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The Weak Gravity Conjecture



The Big Picture

Landscape

Swampland

Vafa ’06, Ooguri, Vafa ‘06



The Weak Gravity Conjecture

The WGC: In any U(1) gauge theory that admits a
UV completion with gravity, there must exist a state
of charge g, mass m, such that

49 > Q‘
m — M extremal

Arkani-Hamed, Motl, Nicolis, Vafa, '06



The Generalized WGC

The generalized WGC: In any p-form theory in d dimensions,
there must exist an electrically charged object of dimension p — 1
and a magnetically charged object of dimension d — p — 1 with




Strong Forms of the WGC

* The lightest charged particle must satisty
Q/m Z Q/M‘ext-

* The particle of smallest charge must satisty
Q/m 2 Q/M‘emt-

» “Most” charge sites ¢ must contain a
particle with ¢/m > Q /M |czt.



Why should the WGC be true?

 If not, extremal BH will be unable to decay.

 If not, near-extremal BH will move towards
extremality

e-? o

M<Q M >Q



Why should the WGC be true?

* Many examples from string theory, KK theory:




The WGC for Multiple U(1)s

1. Take theory with N 1-form U(1)s.

2. Consider charge-to-mass vectors z; = =M,

(2

3. WGC: Convex Hull of {Z;} must contain unit
ball in RY.

Cheung, Remmen 14




The WGC and Inflation



Inflation
Problem: Why 1s the universe so flat and so
homogeneous?

Solution: Inflation—postulated period of
exponential expansion 1n the early universe



Inflation 1n Field Theory

 Inflation can be thought of as the theory of a
ball rolling down a hill with friction

V(¢)




Inflation 1n Field Theory

o Large-field inflation (A¢ 2 M,) runs afoul of
QG:

vie] Me
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* Solution: impose shift symmetry ¢ — ¢ + ¢



Axion Inflation

» Axions (scalars with perturbative shift symmetry)
acquire periodic potential via instanton effects:

V(p) = A*(1 — cos ?) + ...
f V(9) «4

“axion decay constant”

* Need f > M, for inflation



WGC and Axion Inflation

Consider O-form ¢ with decay constant f.

Charged object is an instanton of action S.
WGC = 1/(fS) 2 1/M,.
S>14+ WGC = f S M,

Incompatible with inflation!

Agrees with string theory

Banks, Dine, Fox, Gorbatov 03



Multi-Axion Inflation

e Recruit additional axions:

T~
Jerr ~ VNM,
Decay Constant Alignment N-flation
Kim, Nilles, Peloso 04 Dimopoulos, Kachru,

McGreevy, Wacker 05



Multi-Axion Inflation

« Simplest models violate convex hull condition
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Decay Constant Alignment N-flation



Multi-Axion Inflation

* Similar constraints apply to simplest multi-

axion models TR 14, 15
Brown, Cottrell, Shiu, Soler ’15

Montero, Uranga, Valenzuela 15

fepr ~ M,
Jefrf ™ \/TVf ~ Mp\.
f~ M,/VN
Decay Constant Alignment N-flation
Kim, Nilles, Peloso '04 Dimopoulos, Kachru,

McGreevy, Wacker ’05



A Loophole

 Take a model with two instantons:

V ~ e 1(1 — cos —) - e_SN(l—Cosi)

Decay constant f1 = %Mp fn = iMp

Instanton Action S1 =1 Sy =4

Zwae = Mp/(fS)| 41 =4/N

Satisfies WGC!



A Loophole

) - e_SN(l—cosi)

fn
A

~ Mp

V ~ e (1 — cos

f1
V(o)

¢

= super-Planckian f; = successful inflation!




Invoking a Strong Form

e In this model:

 The instanton of smallest action does not
satisfy the WGC bound

* The instanton of smallest charge does not
satisfy the WGC bound

* “Most” charge sites are not occupied by
instantons satisfying the WGC bound

* Similar considerations apply to multi-axion
models of inflation



Strong Forms of the WGC



Methodology

Need Stronger
Conjecture

Internal
Inconsistency

UV-Complete
Counterexample

Need Weaker
Conjecture
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The WGC and Dim. Reduction

* Consider (d+1)-dimensional U(1) theory
satisfying WGC

e KK reduce on small circle

* Find violation of WGC 1n d dimensions!




The sLWGC

* Leads us to suspect strong form:

Sublattice Weak Gravity Conjecture: There
exists some sublattice of the full charge lattice
with particles satisfying |q]/m > |Q|/M |cxt-

Solves inconsistency!




Top-Down Evidence for the
SLWGC

e SO(32)/FEs x Eg heterotic string states

o T4 /T orbifolds of type II/heterotic
string theory

e Higgs branch of T*/Zs heterotic orbifold



Top-Down Evidence for the
SLWGC

* Perturbative string partition function:

Z(w, i, 7, 7) := Tr(¢~ g~ y“y?)

2T 2L

q=¢€ y==~¢€
A, A = conformal weights

Q, () = left, right-moving charges



Top-Down Evidence for the
SLWGC

* Modular invariance implies spectrum 1s
invariant under shifts

Q>Q+pQ—=Q+p pelH pely
with A — 2Q2%, A — 2Q? held fixed,
* Existence of graviton, A = A=Q=0Q =0

then implies sublattice of charged particles
satisfying the WGC bound

see also Shiu et al. ’16



Methodology

UV-Complete
Counterexample

Need Weaker
Conjecture




WGC Strong Form Counterexamples

o Type II T /7.9 X 7o orbifold with non-

trivial space group




WGC Strong Form Counterexamples

(0,1)® . o,
(575) ’ ‘\\O
\\ /Lo ¢
0 . I oo
(1,0) 0 1/2\

Lightest charged state

Strong WGCs Violated!



Strong Forms of the WGC and
Inflation



(s)LWGC and Inflation

 Model with P instantons, N axions, WGC
bounds assume

P=N

e (s)LWGC says
P =00

* Need to revisit WGC constraints 1in light of
this new conjecture
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A Loophole
e Set 5@ — 0 = const., N =1,
V(g) = Ze_”/fo cosn—¢ +0

nel fO
B cos(¢/fo +8) —el/focosd
= VitV coshl/fo —coso/fo
V(o)




A Second Loophole

* Scrunch lattice along one diagonal:

» Effect on potential is subleading in N~ 'in
scrunched direction, find

fof ~ VNM,



A Third Loophole

 Set N = 2, take two aligned 1nstantons to
have S5 < [Q]and dominate potential
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* (Gives rise to standard KNP alignment
Kim, Nilles, Peloso '04



Generic Constraints

* More generally, take random phases 05

* Given direction e in charge lattice,
decompose potential into harmonics
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Phasor Notation

* Introduce phasor notation,

LD —éKa,b(%a(%b — Y Z5e' 7
QeA
L — _|é|+i5@
ZQ =€
e Total contribution to nth harmonic 1s then

Zn= Y  Z3



Gaussian Approximation

* For large number of instantons, can use CLT
to write:

Ly, ~ N(Oa 0727,)

2 —2|Q
o, = E e

Higher harmonics suppressed < 02 < 0%



Estimating o2

Want to estimate sum:

2 _ E —2|Q)
o, = e



Estimating o2

Method 1: use instantons of small charges and

ignore the rest (valid for small decay constants)
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Estimating o2

Method 2: use Poisson resummation (valid for
large decay constants)
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Volume Bound

* For general K3, define

B M;?V(ZW)N
vol & = A

with |A| the volume of the unit cell, @ the
fundamental domain of axion moduli space:

Decay Constant Alignment N-flation



Volume Bound (cont.)

« Demanding 02 < 1 and approximating, get

log|vol ®| < log|vol Dy (2M,)] 4+ O(log N)

with Dy (R) the N-ball of radius R.



Volume Bound and N-flation

* Isotropic N-flation (K, o I) violates the
volume bound

Mp
\/NM

* But, decay constant alignment survives




Volume Bound and Alignment
» Set K,;, € Wishy(0?, N)

— feff SJ O(lMp)

» Set K,' € Wishy (02, N)

—> feff SJ O(NMP)



Summary

* The (s)LWGC emerges naturally from the
WGC via dimensional reduction

 The WGC 1s incompatible with some models of
axion 1nflation

 If the (s)LWGC 1s true:
* Isotropic N-flation would be ruled out

* Some decay constant alignment models
would be ruled out

* But, some would be allowed



Open Questions
Can one prove the WGC? The sLWGC?

c.f. Harlow ’15, Shiu et al. ’16, Hod ’17, Fisher, Mogni '17
If not, can one find a counterexample?

Can one close the aforementioned loopholes?

If not, can one exploit one of these
opportunities in a stringy model of inflation?

What more can the WGC tell us about low-
energy physics?



