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The microscopic dynamics of oblate-prolate shape coexistence/mixing phenomena in °¢Se
and "?Kr are studied by means of the adiabatic self-consistent collective coordinate (ASCC)
method in conjunction with the pairing-plus-quadrupole (P4Q) Hamiltonian, including the
quadrupole pairing interaction. A quantum collective Hamiltonian is constructed, and exci-
tation spectra, spectroscopic quadrupole moments and quadrupole transition properties are
evaluated. The effect of the time-odd pair field on the collective mass (inertia function) of
the large-amplitude vibration and the rotational moments of inertia about three principal
axes is evaluated. It is found that the basic properties of the shape coexistence/mixing
are qualitatively reproduced. The results of the calculation indicate that the oblate-prolate
shape mixing decreases as the angular momentum increases.

§1. Introduction

Obtaining a microscopic understanding of nuclear collective dynamics is one
of the goals of nuclear structure theory. The quasiparticle random phase approx-
imation (QRPA), based on the Hartree-Fock-Bogoliubov (HFB) mean field, is a
well-known theoretical approach to the collective dynamics, but it is applicable only
to small-amplitude collective motion around the local minima of the potential en-
ergy surface.))® Nuclei exhibit a variety of large-amplitude collective processes such
as anharmonic vibrations, shape coexistence, and fission. Though the challenge to
construct microscopic theories of large-amplitude collective motion has a long his-
tory,9)42) some important problems remain unsolved.

The self-consistent collective coordinate (SCC) method!'?):23) is a microscopic
theory of large-amplitude collective motion. This method, with the (n*,7n) expansion
technique, enables us to extract the collective variables from the many-dimensional
phase space associated with the time-dependent Hartree-Fock-Bogoliubov (TDHFB)
state vectors, and to derive the collective Hamiltonian starting from a microscopic
Hamiltonian. The SCC method has been successfully applied to various kinds of
non-linear phenomena in nuclei, such as anharmonic ’y—vibrations,43)’46) shape phase
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transitions, % two-phonon states® and collective rotations.”? 4 The (n*,m)
expansion is not necessarily convenient, however, for large-amplitude collective mo-
tion like shape coexistence/mixing phenomena, in which a microscopic description
of the many-body tunneling effect between different local minima in the collective
potential energy surface becomes the major task.

The adiabatic SCC (ASCC) method®® is an alternative way of solving the basic
equations of the SCC method, assuming that the large-amplitude collective motion
of interest is slow (adiabatic). Under this assumption, the basic equations of the SCC
method are expanded up to second order with respect to the collective momentum,
but the collective coordinate is treated non-perturbatively. Quite recently, we have
given a rigorous formulation of the ASCC method in which the gauge invariance
with respect to the particle number fluctuation degrees of freedom is taken into
account.?®)

As is well known, in contrast to the significant progress in the calculation of
the collective potential energy, the present status of the microscopic theory is quite
unsatisfactory with regard to the evaluation of the collective mass (inertia function)
associated with the collective kinetic energy. Although the Inglis-Belyaev cranking
mass is widely used, it violates self-consistency by ignoring the effect of the time-
odd component of the moving mean field.Y) The time-odd mean-field effect is taken
into account in the collective mass derived with the QRPA, but its application is
restricted to small-amplitude collective motion around equilibrium states. Concern-
ing large-amplitude collective motion, though the effect of the time-odd component
generated by the residual particle-hole interaction was investigated a few decades
ago,14) the time-odd effect generated by the residual pairing interaction has not yet
been studied. Quite recently, we showed, using the ASCC method in conjunction
with the schematic model Hamiltonian,?® %1 that the time-odd pair field increases
the collective mass.5”) It remains to be seen, however, how it affects the shape
coexistence dynamics discussed below.

Let us consider recent experimental data of interest. The shapes of nuclei
along the N = Z line change significantly as the numbers of protons and neutrons
change.%2)-66) The HFB calculation®”) indicates that various shapes will appear along
the N = Z lines: a triaxial ground state for %4Ge, oblate ground states for 58Se and
"2Kr, strongly deformed prolate ground states for 70Sr, 89Zr and #*Mo. Furthermore,
oblate and prolate states may coexist in these nuclei, other than%*Ge. In 58Se and
"2Kr, the ground and excited states corresponding to oblate and prolate shapes have
been found experimentally.53)95) From the viewpoint of collective dynamics based
on the mean-field theory, it is expected that the oblate and prolate shapes are mixed
by the many-body tunneling effect through the potential barrier lying between the
two local minima in the potential energy landscape. The low-lying states in 3Se and
"2Kr have been investigated using various theoretical approaches beyond the mean-
field approximation: large-scale shell model calculations for %®Se using the pfg-shells
outside the %°Ni core,%®) shell model Monte Carlo calculations for "?Kr employing
the pf-sdg shells,%?) configuration mixing calculations for "2~ "Kr on the basis of the
particle number and angular momentum projected generator coordinate method,”
and the EXCITED VAMPIR variational calculation for ®3Se and 72Kr.”)-73) Quite
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recently, Almehed and Walet?6) 39 discussed collective paths connecting the oblate
and prolate minima in %Se and >~"8Kr by means of an approach similar to the
ASCC method.

The ASCC method was first tested™ in a schematic model®®) 61 and then it
was applied”™) to oblate-prolate shape coexistence phenomena in 58Se and "Kr with
use of the pairing-plus-quadrupole (P+Q) Hamiltonian.”®) In both nuclei, the
one-dimensional collective path connecting the two local minima of the potential
is extracted. It was found that the collective path runs approximately along the
valley of the potential energy surface lying in the triaxial deformed region. This
indicates that the triaxial degree of freedom is essential for the description of large-
amplitude shape mixing in ®Se and "?Kr. In Ref. 75), however, requantization of the
collective Hamiltonian was not carried out, and excitation spectra, electromagnetic
transition probabilities, and shape mixing probabilities in individual eigenstates were
not evaluated.

This paper presents the result of the first application of the gauge invariant for-
mulation®® of the ASCC method to nuclear structure phenomena. Thus, its major
thrust is directed at examining the feasibility of the gauge-invariant ASCC method
for describing the shape coexistence/mixing phenomena. Hereafter, we call this new
version the “ASCC method”, dropping the adjective “gauge-invariant” for simplic-
ity. A more detailed investigation of experimental data and comparison with other
approaches are planned for the future. We derive the quantum collective Hamil-
tonian that describes the coupled collective motion of the large-amplitude vibration
responsible for the oblate-prolate shape mixing and the three-dimensional rotation
of the triaxial shape. To evaluate the rotational moments of inertia, we extend the
well-known QRPA equation for rotational motion, which yields the Thouless-Valatin
moment of inertia,®) to non-equibrium states that are defined in the moving-frame
associated with large-amplitude vibrational motion. To clarify the role of the time-
odd pair field in shape mixing dynamics, we investigate, with use of the P+Q Hamil-
tonian including the quadrupole pairing interaction, its effects on the collective mass
of large-amplitude vibration, the rotational moments of inertia, the energy spectra,
transition probabilities, and shape mixing probabilities in individual eigenstates.

This paper is organized as follows. The basic equations of the ASCC method are
summarized in §2. The quasiparticle representation of the microscopic Hamiltonian
is given in §3. The procedure for solving the ASCC equations is presented in §4. The
collective Schrodinger equation is derived in §5. Results of numerical calculations
for energy spectra, spectroscopic quadrupole moments and quadrupole transition
probabilities of low-lying states in %®Se and "?Kr are presented and discussed in §6.
Concluding remarks are given in §7.

A preliminary version of this work was previously reported in Ref. 81).
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§2. The ASCC method

2.1. Basic equations of the ASCC method

We first summarize the basic equations of the ASCC method. The TDHFB state
|p(t)) is written in terms of the collective variables as

16(1)) = [6(a, p, o)) = e 2 # VN Yo pm)) (21)

where ¢ and p represent the one-dimensional collective coordinate and the collective
momentum, respectively. The variables ¢ = (p(™, ) and n = (n(™,n®) denote
the gauge angles in particle number space and number fluctuations, respectively,
which correspond to the canonical coordinates and momenta of the pairing rotation
restoring the particle number conservation broken by the HFB approximation. The
operator N™ = N™ — NéT) represents the particle number measured with respect

to the reference value NST), which is set to the number of the valence protons (7 = p)
and neutrons (7 = n) in the model space.

The intrinsic state with respect to the pairing rotation is written |¢(q,p,n)) =
e'Garm) | (q)), where |¢(q)) = |p(¢,p = 0, = 0)). Assuming that large-amplitude
collective motion is adiabatic, that is, the collective momentum p and the number
fluctuation n are small, we expand the one-body operator G(q, p,n) with respect to
p and n{7) and consider only the first order:

16(q, p,m)) = ePR@+ T DO @) gy (22)

Here, Q(q) is a time-even one-body operator, while é(T)(q) is a time-odd one-body
operator. Using the quasiparticle creation and annihilation operators, aL(q) and
an(q), defined with respect to a moving-frame HFB state |¢(q)), which satisfy the
condition as(q) |¢(q)) = 0, they can be written as

Qg) = QM) + Q" (q)
=Y (Qs(@ak(@al(a) + Qili(@)as(a)anla) + QEs(a)al(a)as()) , (2:3)
oB

6" () = > (00 (al(@al(@) + O " (@)as(@)aa(a)) (24)
af

Note that the operator Q(q) contains the B-part (the third term in the r.h.s.), in
addition to the A-part (the first and second terms) in order to satisfy the gauge-
invariance of the ASCC equations.’® In the following, we omit the index ¢ in the
quasiparticle operators for simplicity.

The basic equations of the SCC method consist of the canonical variable con-
ditions, the moving-frame HFB equation, and the moving-frame QRPA equations.
Below we summarize the lowest-order expressions of these equations with respect to
expansion in p and n. (See Ref. 56) for their derivations.) The canonical variable
conditions are given by

(3()| P(q) |¢(q)) =0, (2:5)



Shape Mizing in Low-Lying States of %®Se and " Kr 63

(6(0)] Q(a) |6(a)) = 0, (2:6)
((0)| N7 [¢(q)) =0, (2:7)
(¢(9)| 07 (q) |6(q)) = 0, (2:8)
(6(0)|[07(q), NV |p(q)) = i6,r, (2:9)
(0(0)][Q(a), ()] [¢(q)) =0, (2:10)
0Q
(¢(a)] N [9(q)) = -1, (2:11)
where P(q) is the local shift operator, defined by

A 0

P(q)|9(q)) = e [9(q)) - (2:12)

Differentiating (2-6) and (2-7) with respect to ¢ and using (2-11) and (2:12), we
obtain

(2(0)| [Q(q), P(g)l6(a)) = i, (2-13)
(¢(a)| [N, P(q)] |6(q)) = 0. (2-14)

Equations (2-5), (2:6), (2-7) and (2-8) ensure that the constant terms of those oper-

ators are zero in their quasiparticle representations, while Egs. (2-9), (2:10), (2-13)

and (2-14) guarantee orthonormalization of the collective mode and the number fluc-

tuation modes. Equation (2-11) defines the scaling of the collective coordinate.
The moving-frame HFB equation is given by

8 (¢(a)l Har(q) |6(q)) = 0, (2-15)

2(q). P(q
P(q

)
)

where

Hy(g) =H =Y X(ND - —Q(q) (2:16)

represents the moving-frame Hamiltonian with the chemical potential )\(T)(q) and

the collective potential V' (q) defined by
OH
(M (g) =25

V(g) =H(q,p,n,I)

= (¢(q)| [H,i07(q)] |6(q)) , (2:17)
_=(p(q)| H o(q)) - (2-18)

‘ p:O,n:O,fZO

p:O,n:O,f:G

The moving-frame QRPA equations are given by

5 (6(q)| [Hn(q),iQ(q)] — B(q)P(q) |6(q)) = 0, (2-19)
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where B(q) and C(q) represent the inverse collective mass and the local stiffness,
respectively. They are defined by

O*H .

B(q) = = (¢(q)| [[H,iQ(q)],iQ(@)] [¢(a)) , (2-21)

8]?2 p:O,n:O,f:G
v 1 opov
d¢>  2B(q) 0q 0q

Note that the ASCC equations, (2-15), (2:19) and (2-20), are invariant under
the following transformation:®%)

Clg) = (2-22)

A~

Q) — Qq) + aIN),

oV
() XD () — o)
A q) = A (q) —a aq()
ANT) ANT)
5@ =5 (q) — &M (q). (2-23)

Therefore, it is necessary to fix the particle number gauge for neutrons and protons
in order to derive the unique solution of the ASCC equations. The algorithm to
find simultaneous solutions of Egs. (2-15), (2-19) and (2-20) satisfying the canonical
variable conditions and the gauge-fixing condition is described in §4.

In this paper, we take into account the rotational motion as well as the large-
amplitude vibrational motion by considering the collective Hamiltonian defined as
follows:

1
27i(q

3
H(g,p,m, 1) = (d(¢,p,n)| H|d(q,p,m) + )

=1

_ 1 2 () () (7) I
=V(9) + 5 B(a)p +ZT:A (9)n +;2$(q)£

(2-24)

The first and the second terms represent the potential and kinetic energies of the
large-amplitude collective vibration, respectively, while the third and the fourth
terms represent the energies associated with the particle-number fluctuations and
the three-dimensional rotation of triaxially deformed mean fields, respectively. The
three rotational moments of inertia, J;(q), are defined with respect to the principal
axes associated with the moving-frame HFB state |¢(q)) and evaluated as

5 (6(0)| Far(0). (@) — 77 (@) 0(a)) = 0, (225)
(6(@)| @i(a), 1] 16(9)) = 5, (2:26)

where f/z(q) and I; represent the rotational angle and the angular momentum opera-
tors, respectively. These equations reduce to the well-known QRPA equations giving
the Thouless-Valatin moments of inertia®?) when |¢(q)) is an equilibrium state corre-
sponding to a local minimum of the collective potential energy, V' (q). We call them



Shape Mizing in Low-Lying States of %®Se and " Kr 65

“Thouless-Valatin equations”, although they are in fact extensions of the QRPA
equations for collective rotation to non-equilibrium HFB states |¢(q)). Note that
Hy(q) appears in Eq. (2:25) instead of H. We remark that Eqs. (2-24)(2-26) have
been introduced intuitively, leaving a full derivation of them as a challenging subject
for future.

§3. Hamiltonian

We adopt the following Hamiltonian consisting of the spherical single-particle
energy, the monopole and the quadrupole pairing interactions, and the quadrupole
particle-hole interaction:

R . I
H = ngc};ck — Z G%(A(T)TA(T) + A A
2

=
GY S~ AW A L A A X N A F
N Z ; Z (Byg' By + By Boy') — B} Z D;KD2K- (3-1)
T K=-2 K=-2
Here, the monopole pairing operator AT, the quadrupole pairing operator B(T)T,
2K
the quadrupole particle-hole operator bg x are defined by

At = Z 0202, (3-2)
(k,l::)GT

Bl =3 DR ki)clel, (33)
klet

Do = Y Y DOk cLer, (3-4)
T=n,p kler

where CL is the nucleon creation operator, and k£ denotes the set of quantum num-
T

bers of the single-particle state (N, jk, lk, mx). The operator ¢
reversal state,

i represents its time-

CIJE; - (_1)jk+mch_k7 (3-5)

where the index —k represents (N, jk,lk, —myg). The quadrupole matrix elements
are given by

DYk = o2 (k| r*Yorc 1), (Kl € 7) (3-6)

where the factors o2 = (2N/A)%*/3 and ol = (2Z/A)?/3 are multiplied to yield the
same root mean square radius for neutrons and protons. For N=Z nuclei, such as
68Se and "2Kr, these factors are unity. Following Baranger and Kumar,”® we employ
a model space consisting of two major oscillator shells (with the total quantum
number of the lower shell denoted by Nj and that of the upper shell denoted by

Np, + 1), and multiply the quadrupole matrix elements Dgf—g(k‘l) of the upper shell
by the reduction factor { = (N +3/2)/(Nr +5/2).
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Following the conventional prescription of the P+Q model, we ignore the Fock
terms. Accordingly, we use the abbreviation “HB” in place of “HFB” in the following.
We rewrite the Hamiltonian (3:1) into the form

H = Zekckck — ZHSF + F ZKJSF( )F (3-7)

where the Hermite operators 3 s(+) and the anti-Hermite operators F S(_) are defined
by
& = (F + F, (3-8)
7 _ (n) (1) A (n) A (n) A (n)
Foz1-15 = {A( )’A( )’ 20(+)’321(+)’B21(—)7322(+)7322(—)7
() () > (p) A (p) > (p) a a 2
B2€(+)’B2117(+)’32}{( )’32}27(+)’32}27(—)’D20,D21’D22}' (3-9)
Here we use
BGHL = (B = BOL) (K 2 0) (310)

7)f

in place of B( for the quadrupole pairing operators. The interaction strengths kg

are given by

kem1-15 = {2GT 2GW) 26 4GS 4GSV 4GV, 4G,
26, 4GP, 4GP 4GP 4GP X, 2x, 2x). (3:11)

This Hamiltonian is invariant under a rotation by m about the z-axis. The quantum
number associated with this is called the signature, r = e7*"®. The single-particle
basis with definite signatures is defined by

dp= —(ci—ci), r=i (a:%>, (3-12)

where k denotes the single-particle basis whose magnetic quantum number satisfies
the condition my — 1/2 = [even]. The operators ) can be classified according to
their signatures and K-quantum numbers, as shown in Table I.

The large-amplitude collective vibration responsible for the oblate-prolate shape
mixing is associated with the K = 0 and 2 components of the interactions in
the positive-signature (r = 41) sector. Thus, the infinitesimal generator of large-
amplitude collective motion, Q(q), can be written in terms of the single-particle basis
with definite signature as

ZZ (le (@)dld; + Q' ()d£df), (313)

T kler



Shape Mizing in Low-Lying States of %®Se and " Kr 67

Table I. Classification of the one-body operators E) in terms of the signature r (or ) and K
quantum numbers.

r=+1(a=0) r=—-1(a=1)
K=0 {47, A0, By Bo piy —
K=1 (B3, B(Pz(i)> DY (BYIE BIOE pEy
K2 ol ooy ol sl ol

where S’ represents a sum over the signature pairs (k, k), and Q(T) Q%). The
K = 1 component of the interaction in the r = +1 sector and the K = 1 and
2 components in the r = —1 sector contribute to the Thouless-Valatin equations
(2-25).

§4. Solution of the ASCC equations for separable interactions

4.1. The ASCC equations for separable interactions

For the separable interactions given in (3-7), the ASCC equations are writ-

ten?5):56)

5 (&(q)| har(g) [6(q)) = O, (4-1)

8 {@(a)] [ ( Zf - —B( )P(q) [6(a)) =0, (42)

S rwr® -5 |, 75500)] aw]
+Z[F;->,%—ZQ< >}fQ8<> Y 1D @F 6(a)) = (4:3)

where w?(q) = B(¢)C(q) is the moving-frame QRPA frequency squared, and hys(q)
denotes the self-consistent mean-field Hamiltonian in the moving frame, defined by

har(@) = h(g) — 3 AP (N a—Véx ) (4-4)

T

with

= o= 32 mE 61a)| 7 10(a). (45)

In the above equations, the summation over s is restricted to the operators with
K =0 and 2 in the positive-signature sector. We also define the quantities

A

152a) = —ks (6(@)| [, Q(a)] |6(a)) (4-62)
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$)(0) = 5 6@ [, 2 B@) P()] 6(a)), (4:6b)

150 =~y il | |F9. 500w Q@] @), oo
(1)

V=507 - (4:6d)

Note that all matrix elements are real and (¢(q)] B l6(q)) = 0.

4.2. Qverview of the procedure to solve the ASCC' equations

The infinitesimal generators Q(q) and p(q), which are represented with respect
to the quasiparticle vacuum |¢(q)), are the solutions of the moving-frame QRPA
equations, while the quasiparticle vacuum |¢(q)), which depends on Q(q), is a so-
lution of the moving-frame HB equation. In order to construct the collective path,
we have to obtain a self-consistent solution for the quasiparticle vacuum and the
infinitesimal generators. This requires a double iterative procedure for each value of
q, because the moving-frame HB equation is also solved by iteration.

Step 0: Starting point

The shape coexistence phenomena imply that there exist several solutions of the
static HB equation representing different local minima in the potential energy
surface. We can choose one of the HB solutions and assume that it is on the
collective path. This starting state is denoted by |¢(¢ = 0)). In the calculation
for 8Se and "?Kr presented in this paper, we choose the HB state at the lowest
minimum, which possesses an oblate shape. As discussed in Ref. 56), gauge fixing
is necessary to solve the moving-frame QRPA equations. We choose the “ETOP”
gauge.

Step 1: Initial setting
Assume that the solution of the ASCC equations at ¢ — dg is obtained. In order
to calculate the solution at ¢, we start by solving the moving-frame HB equation
(4-1). As an infinitesimal generator in the moving-frame Hamiltonian, we use
an initial trial generator Q(q)(o) constructed from the lowest two solutions of the
moving-frame QRPA equations at ¢ — d¢q of the form

Q)" = (1 = 2)Qu(q — 6q) + =Q2(q — 59), (47)

where Ql(q —dq) and Qg(q—éq) denote the lowest and the second-lowest solutions
of the moving-frame QRPA equations at ¢—dq, respectively. The mixing parameter
¢ is set to 0.1. This choice is crucial to find a symmetry-breaking solution in
the moving-frame QRPA equations when the moving-frame HB state |¢(q — dq))
and the moving-frame QRPA mode Ql(q — 8q) possess the axial symmetry.”™) [If
Qg(q — 40q) is also axially symmetric, then we choose, for the second mode, the
lowest one among the axial symmetry-breaking QRPA modes.] The quantity dg
is set to 0.0157 in the present calculations.
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Step 2: Solving the moving-frame HB equation
Using the operator Q(”_l)(q) (n > 1), we solve the moving-frame HB equation at
q,
oy

6 (6 (@] = (0 @) N = F @R ) 6 (@) =0, (48)

T

with three constraints from the canonical variable conditions,
(6 (@) N 6™ (q)) =0, (4:9)

(6" ()| Qa —60) |9 (a) ) = da. (4:10)
This step is discussed in §4.3 in detail.

Step 3: Solving the moving-frame QRPA equations
Using the moving-frame HB state ‘d)(”) (q)> and the Lagrange multipliers (A7) (¢q))™
and 9V/dq(q)™ obtained in the previous step, we solve the moving-frame QRPA
equations with the gauge-fixing condition used for the HB state in Step 0. This
determines the infinitesimal generator Q™ (q) as the lowest solution of Eqs. (4-2)
and (4-3). Details of this step are described in §4.4 and Appendix B.

Step 4: Realizing self-consistency
Updating the operator Q™ (¢q), we return to Step 2, and repeat Steps 2 and 3 until
all quantities at g converge.

Step 5: Progression
Change ¢ to ¢ + d¢q and return to Step 1.

Carrying out Steps 1-5, we obtain a collective path starting from the HB mini-
mum in one direction (¢ > 0). We then change the sign of dg and repeat the above
procedure in the opposite direction (¢ < 0). In this way, we obtain an entire collective
path.

After obtaining the solutions of the ASCC equations, we solve the Thouless-
Valatin equation, (2:25), at every point on the collective path using the moving-
frame HB state |¢(q)) to evaluate the rotational moments of inertia J;(q). Details
of this calculation are described in Appendix C.

4.3. The moving-frame HB equation in the quasiparticle representation

The quasiparticle operators aL(q) and a,(q) associated with the moving-frame

HB state |¢(q)) are written in terms of the nucleon operators, dL and dy, with definite

signature as
! . f
au(q)> N (Uuk(Q) Vpk(‘])) <dk> i
<aﬂ<Q) zk: Var(a)  Uprla)) \dg.) (4-11)
Its inverse transformation is

() =2 (V) 2e) (2 12
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The U and V matrices are determined by solving the moving-frame HB equation
(4-1). Note that superscripts 7 (= n,p) for U, V, and the Fermion operators are
omitted for simplicity.

The moving-frame Hamiltonian is written

-3 ( )(did; + dLdp) — A7 (g)(dld! + dl—dk)) . (413)
T kler

where the particle-hole part and the particle-particle part of the moving-frame Hamil-
tonian are given by

ov

(W7 (@) = hii) (@) = A (@dw = 5@ a), (4-14)
Wy = eMow =3 ke (6la)] ED [o(a)) IEDN), (4-15)
seph
AT = 3T ki (o(a) E o)) (O ED). (4-16)
sepp,hh
The matrix elements (k:]ﬁs(ﬂ\l) are defined by
UED|T) = (0]d, Fdl0),  (0[FDil) = (0|F D d]d]|0), (4-17)

where |0) denotes the vacuum for nucleon operators.
The moving-frame HB equation is thus written

> ((hg\?)”’@Ul’k(Q) + Az(;)(Q)VZ'k(Q)) =B Un(q), (4-18a)
Wer
Z (Au' Urk(q) + (hg\?)u'(Q)Vl'k(Q)) :_E;E;T)Vlk(Q)7 (4-18b)
lwer

where E,E;T) denotes the quasiparticle energy. These equations are solved under the
following three constraints:

(é(q)] N |g(q)) = N, (4-19)
($(a)| NP $(q)) = Nép% (4-20)
(6(q)| Qg — 6q) |(q)) = (4-21)

The Lagrange multipliers A (q), \??)(¢q) and dV/dq(q) are determined such that
these constraints are satisfied. The expectation values in the moving-frame Hamil-
tonian are updated using U, and Vj, thus obtained until self-consistency is realized.

In the quasiparticle representation, the moving-frame Hamiltonian, h Mm(q), the
neutron and proton number operators, N(7), and the operators Fs,(i) with K =0
and 2 in the r = 1 sector are written in the following forms:

hat(a) = ($(a)| haa (g +Z (9) + Ep(9)Ba(9)) , (4-22)
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N :Z'NX)(W)( (@) + Aun(q) + Z NG wn(@) + Bp(q)),
. (4-23)
S = (6(a)| B 16()) + 3 FE (um) (Alo (@) + Ao (a))
nuv

Z "FSE () (Boun(a) + Bio(a), (4-24)
where

Al () =al(@al(a), Aus(0) = as(@)an(e), Bu(9) =af(@alg).  (4:25)

Explicit expressions for the matrix elements NX), Ng (7) , F (is) and F' (is) are given in
Appendix A.

We define the monopole-pairing gaps A(()T)(q), the quadrupole-pairing gaps

AT)_2(q), and the quadrupole deformations Dy%)_ ,(g) by
AT ()= G (@)l AV 16(g)) | (4-26)
AT _05(0) = G k_g o (6(@) BYYD) 51 16(a) (427)
DY) _o5(a) = (6(@)l DSF_o216(a)) - (4-28)

4.4. The moving-frame QRPA equations

The infinitesimal generators Q(q) and f’(q) are represented in the quasiparticle
representation as

Q(g) = Q*q) +Q%(q)

= 3 Q@) Alp (@) + A (a) +Z Q8 (@) (Byuwlq) + Bun(),  (4:29)
nuv

) = i Pus(a)(Alo(a) — Auol(a)): (4-30)
ny

In the following, we discuss the method for obtaining the n-th solution of the moving-
frame QRPA equations in Step 3 assuming that the (n — 1)-th solution Q™Y (q) is
already known. For later convenience, we introduce the one-body operator

. oy OV o
e~ [0, 2 g w@}
/
= (6(q)| R |6(q) Z RE) (u0) (AL, F Ao) + S R (1) (B + Byo),

(4-31)

R ) = 205 (F§ un) (@)D (@) " VS (59)
p
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~(QE) "V (o9) - FS ) @E) V). (482)

We can express the matrix elements Qﬁﬂ(q) and P,5(q) using Egs. (4-2) and (4-3)
as

=" galr ') {Z (FSL W15 (@) = B 15 ) @)
+ZN (W) )} + g1z, 1) > FS (W) 15 ) (a), (4:33)

) =gy {z (P20 153 @) — R )55 )

u'v!

+ZN (W) F( >}+g4<uu,w>ZF/S;’w'w)f(jﬁ(q), (4-34)

where fPRS(q) (+)( )+ f(+)( ). The metrics g; (i = 1 — 4) are defined by

9 (ﬂﬂv :ull;/) = (M_lg);u?,u’l;’a g2(f“77 Mll;,) = (M_l);uz,u’;;’? (435)
g3(po, f'V) = (EMTY) s galpp, )V = (EMTIE) 1y i = SO,
(4-36)

where M and &£ are given by
MMD,M’J’ (W2(Q)) = {(B. + ED)2 - WQ(Q)}(SM/‘Sm?’

1 1 0V
o (3 + B~ 350) @B T )

n— 1 1 ov
+ Qv Ny <Eu’ - §Eu + §Ew) 5917'8—(](@7 (4-37)

£ (Ep+ Ep)6,06,- (4-38)

po v =

The quantities given in (4-6) and the canonical variable condition (2-14) can be
expressed in terms of (Q4(¢))™ and P(q) as

162@ = = ks (@@ [ED), Q™ ()] [6(0) = —2r5(FS), (@) ™), (4:39)
F5aa) = ms @I B, < B@)P@)] 6(a))

- 3ot [ [0, 520000 .0 w) ota)

= 26,(F{), P(q) — k(R (@A () ™), (4-40)

(¢(a)| [ND), P(g)] [¢(q)) = —2i(N, P(q)) = 0, (4-41)
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where

= Z’X(W)Y(W). (4-42)

Substituting Eqgs. (4-:39), (4-40) and (4-41) into Egs. (4-33) and (4-34), we derive the
dispersion equation

s2e SR SOV (150
S-f=Y|shre shprr SPEN ) a) | =0, (4-43)
N,Q N,PR N,N -
STS’ S-rs’ S-r'r’ f](\/ ) (q)

where the matrix elements of S are given by

_ _ _ _ 1
SU% = 2FL ) Fy Do —2Fy Ry — b, (444a)

SEPR = o(F(), As) (4-44D)
SO = 2(F ) NT),,, (4-44c¢)
Do

SEe = 2(F ) P )Y, — 2P R ),

ss’

+ (RS 37 F(" Jor — (RS R, (4-44q)

SERPE = () P ) gy + (RY) FS ) g, — %6 (4-44e)
SEN = o(FL) NG gy + (B NT ), (4-44f)
SN? = (v, As> — (N R ) ), (4-44g)
S = (N F{ ) gs: (4-44h)
SN = (N NT),. (4-44i)

The parentheses in the above matrix elements are defined by
/ — —
(X, Y)y = > X(uo)gi(pop v )Y (W), (i=1-4) (4-45)
HDH/’;/
As mentioned above, the ASCC equations are invariant under the gauge transfor-
mation associate with number fluctuations. The quantities

Soa12(0) = =265 {o(@)| [ATPO, Q)] [6()) (446)
and f](VT)(q) are transformed under (2-23) as

£ 2(0) =15 11 0l0) = 40T AT ), (447)
") =G "’p)(Q)*a(T:”’p)wQ(q)- (4-48)
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Thus, we have to fix the gauge when solving the dispersion equation (4-43). For both
neutrons and protons, we choose the “ETOP” gauge,?®)

FSh@ =0, f5) @) =0. (4-49)

This gauge-fixing condition reduces the dimension of the dispersion equations. We
can then use the submatrix S’ of S, where terms related to the anti-Hermite part
of the monopole pairing operators, ( 2), are dropped. From Eq. (4-43), the
moving-frame QRPA frequency squared 2(q), is determined by the condition

det §'(w2(q)) = (4-50)

The solution with the smallest value of w?(q) (including negative values) is regarded
as the most collective mode at q. Note that we consider imaginary w(q) solutions
as well as real ones. Once w?(q) is determined, f(q), (Qfg(q))(") and P,;(q) can be
obtained by use of the normalization condition

(@) (@)™, P(a)] |6()) = 2i((Q*(¢)™, P(q)) = i. (4-51)
§5. Requantization of the collective Hamiltonian

5.1.  Requantization and construction of wave functions in the laboratory frame

Solving the basic equations of the ASCC method and the Thouless-Valatin equa-
tions, we obtain the collective Hamiltonian (2-24); we can set the collective mass
B(g)™! to unity without loss of generality, because it merely defines the scale for
measuring the length of the collective path. We also set the number fluctuation n to
zero. Requantization is carried out simply by replacing the classical variables with
the quantum operators:

p— ?%, i — 1, (5-1)
where I; are three components of the angular momentum operator acting on three
Fuler angles that define the orientation of the principal axes with respect to the lab-
oratory frame. The Schrodinger equation for the requantized collective Hamiltonian
is

10> N I?
—sa5+ Y 5= + V() | Tran(a, 2) = EraPia(e, 92). (5-2)

The collective wave function in the laboratory frame, ¥rar (g, £2), is a function of
the collective coordinate ¢ and the three Euler angles {2, and it is specified by the
total angular momentum I, its projection M on the laboratory z-axis, and the index
k distinguishing different quantum states having the same I and M. Note that the
three components I; of the angular momentum operator are defined with respect to
the principal axes (1,2,3) = (2/,y/, 2’) associated with the moving-frame HB state

l9(q))-
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Using the rotational wave functions 2% .- (£2), we can write the collective wave
functions in the laboratory frame as

2I+1
Prak(g, £2 Z (g 32 Pk () (5-3)

- Z Drrn(q) (RIIMK) . (5-4)

Here, @, are intrinsic wave functions that represent the large-amplitude collective
vibrations responsible for the oblate-prolate shape mixing. They are specified by the
projection K of the angular momentum on the intrinsic z’-axis, instead of by M.
We assume that the intrinsic states have positive signature. Then, their K and —K
components are connected by

I
(@) = (=) Pk (a). (5-5)
Accordingly, it is convenient to use new rotational wave functions, defined by

1 21 +1

(QIMEK) = g
2(1+0go) V 87

(Zaik () + (=)' 24y (92)) (5:6)

and new vibrational wave functions,

Prxr(a) =/ 1_1_275](0@/11(1@((1) . (—)]\/ %(SKOQS,I—KIC(Q% (5:7)

in place of ¢/ .. Because the & functions are normalized as

{72
21 +1

/dQ@]{; ( )@ ’K’( ) 5]]’5MM’6KK/7 (58)

the normalization of the vibrational wave functions is given by

I

[0y Tra@Priuta) = s (59)

K=0
5.2. Boundary conditions

Multiplying the Schrodinger equation (5-2) from the left by a rotational wave
function (2|IM K) and integrating out the Euler angles (2, we obtain the collective
Schrodinger equation for large-amplitude vibration:

I

1 02 .
<_§W + Vi )> Brici(a) + Y IME|Tior [IMK"Y B150k(q) = EraPrici(q),
K'=0

(5-10)

where Tior = > 12/(27:(q)).
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The boundary conditions can be specified by projecting the collective path onto
the (3,7) plane and by using the well-known symmetry properties of the Bohr-

Mottelson collective Hamiltonian.?)»™ The deformation parameters § and ~ are
defined by
Bla) cosy(a) = X' ($(a)] Dy’ 6(a)) /(henb?), (5:11)
Bla)siny(a) = VX' (6(a)] DS 16(a)) /(heb?), (5:12)

and they measure the magnitude and triaxiality of the quadrupole deformation of
the HB mean field in the moving-frame as functions of the collective coordinate q.
Here, fuwg denotes the frequency of the harmonic-oscillator potential, ¥’ = yb*, and
the harmonic-oscillator length parameter b is related to the radius parameter rg by

1
4 (2\3
b= <§> " 1243, (5-13)

The boundary conditions for the vibrational collective wave functions are spec-
ified according to the form of the collective path in the (3,7) plane. As we discuss
in §6.3, the collective path for 8Se passes through the y-direction (see Fig.1). In
this case, the following boundary conditions are employed in the prolate and oblate
limits. In the prolate limit, v(gpro) — 0°, the vibrational wave functions must satisfy

K
Prxck(Gpro — @) = (=) 2 Prxi(Gpro + 9), (5-14)
which is equivalent to
Prk(qpro) =0, (K =2,6,---) (5-15)
AP
IKk‘ =0. (K=0,4,---) (5-16)
dq 4=Aqpro

In the oblate limit, vy(gop) — 60°, the HB mean field is symmetric about the intrinsic
y/-axis, and thus the boundary conditions are given by

D1k (gob —

T
@I U <—,—,7T> gp[f(’k Gob T q)-

Z\/1+5K0 Y1+ orr) K \272 (4o + )
(5-17)

In the case of "?Kr, the collective path connecting the oblate and prolate shapes

is not periodic with respect to the 7-direction (see Fig. 3). Accordingly, we set the

box boundary conditions at the edge of the path:
Prkk(Gmin) = Prik(max) = 0. (5-18)

The matrix elements (IMK| Ty [IMK') of the rotational kinetic energy oper-
ator in Eq. (5-10) can be easily calculated:

(IMK| Tt IMK) = a(g)I(I +1) + b(q) K7, (5-19)
(IMK| Tyt [IM, K +2) = (IM,K + 2| Tyt |IMK)

c({I+K+2)I+K+1)(I-K)I-K-1)}"
(5

)

0)

ro Nl
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where
1/ 1 1
‘=7 (Jl(q) " jz((l)) ’ (5:21)
1/ 2 1 1
o= 1 (70 7w 7@) (5:22)
1/ 1 1
c(q) = 3 <m - m) : (523)

The other matrix elements are zero.

5.3. FElectric quadrupole moments and transitions

To evaluate the electric quadrupole (E2) moments and transition probabilities,
we need to derive expressions for the E2 operator in the collective subspace. This
can be easily done by using the procedure we used to derive the quantum collective
Hamiltonian. As described below, we first evaluate the expectation values of the E2
operators with respect to the moving-frame HB state |¢(q,p)) and then apply the
canonical quantization procedure.

In accordance with the quadrupole operators (3-4), we define the E2 operators
in the model space under consideration as

D) Z &> D) (kyefa, (5-24)
kler

~N(E2) A~ 1(E2)

Dy _§(D;§E2> + D7), (5-25)

(1)

where e g are the effective charges. Their expectation values in the collective sub-
space are expanded up to second order in the collective momentum p as

D% (q.p) = (¢(q, )] b,’ff‘iz’ 16(q,p))

=D, (q) + D"(EQ)( )’ (5-26)

where
DI (g) = (#(g)| D] EW (9)) (5:27)
DI (g) = — (6@ (D57, Q). Q@)] |6(9)) - (5-28)

The quantities D;L(?)(q, p) are called collective representations of the E2 operators.
Note that these are defined in the intrinsic frame associated with the moving-frame
HB mean field. We now apply the canonical quantization to them. Then, the collec-
tive coordinate ¢ and the collective momentum p become quantum operators acting
on the vibrational wave functions @;xx(q). We call the requantized E2 operators
“collective E2 operators” and denote them 15;552). Thus, the E2 matrix elements
between two collective vibrational states are evaluated as

. ) 1d d
@rxal D 1@1cns) = [ daisesla) (Diff”(@ 3 qu’“E”(q)d—q) Prion(a).
(5-29)
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We need to calculate these integrals only for vibrational states which satisfy the
selection rules of the E2 operators. (As shown in §6, the contribution from the
second term in the r.h.s. of Eq. (5-29) is negligible, so that the ordering problem in
the canonical quantization procedure is not important here.)

The collective E2 operators lA)L(m) are defined in the intrinsic frame, and those
in the laboratory frame ZA?,(LEQ) are obtained as
A ~ (B2
DED =522 () D). (5-30)
o

As is well known, B(E2) values and spectroscopic quadrupole moments Q(/k) are

given in terms of reduced matrix elements (Ik| |1A)SFE2) ||Ik) as

A 2
B(E2; Ik — I'K') = (21 + 1)~} ‘<Ik||D(E2)||I’k’> : (5:31)
1 .
QUIE) = |27 (1, M = 1k D)1, M = 1K)

[16r (1 2 I -
= T(—I 0 I) (Tk||DE2|| k). (5-32)

These reduced matrix elements can be evaluated by using the Wigner-Eckart theo-
rem,

I 2 7r

_ A (E2) _ _
(I, M =1,k| Dy \I’,M_I,k’>_<_l 0 7

) EHIDE ), 633)
and calculating the left-hand side as™
(I, M = LKD) |I', M = 1K)
2I+1)(2I' +1
_VELADEIET)

DD @)y o) (D | T | FH3cr)

872
KK'u
=V @I+ 1) +1) Y (Prep,| D) | D] g
KK'u
k(T 2 T\(I 2T .

In the intrinsic frame, the u = +1 components of the collective E2 operator vanish,
and those for the 4 = £2 components are equal. Thus we obtain

(IK|| D2 'K

I 2 I N
=V/RI+nEr+1n(-)"> ] K_K 0 K) (@ric| Do |[Pprscon)
K>0

I 2 I ~I(E
+ v/ 1+ dko { <—K 9 9 K) (D1 K12,k ] D/2(+2) |Pr k)

I 2 r ' A /(E2
+ (K 2 _K— 2) ()™ <¢IKk!D;(+ )‘451',1(+2,k/>}] : (5-35)
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§6. Results of numerical calculation and discussion

6.1. Details of numerical calculation

In the numerical calculations, we considered two major shells (Ng, = 3,4) for
protons and neutrons and used the same values for the single-particle energies,
the monopole pairing strength G[()T), and the quadrupole particle-hole interaction
strength y as in Ref. 75). The single-particle energies are listed in Table II. The
interaction strengths were adjusted to approximately reproduce the pairing gaps and
the quadrupole deformations obtained with the Skyrme-HFB calculation carried out
by Yamagami et al.5”) These values are Gén) = Gép ) = 0.320 and X' = xb* = 0.248

MeV for %Se and G{” = 0.209, GP) = 0.309 and \/ = 0.255 MeV for Kr. The
oscillator frequency and the radius parameters were set to wy = 41.24'/% MeV and
ro = 1.2 fm. For the quadrupole pairing strength, we used the self-consistent value
derived by Sakamoto and Kishimoto,5?)

-1

7)self 1 1 1 (1)
GéK = Z 1 <E_a + E_3> ’DQK(aﬂ)F J (6-1)
afBeT

where FE, is the quasiparticle energy evaluated using the BCS approximation in the

case of spherical shape. Accordingly, we have G55 = G55f = G5t

The effective charges egf) are written as egg) = depol for neutrons and eggf) =
e + depor for protons. For simplicity, we use the same polarization charge, depo =
0.905¢, for protons and neutrons, which is chosen to reproduce the experimental
B(E2;2{ — 07) value®® in ?Kr. Only these data are available for E2 transitions
among low-lying states in %Se and "?Kr. This value of depol seems slightly too large
and needs further investigation. We take into account the momentum-dependent
term in the collective representation of the E2 operators, Eq. (5:26), although nu-
merical calculations indicate that it gives only a few percent correction, at most, to
the main term.

In the present calculation, we ignored the curvature terms [the fourth, fifth and
sixth terms in Eq. (4-3)] in order to reduce the CPU time. We have verified that
their contributions are negligible.

In the numerical calculations, careful treatment is necessary in the prolate limit,
as the moment of inertia about the symmetry axis, J3(¢), vanishes there. Actually,
this does not cause a problem, because the K # 0 components of the vibrational
wave function also vanish there. To avoid numerical instability, however, we set
J3(q) = 1071342 (MeV)~! in the prolate limit, and we confirmed that this works
well without losing numerical accuracy. We applied this recipe also in the oblate
limit, where J5(q) vanishes. Actually, the y'-axis component of the vibrational wave
function also vanishes there, although this is not directly seen from Eq. (5-10), in
which the wave functions are decomposed with respect to the K quantum numbers,
choosing the z’-axis as the quantization axis.
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Table II. Energies in units of MeV of the spherical single-particle levels used in the calculation.
These values are taken from Ref. 75).

orbits 1fz/2 2p3;2 1fs;o 2p1j2 lgoye  2dsse lgrje 3s12 2ds)e
neutrons —9.02 —4.93 -2.66 —2.21 0.00 5.27 6.36 8.34 8.80
protons —877 —4.23 -—-2.41 —-1.50 0.00 6.55 5.90 10.10 9.83

6.2. Properties of local minima in %®Se and > Kr

In Table III we list the results of the calculations for the properties of the HB
equilibrium states (local minima in the potential energy surface). For both 8Se and
"2Kr, the lowest HB minimum possesses an oblate shape, while the second minimum
is prolate. The energy differences between the oblate and prolate minima evaluated
using the P+(Q Hamiltonian with (without) the quadrupole pairing interaction are
300 keV (196 keV) for %8Se and 827 keV (626 keV) for ™Kr. We thus find no
qualitative change in the mean-field properties due to the inclusion of the quadrupole
pairing interaction.

The QRPA collective modes at the oblate and prolate minima can be classified
in terms of the projections of the angular momenta on the symmetry axis, K, and
K, = K, respectively. Table IV lists the properties of the QRPA collective modes at
the oblate and prolate minima. In %8Se, the lowest modes are vy-vibrational (K, or
K.=2), and the second lowest modes are §-vibrational (K, or K,=0), both at the
oblate and the prolate minima. It is seen that the quadrupole pairing interaction
lowers their excitation energies without changing their ordering. In "?Kr, the lowest
QRPA modes at the two minima are both (-vibrational if the quadrupole pairing
interaction is ignored. Note, however, that the K, = 0 and 2 modes at the prolate
local minimum are close in energy, and their ordering changes when the quadrupole
pairing interaction is taken into account, whereas the lowest mode at the lowest
oblate minimum is always (-vibrational.

6.3. Collective path connecting the oblate and prolate minima in %8 Se

We start by solving the basic equations of the ASCC method from the oblate
minimum (¢ = 0) and progressively determine the collective path, following the
algorithm outlined in §4.2. Figure 1 illustrates the collective path thus obtained by
projecting it onto the (3, y) potential energy surface. The path connects the two local
minima passing through a potential valley lying in the triaxial deformed region. The

Table III. The quadrupole deformations and the pairing gaps A(()T) (in MeV) and A;}) (in MeV
fm?) at the HB local minima in ®®Se and "2Kr, calculated using the P+Q Hamiltonian, including
the quadrupole pairing interaction.

(G:=GE) 5 4 AP AP A Al AL A
%8Se (oblate) 0.30 60° 1.17 1.26 008 0.09 0.10 0.11
%8Se (prolate) 0.26 0° 1.34 1.40 0.14 0.15 0 0
Kr (oblate) 0.35 60° 0.92 1.06 0.05 0.06 0.06 0.07
Kr (prolate) 0.38 0° 1.14 127 0.19 0.19 0 0
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Table IV. The excitation energies w (in MeV) and the K quantum numbers of the lowest two
QRPA modes at the oblate and prolate minima in *®Se and "?Kr. The results of the calculation

with (G2 = G5) and without (G2 = 0) the quadrupole pairing interaction are compared. The

K quantum numbers here represent K, or K., according to the shape (oblate or prolate).

G2 =0 Go = G5
w1 K1 wa Kz w1 Kl w2 KZ
%8Se (oblate)  1.555 2 2342 0 1.373 2 2131 0
%Se (prolate)  1.015 2 1915 0 0.898 2 1369 0
Kr (oblate)  1.150 0  1.909 0 1.239 0 2010 2
?Kr (prolate)  1.606 0  1.674 2 1.644 2 1714 0

0.4
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Fig. 1. The collective path for 8Se calculated with the P4+Q Hamiltonian including the quadrupole
pairing interaction. The path is projected onto the (3,~) potential energy surface. The dots in
the figure indicate the HB local minima. Equipotential lines are drawn every 100 keV.

collective path for ®®Se obtained with the P+Q Hamiltonian including the quadrupole
pairing interaction is very similar to that obtained in Ref. 75), in which its effect
was ignored. As solutions of the ASCC equations, we obtain various quantities: the

canonical collective coordinate ¢, the quadrupole deformations ((q) and ~(q), the
monopole and quadruple pairing gaps AéT)(q) and Al

51 (@), the collective potential
V(q), the collective mass M (s(q)), the moving-frame QRPA frequency squared w?(q),

q
and the three rotational moments of inertia J;(¢q). These quantities are plotted in
Fig. 2 as functions of vy(q). It is seen that the quadrupole deformation 3(q) is almost
constant along the collective path, while the triaxial deformation ~(g) varies and
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5 1.8
116
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Fig. 2. Results of the calculation for %Se. The monopole pairing gap A(()T)(q)7 the quadrupole
pairing gaps A{7 (q) and ALY (q), the collective potential V(q), the collective mass M(s(q)), the
rotational moments of inertia J;(gq), the lowest two moving-frame QRPA frequencies squared
w?(q), the axial quadrupole deformation 3(q), and the canonical collective coordinate ¢ are
plotted as functions of v(g). The results of the two calculations using the P+Q Hamiltonian
with (G2 = G5*) and without (G2 = 0) the quadrupole pairing interaction are compared.

changes from an oblate shape to a prolate shape. It is seen that the quadrupole
pairing interaction slightly increases the values of 3(q) for all values of (q).
The collective mass M (s(q)) plotted in Fig. 2 is defined as a function of the

geometrical length, ds = \/d(3? + $2d~?, in the (3, ) plane:
M(s(q)) = M(q)/{(dB/dq)* + B*(dv/dq)*}. (6-2)

As explained in §5.1, we can set M (¢q) = B(q)~" = 1MeV ! here. We have found that
the quadrupole pairing interaction increases the collective mass. This enhancement
takes place almost independently of 7(g), and it is mainly due to the decrease of
dry/dq along the collective path.

Because the HB mean field becomes symmetric about the 3’- and z’-axes in
the oblate and prolate limits, respectively, the rotational moment of inertia about
the y' (2')-axis vanishes, and the other two moments take the same values at the
oblate (prolate) minimum. Their 7 dependence is similar to that of the irrotational
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moments of inertia. It is found the rotational moments of inertia increase by about
20—30% through the effect of the quadrupole pairing interaction. This enhancement,
as well as that of the inertial functions M(s(q)), is due to the time-odd pair field
generated by the quadrupole pairing interaction.

6.4. Collective path connecting the oblate and prolate minima in "> Kr

We have determined the collective path for ?Kr starting from the oblate min-
imum. The collective path projected onto the (3,7) plane is shown in Fig. 3, and
various quantities defined along the collective path are plotted in Fig. 4 as functions
of q. The collective paths calculated with and without the quadrupole pairing inter-
action are similar. Because the lowest mode of the moving-frame QRPA equations is
(B-vibrational around the oblate minimum, the path first goes along the axially sym-
metric line. Then, around (3,7) = (0.2,60°), the nature of the lowest mode changes
to y-vibrational, and thus the path deviates from the axially symmetric line. When
the collective path reaches the v = 0° line, the nature of the lowest mode again
changes to B-vibrational. Approaching the prolate minimum, the nature of the low-
est mode changes once more to v-vibrational, and the collective path deviates from
the v = 0° line.

We note that the lowest two modes at the prolate local minimum are very close,
and their ordering with respect to energy may be sensitive to the interactions used.
We examined whether, for example, the lowest mode at the prolate local minimum
becomes (-vibrational if the quadrupole pairing interaction is switched off, and in

0.5
0.4

0.3F"

Bsiny

0.2

0.1

pcosy

Fig. 3. The same as Fig. 1, but for "?Kr.
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Fig. 4. Results of the calculations for "?Kr. The notation here is the same as in Fig. 2, except
that the quantities are plotted as functions of ¢ along the collective path. The point ¢ = 0
corresponds to the oblate minimum, while the prolate local minimum is located near ¢ = 3.3
(¢ = 3.1) for the calculation using the P+Q Hamiltonian with (without) the quadrupole pairing
interaction.

this case the axial symmetry breaking takes place at a larger value of § beyond the
prolate local minimum. In such a situation, two collective coordinates may be needed
to describe the collective dynamics more effectively. This is an interesting subject
for future investigation. It should be emphasized that such a problem arises only
locally in a small region in the ((3,~) plane, and the collective path is well-defined
globally.

In the region of large 3 beyond the oblate minimum (¢ < 0) along the v = 60°
line, the lowest K = 0 mode exhibits a strong mixture of S-vibration (fluctuation
of an axially symmetric shape) and neutron pairing vibration (fluctuation of pairing
gaps), and the calculation to determine the collective path eventually stops when
the neutron monopole pairing collapses.

We have found that the collective mass and the rotational moments of inertia
increase also for ™Kr, due to the time-odd pair field generated by the quadrupole
pairing interaction. We note that the collective mass M (s(q)) diverges for large
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,74),75)

deformations. This behavior, found also in previous works,?”) is associated

with the disappearance of the pairing gaps.

6.5. Excitation spectra and quadrupole transitions in %8 Se

The collective Schrodinger equation (5-2) was solved with the boundary con-
ditions (5-14) and (5-17) for %8Se to obtain energy spectra, quadrupole moments
and transition probabilities. The results of the calculations are displayed in Fig. 5.
The calculations yield the excited prolate rotational bands as well as the oblate
ground state band. It is seen that the inter-band E2 transitions are weaker than
the intra-band E2 transitions, indicating that the oblate-prolate shape coexistence
picture is valid. The results of the calculation suggest the existence of an excited
0" state which has not yet been found in experiments. The spectroscopic quadru-
pole moments presented in Fig. 6 are also consistent with the oblate-prolate shape
coexistence picture: The yrast states possess positive spectroscopic quadrupole mo-
ments, indicating oblate deformation, while the second lowest states for each angular
momentum have negative values indicating prolate deformation. In Fig. 5, the ex-
citation spectra calculated with and without the quadrupole pairing interaction are
compared. We see that the quadrupole pairing plays an important role in decreas-

9 - 68Se n
- 6+
s b (G,=0) (G=G,**" (exp) .
7F (19 .
s (944)
é [N J 6+ _ F
>
5 °Fr e 1
5 (1251 .
c 4 . 6 . L
2 (792) —6
% 3 b 4% . (1408) .
X 2 +
(L 1 —1
5 |(1059 ©87) 473 ,
N 765)  (1221) —27
1p 2 (203) o y
(729) @39  \194)
ok 0+ R |- 0+ /A

Fig. 5. Excitation spectra and B(E2) values of low-lying states in %®Se calculated with the ASCC
method. In the left (middle) panel, the quadrupole pairing is ignored (included) in the micro-
scopic Hamiltonian. Experimental data®® are displayed in the right panel. The B(E2) values
larger than 1 W.u. are indicated in the parentheses beside the arrows in units of e? fm*.
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Fig. 6. Spectroscopic quadrupole moments of low-lying states in ®®Se. The left and right panels
plot the spectroscopic quadrupole moments of the yrast states and of the second lowest states
in each angular momentum, respectively. The units for the right panels are indicated beside
the right vertical lines. The results of the calculations with (without) the quadrupole pairing
interaction are indicated by the filled (open) squares.

ing the excitation energies. This is because the time-odd pair field generated by
the quadrupole pairing enhances the collective mass and the rotational moments of
inertia.

In Fig. 7, the vibrational wave functions are presented. It is seen that the
behavior of the 0T states is significantly different from that of the I # 0 states: The
vibrational wave functions of the lowest and the second lowest 0 states spread over
the entire collective path, indicating that the oblate and prolate shapes are strongly
mixed via the triaxial degree of freedom. In contrast to the 0T states, the I # 0
wave functions contain K # 0 components, which realize their maximum values in
the oblate limit. We can see this trend more clearly by plotting the collective wave
functions squared. This is done in Fig. 8. The vibrational wave function of the
ground 0" state spreads over the entire region of ~, while that of the excited 0"
state exhibits prominent peaks both in the oblate and prolate limits. By contrast,
the vibrational wave functions of the I # 0 yrast states are localized around the
oblate shape, while those of the second lowest states (for each angular momentum)
are localized around the prolate shape. This localization becomes stronger with
increasing angular momentum. In the yrast states, all the K' # 0 components realize
the maxima at the oblate shape, while the K = 0 component dominates at the
prolate shape in the second lowest states.

In order to evaluate the oblate-prolate shape mixing in a more quantitative
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Fig. 7. Vibrational wave functions @;x(g) of the yrast states (left) and the second lowest states
for each angular momentum (right) in ®®Se. In each panel, different K components of the
vibrational wave functions are plotted as functions of v(g). The calculation was performed with
the P4+Q Hamiltonian including the quadrupole pairing interaction.

manner, we define the oblate and prolate probabilities as

Gmax

q0 I 1
Pon(I, k) = / dg > |D1xr(@))’,  Powo(l,k) = / dg > 1 Prr(a))?, (6:3)
K=0 4 K=0

Gmin 0

where we assume ¢min < gob < @0 < @pro < Gmax- Lhe “boundary” between the
oblate and the prolate regions is set to the top of the potential barrier between the
two minima, or at v = 30°. Figure 9 displays these probabilities for %Se. The oblate
and prolate states are strongly mixed in the 0% states. It is clearly seen that the
shape mixing rapidly decreases as the angular momentum increases.

6.6. FExcitation spectra and quadrupole transitions in "> Kr

For Kr, the collective Schrodinger equation is solved under the boundary con-
ditions (5-18). The result of the calculation exhibits two coexisting rotational bands.
[See the energy spectra and the B(E2) values displayed in Fig. 10.] The spectro-
scopic quadrupole moments presented in Fig. 11 indicate that the yrast band is
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Fig. 8. Vibrational wave functions squared |®;xk(q)|? the yrast states (left), and the second lowest
states at each angular momentum (right) for ®®*Se. In each panel, different K components
are plotted as functions of y(g). The solid (dashed) lines represent the results of calculations
using the P4+Q Hamiltonian with (without) the quadrupole pairing interaction. Note that the
vibrational wave functions are normalized as in Eq. (5-9) with respect to the collective coordinate
g, so that they are multiplied by the factor dv/dg when integrating with respect the triaxial
deformation parameter . The dvy/dg values calculated with the quadrupole pairing interaction
are larger than those without it for all values of q.

oblate, while the excited band is prolate. For all states, including the 0T states, the
inter-band B(E2) values are smaller by about one order of magnitude than the intra-
band B(E2) values, and they rapidly decrease as the angular momentum increases.
This indicates that the oblate-prolate shape mixing is rather weak in "2Kr.

In Fig. 12, the vibrational wave functions are plotted. It is seen that the wave
function of the Of state is strongly localized in the oblate region, while that of
the 02+ state exhibits a major peak in the prolate region. In the yrast states with
I #£ 0, localization about the oblate shape further develops for all K-components of
the vibrational wave functions. The extent of this localization is larger for higher
K. Contrastingly, the collective wave functions of the second lowest states in each
angular momentum are essentially composed of the K = 0 component, which is
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Fig. 9. The oblate and prolate probabilities evaluated for individual eigenstates of *®*Se. The upper
(lower) panel plots the probabilities calculated using the P+Q Hamiltonian without (with) the
quadrupole pairing interaction. The probabilities defined by setting the boundary at the barrier
top (v = 30°) are indicated by squares (circles).

localized in the prolate region. Figure 13 plots the vibrational wave function squared.
Rather weak oblate-prolate shape mixing is seen only for the excited 01 state, and
other members of the rotational bands possess well-defined oblate or prolate forms.
The oblate and prolate probabilities are presented in Fig. 14. It is seen that the
shape mixing in the 0% states is much weaker than for 8Se, and it almost vanishes
at finite angular momentum.

§7. Concluding remarks

Shape coexistence/mixing phenomena in low-lying states of %8Se and "?Kr were
investigated using the ASCC method. The excitation spectra, the spectroscopic
quadrupole moments and the E2 transition properties of the low-lying states were
evaluated for the first time using the ASCC method. We have derived the quantum
collective Hamiltonian that describes the coupled collective motion of the large-
amplitude vibration responsible for the oblate-prolate shape mixing and the three-
dimensional rotation of the triaxial shape. The calculations yielded the excited pro-
late rotational band as well as the oblate ground-state band. The basic pattern of the
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Fig. 10. The same as Fig. 5, but for ”?Kr. The experimental data are taken from Refs. 64)-66).
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Fig. 11. The same as Fig. 6, but for ?Kr. (See the caption of Fig. 6.)
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Fig. 12. Vibrational wave functions $rxx(q) of low-lying states for "?Kr plotted as functions of ¢.
(See the caption of Fig. 7.)

shape coexistence/mixing phenomena has been qualitatively reproduced using the
one-dimensional collective path in the two-dimensional (3,~) plane. This collective
path was self-consistently extracted from the many-dimensional TDHB manifold.
Thus, the result of calculation indicates that the TDHB collective dynamics of the
shape coexistence/mixing phenomena in these nuclei is essentially controlled by the
single collective coordinate microscopically derived by means of the ASCC method.

We have also shown that the low-lying states can be described significantly more
effectively by including the quadrupole pairing interaction. The reason for this is
that the time-odd component of the mean field generated by the quadrupole pairing
interaction enhances the collective mass of the vibrational motion and the moments of
inertia of the rotational motion, and this lowers the energy of the collective excitation.

The present calculations clearly indicate that the oblate-prolate shape mixing
decreases as the angular momentum increases. This implies that the rotational
dynamics play the important role in realizing the localization of vibrational wave
functions around the oblate and prolate minima in the situation that the barrier be-
tween these local minima is very low. We shall attempt a more detailed investigation
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Fig. 13. Vibrational wave functions squared |®rx(q)|? of low-lying states for "?Kr plotted as func-
tions of g. (See the caption of Fig. 8.)

of the dynamical reason why the rotational motion hinders the oblate-prolate shape
mixing in a separate paper.

Acknowledgements

We thank Professors H. Aiba and S. Mizutori for useful discussions. This work
is supported by Grants-in-Aid for Scientific Research (Nos. 18:2670, 16540249,
17540231, and 17540244) from the Japan Society for the Promotion of Science and
the JSPS Core-to-Core Program “International Research Network for Exotic Femto
Systems”. We also thank the referee, whose comments were useful for improving the
manuscript.



Shape Mizing in Low-Lying States of %®Se and " Kr 93

1 ) :.— - 1
0.8 i :;;( .,
0.6 | o
P(L,k) 5
0.4 | o
0.2 o
0 10
1 1
0.8 |
0.6 | o
P(L,k) 5
0.4 | o
0.2 o
0 10

Fig. 14. The same as Fig. 9, but for "2Kr.

Appendix A
—— Quasiparticle Representation of One-Body Operators

Because the moving mean field |¢(q)) has positive signature, the conditions
Uku = U]_gﬂa Vkﬁ = _VE;H (Al)

hold. The matrix elements of the pairing one-body operators F( %2 36811 With
K=0and 2 and r = +1 (A(T)(i), B(T)( ) and B(T)(i)) given in Eq. (4-24) are

20(+) 22(+)

(@) E) 16(a)) =23~ (OIFONR) S Ura(a) Vi (), (A-2)
kl i

FE (ur) =3 01 FS KD (Vio () Vi, (0) £ Una(@) U (0), (A-3)

kKl

Fig)(uw) =Z/(OIF§)\kl—)(Vm<q)Uku< ) £ Uku(@) Vi, (0))- (A-4)
Kl
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The matrix elements of the particle-hole operators with K = 0 and 2 and r = +1
(Dég_) and D(+)) appearing in Eq. (4:24) are

(¢(q)] s( 13,15 ¢(q) 22 k| 13 150) Z Vi (q) (A-5)
F\) 1 1 (up) =Z (KIFS ) 510 Uk @)Vin (@) — Upo(@)Via(a),  (A6)

kl
FS) s () =3 RES ], 510 Uk @)U(@) = Vi (@Vi(@)- (A7)

kl

The matrix elements of the particle number operators given in Eq. (4-23) are

N (g) = (8()| N7 [6(0)) = 253 Visla)®, (A-8)
ker @
NG (up) =Z’<Uk#<q>vkp<q> — Up (@) Vi (@), (A-9)
ker
NG (1) =3 (U @)Uk (@) = Vi (@) Vi (0)). (A-10)
kecr

The constraint on the Q(q — dq) operator expressed by (4-21) in the moving-frame
HB equation is written

(6(9)| Qg — 59) |6(q) Zle q - dq) ZVIW (A-11)

Appendix B X
—— Determination of the B-Part of Q(q) ——

In this appendix, we show that the B-part of the operator (Q(q)) can be deter-
mined through its A-part, (Q“(q)), which is obtained by solving the moving-frame
QRPA equations. In terms of the quasiparticle operators, aj and a;, defined by the

Bogoliubov transformation
c u Vv a

the Hermitian operator Q(q) is written

ZQU cf i Cj
= Z (Qij q) aja} + Q;-Aj*(q)ajai + Qf;(q)azaj> , (B-2)
ij

where

QM =U'QV, QP =U'QUu-ViQV. (B-3)
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Thus, the matrices Q and QP can be written in terms of Q4 as

Q= (UH W, (B4)
QF = Qv lu —viwhH QA (B-5)

We cannot directly use these relations, however, to determine @ and QF, because
the matrices @ and QP calculated using (B-4) and (B-5) are not Hermitian. For
this reason, we have to construct Hermitian matrices Q and QF from Q4. This is
done by adding a symmetric matrix S to the solution of the moving-frame QRPA
equation, which we here write Qg‘, as

Q4 =Q +5. (B-6)

For this matrix, @ is written
Q= (UNQY+SV " =Qo+ UV, (B-7)
Qf= (vH Qi + 9 U =@l + (v)~'sTu. (B-8)

From the Hermicity condition, Q = Qf, we obtain the following equation for S:
(vhH=tstu=t — (whH=tsv—t = Qo - Q). (B9)
This determines the symmetric matrix S. Explicitly, the above equation is given by

D AWy = UV kS =(Qodig — (Qo)si (B10)
Kl

where we assume that all quantities are real. The number of unknown quantities and

the number of equations are the same, N(N + 1)/2, N being the dimension of the

matrix. Therefore, it is possible to determine the matrix S by solving this equation.
In the case of the P+Q model, we start from the skew symmetric matrix QS‘,

1 1

(Q)ur(a) = 5Quo(a): (Q0)oula) = —5 Qi (@)- (B-11)

The symmetric matrix S, = Sy, is determined by solving the equations,

Z,{(V_l)mg(U_l),d — (U eV Ha}Sus = (Qo)r — (Qo)iks (B-12)

Z,{(V*I)H;;(Ufl)m‘ — (U (V8 = (Qo)i — (Qo)iz (B-13)
nuv

where
Q@) = > ™)@ (Ve (B14)
(Q0)(a) = 3 (U or (@) @)V, (B-15)
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As the relation (Q3')us = (QF'),z holds, the matrix S satisfies the relation S,; =
—Sup, and thus, Egs. (B-12) and (B-13) are written

S VU~ UV} =(Qo)i — Qo). (B-16)
nu

Using the transformed matrix Q4'(g),

Qi (9) = (Q0) (@) + Syws (B-17)
the Hermite matrices Q(q) and QB (q) are obtained as follows:
Qula) = - (U )@@V . (B18)
v
Qiala) = Z’(U*),:L,;Qé;(q)(v*m, (B19)
v
Z Ukqul @)U — Vlkal( Wi (B-20)
Z Qi) Uiy — Vin Qi (q) Viw- (B-21)

Appendix C
—— Clalculation of the Rotational Moments of Inertia

For the separable interactions (3-7), the Thouless-Valatin equations (2-26) de-
termining the three rotational moments of inertia, 7;(q), about the principal axes in
a non-equilibrium state |¢(q)) can be written in the form

5 ()] [ +zZ Z yala

- %Jﬂ(qﬂl 6(@) =0, (C)

where
15 (0) = ins (@) [ED, 8i(a)] [6(a)) (C-2)
F5@) = —ra (D) [EO, 8:(a)] [6(a)) - (C:3)
The quasiparticle representation of the angular momentum operators is expressed as
L= S Tan(uo) (Al + Aus) + S T(w)(Bu — Bas)y  (C4)

%
N !
ily = Y Iay () (Al, — Auw) + Loy (i7)(AL, — Agp)

+ 3" 15,4 (47)(Bus — B, (©5)
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I = Z In-(uv) (AL, + Aw) + La-(A0) (AL, + App)
- Z I () (Bus + Ba), (C-6)

where the matrix elements of 14,14, and 14, are given by

Lao(pp) = 3 (K1) (Uku(@)Vio (@) + Ug (0) Vi (2). (C7)
kl
Lay(w) = Luy(ar) =Y (k|11 Uku() Vi, (@), (C-8)
kl
Tap(pv) = —Ia(iw) = —Z/mkUku(Q)Vm(Q)- (C-9)
k

The residual interactions with (r=+1,K =1), (r=-1,K =1) and (r = -1, K =
2) contribute to rotations about the x, y and z-axis, respectively. The quasiparticle
representation of the one-body operators having these quantum numbers is given by

ZFAS )AL, + Aup)
Z FE —Bpp), (r=+1,K=1) (C-10)
Z FA? () (AL, £ Ay + AL, App)
Z FSE) (uw ~B), (r=-1,K=1) (C-11)
=Z Fi )AL, £ A — (Aly = A50)}
+ 3 F) ) (Bus + B (r=—1,K =2) (C12)

The matrix elements of the quadrupole pairing operators are

FC)our) = 237 0BG 1D (Vi ()Vio(0) £ Ui (0), (C13)
klet

FC ol =7 01BE ) BD (Via(a)Vio (@) £ Uga(@) Vi () (C-14)
kleT

FC) () = 7 01BS S R (Vi (@) Vi (@) £ Uku(@ U (@), (C15)
kleT

F,ij,[s):am(/“/) = F,ij,[s):mo(ﬂp)’ F/(xj,[s):zu(ﬁ‘”) = _F/(xj;):?,m(ﬂ’j)- (C-16)

Note that the quadrupole operators lA)éff) and ﬁgg) do not contribute to the moments

of inertia.
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The three Thouless-Valatin equations, appearing in (C-1), for a non-equilibrium
state can be solved independently. The angle operators ¥,(q),¥%,(¢q) and ¥,(q) can
be written as

0, (q) = iZ’wA,I(W)(ALD — A,) + (B — part), (C-17a)
= S Wy () (AL, + ) + Wy (77) (AL, + Ags) + (B—part), (C-17D)
B.(q) = i3 WaL () (AL, — Ap) + W (i9) (AL, — Ags) + (B—part). (C-17c)

These matrix elements are easily obtained from Eq. (C-1) as

asli?) = g +E <2f<+> (@) F5) (no) + 77 (g >IA,I<W>>, (C-18a)
Way(pv) = E + E <Z IW) Iy I(Q)IA,y(MV)> ) (C-18b)
Vay(i?) = g +E (Z Fa s v)—fy%q)u,y(uu)), (C-18¢)

as(i0) = g +E < wa )—Jz’l(q)IA,z(uu)>. (C-18e)

It is easy to confirm that fw;s(‘I) =0, f(ﬂ( ) = 0 and fé:)s(q) = 0. Substituting
(C-18) into the quantities fé,:)s(q) éy)s( ) and f(+)( ) and the canonical variable
condition (2-26), we obtain
Fih(@) = i 0@ [FED, 0(q)] 6())
. Z(F,Eﬁ), FS N pafy0(@) + 26(F)  Taa) B4 T3 H(q), (C19a)

)

(@) = — ks (S(@)] [E) 8] [6(a))
—2n, S(E) FS ) oo £ (@) — 20 (FS ) Tag) e Ty Ma), (CH10D)

S/

157 (a) =ins (0(a)| [ED), B(q)] [6(4))
=260 Y (FS) Ta2) - 157, (a) + 265 (FS) Ta ) - T 1 a), (C-19¢)

S/

()] [F(q), L] 16(0)) /i = =23 Wa o (11, 9) L0 ()

ny
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=2 Z(FX;), IA,x)E+fg;(Q) —2(Iaw, Iag)e+T; ' (q)

=1, (C-20a)
(6(@)] [ (a), i1,) 16() = 25 Wy () Tay () + 23 Way (7i0) Ty (ji0)
pv g
=2 (F) Tay)e- £5(0) — 200y, Tay) - T, (0)
= —1f (C-20D)
(3(a)] [7(a), 1] |6()) /i = —23" Wa () Taz () — 23 Wa . (39) Ta 2 (17
ny nv

=23 (P T e-£57(a) + 20a 2, Ta2) B- T a)

—1, (C-20¢)
where

(X¥)pr = S L, (21

X(w) = ;V(M ) — X (vp), (C-22)

(X,Y)p = ; W + Z'% (C-23)

Equations (C-19) and (C-20) are linear equations with respect to fé-,jl(q) and J; ' (q),
and they can be rewritten as follows:

5 206(F3 P D)oy = 8o 200 (P Laa)in ) (157, () _ (0)
o Q(Ff(x;)aIA,x)E+ 2(Iae, Lae) By, T, Hq) 1)’
(C-24a)
T )
s Q(Ff(l,s)v [A,y)E— 2([,4,3,,, IA,y)E— yi1 1
(C-24b)
Z 2"58<F£&?7F,512)) — bsy QHS(FA S)JA 2)E— fffyl,(q) _ (0) (C-240)
s (Ff(;rs)wIA,z) - 2(1az,1az)E— T (q) 1
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