrep for the occupied states of H.

> (These expressions become simplified in the weak coupling limit.)
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Symmetry indicator for SCs

» We define the band structure A as a lattice of Z and Z, topological invariants at
high-symmetry points.

» We define the subset Aa; C A generated by the Z and Z, topological invariants
of the triples of atomic insulators relative to the vacuum

(Baot, Hi', HY*) = (Egot, —7=, 7).
» The symmetry indictor for SCs is defined as the complement
A\Aqr.
> (Eqof, Hi, H)*®) ¢ Aar implies that Hy, is not an atomic insulator, i.e., a

topological SC or a gapless SC.
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Ex: d-dim., PHS only,

» Consider a d-dim lattice with PHS only.

» The band structure is
A=z;N,

where NN is the number of TRIMs.

There is one generator atomic insulator.

v

» The symmetry indicator is classified as

AJApy =232,

v

This reproduces the many-body symmetry indicator by the fermion parity.
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Ex: P1, odd parity SC

» Consider the 3d space group P1 and odd parity SCs I ARIT, = —A_y.
» The lattice A of the band structure is Z*® composed of Z invariants for TRIMs
nr, (Bdof, Hi, Hy) = Nigao=1[Hr,] — Nigg=1[Hp, |-
» The symmetry indicator is classified as
A/Aar = Zg x T3 x 753,
» The Zg indicator defined by
z = Z nr; — Z nr; € Z/8Z
I, e{l,U,V,T} I;e{X,Y,Z R}
indicates

z=1 Weyl SC,

z=2 2nd-order SC,

z=4 3rd-order SC.
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Summary

» We proposed the construction of the symmetry indicator for SCs.

v

The band structure = Z and Zs invariants at high-symmetry points.

v

Topological invariants are defined for the triple

(Edof, Hy, Hy,).

v

The subset Axr C A of the atomic insulators is defined by the triples

(Edot, Hyt, HY™).

v

(Edof, Hi, H)*®) ¢ Aar implies that Hy, is a topological SC or a gapless SC.
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Zs and Z invariants (cont.)

v

These Zs and Z invariants are invariants of the K-theory.

v

Stable equivalence

nlq(Edof S E(/i0f7 Hy ® Hllclﬁ Hllc D Hllcl) = n%(EdoﬁHk?Hllc)v

v

Therefore, topologically inequivalent pair Hy o H}, may give the same

—nf (Eaof, Hy, Hy,) = nf(Eaof, Hy,, Hi)-
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