Topological insulators and superconductors
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A toy model for the integer quantum Hall state
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A toy model for the integer quantum Hall state
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Energy dispersion near m ~ —2
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The effective model for the I' point (k=0)
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An analytic solution for the gapless mode
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An analytic solution for the gapless mode
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An analytic solution for the gapless mode
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The energy spectrum of the finite system

m+2>0 Egz\/k2+k2+(m+2_k2_k2)2
%

Chiral edge 0
©E{ 'y
> ~ -

T )

Continuum
> _states _

>
<

Vacuum

= AN

|
-

Egyz—\/k§+kg+(m+2—kg—k§)2



The meaning of “Topologically protected”

This gapless state is stable

against the deformation of / &ontinaum

the Hamiltonian unless \

the energy gap is closed. N AL AL LLLS
state/ S

*Independent of the
Boundary conditions.

"Insensitive to disorder, /" Continuum
impossible to localize. r o siates

Whether do there exist the gapless states
is determined by the bulk behavior.




Topological classification of bulk insulators

Consider 2-dimensinal insulating systems

H(ky, ky) = e(k) + R(k) - o R =V R?
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The global structure of spinor space

Parameterize uniquely

0 u >0 fix
w) [ cosg
(fv) (ew Sin g) 0<f<m

I 0<¢<2r

relative phase —

m ni sin # cos ¢
# N9 sin 6 sin ¢
v ns cos 6



Ground state topology

inor space = sphere
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The classification of the Map 72 — S?
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The classification of the Map 72 — §?

We can identify D with e without loss of generality

The classification of the Map T° — S?

The classification of the Map S? — S?

Integer 7 which counts the number of times
S? covers S?
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How about 1-dimensional systems ?
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How about 1-dimensional systems ?

This is consistent in the topological classification ground state
Brillouin zone = Gl
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How about 1-dimensional systems ?

If there are a certain appropriate symmetry, the zero mode
is topologically protected.
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How about 1-dimensional systems ?
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How about 1-dimensional systems ?
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Topological classification depend on the symmetry matrix
(O’1K)(O’1K) =1
(JQK)(JQK) = —1

K -+ complex conjugate



How about 1-dimensional systems ?
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Topological classification of insulators
and superconductors

H(k) “ * = |Insulating Hamiltonian or BdG Hamiltonian

d-dimension < Full gapped >

1. Determine the local symmetries

Yes 2 -1 _
— Time reversal symmetry — O = =+1 [6H($)® - H($)]
(anti-unitary) T No ,
Yes 4 | — —
= Particle hole symmetry — ===l [:H(;I:): 1 — —H(:L')]
(anti-unitary) T o
. . Y _
— Chiral (sublat.tlce) symmetry <: es || [HH(:I:)H 1 _ —H(:I?)]
(unitary) No

2. Classify the ground state topology



Topological classification of insulators

and superconductors
Schnyder et al.(2008)

Symmetry d
s AZ 0’ =k 11’ 0 1 2 3 4 5 6 7
0 A 0 0 0 7 0 Z 0 Z 0 Z 0
1 AlII 0 0 1 0 7 0 Z 0 Z 0 7
0 Al 1 0 0 7 0 0 0 27 0 Zy Zs
1 BDI 1 1 1 2o Z 0 0 0 27 0 7y
2 D 0 1 0 Z, 7, Z 0 0 0 27 0
3 DIII -1 1 1 0 Zn Zn Z 0 0 0 27
4 All -1 0 0 27 0 Zs 7 Z 0 0 0
5 Cll -1 -1 1 0 27 0 2 7o 7 0 0
6 C 0 -1 0 0 0 27 0 7 7o Z 0
7 CI 1 -1 | 0 0 0 27 0 Z 7 Z

Completely classified



Bulk—boundary correspondence
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