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Plan of talk

Cosmology with large-scale structure

Redshift-space distortions (RSD) as a probe of gravity

Beyond standard RSD: relativistic distortions

Summary
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Large-scale structure
Matter inhomogeneity over Giga parsec scales

• Provide a wealth of cosmological information

• Is key observations in post-Planck precision cosmology  

Origin of cosmic acceleration, nature of dark sectors, …

has evolved from tiny fluctuations (most likely seeded by inflation) 
under influence of cosmic expansion and gravity

1000 Mpc =3*10^9 light years

=

is dominated by hypothetical invisible objects (i.e., cold dark matter)

3



Timeline of the Universe

380,000 yrs 13.8G yrs

Nuclea
osyn

thesis

Bary
ogen

esis

Inflatio
n

Dark
 age

s

Firs
t-st

ars
/gal

axies

NowBig-B
ang

Large-scale structure
(galaxies・clusters)

Cosmic microwave 
background

Last 
sca

tter
ing su

rfac
e

Planck 2015

4



Observing large-scale structure

Sloan Digital Sky Survey 
@ APO (New Mexico)

Blanco telescope 
@ CTIO (Chile)

Very Large Telescope (Chile)

3.6m

4m

8.2m

Canada-France-Hawaii 
Telescope (Hawaii)

Subaru Telescope (Hawaii)

8.2m

2.5m

http://subarutelescope.org/Information/Download/DImage/index.html
http://www.sdss.org/instruments/

http://www.cfht.hawaii.edu/en/news/CFHT30/#wallpaper
http://www.darkenergysurvey.org/DECam/index.shtml

https://en.wikipedia.org/wiki/Very_Large_Telescope

Intensive use of telescope is necessary
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Redshift

SDSS SkyServer

Nearby galaxy

Distant galaxy

Ca H & K OIII HβNa Mg 

A key measurement to probe 3D view of large-scale structure

Distant galaxies looks redder than nearby galaxies
due to cosmic expansion

wavelength

z=0.1462

E.Hubble

G. Lemaitre

recession ‘velocity’ distance to galaxy
(= light velocity x redshift ) Hubble parameter

v = H d
Hubble law

Redshift 
parameter z = ��/�

v = H d
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A section of 3D map

http://www.sdss.org/press-releases/astronomers-map-a-record-
breaking-1-2-million-galaxies-to-study-the-properties-of-dark-energy/

120,000 galaxies redshift

Sloan Digital Sky Survey (SDSS-III)
Baryon Oscillation Spectroscopic Survey
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Baryon acoustic oscillations (BAO)
• Characteristic scale of primeval baryon-photon fluid (~150Mpc)

(⇔ acoustic signal in CMB anisotropies)

7

FIG. 4: Measured power spectra for the full LRG and main galaxy samples. Errors are uncorrelated and full window functions are shown
in Figure 5. The solid curves correspond to the linear theory ΛCDM fits to WMAP3 alone from Table 5 of [7], normalized to galaxy bias
b = 1.9 (top) and b = 1.1 (bottom) relative to the z = 0 matter power. The dashed curves include the nonlinear correction of [29] for
A = 1.4, with Qnl = 30 for the LRGs and Qnl = 4.6 for the main galaxies; see equation (4). The onset of nonlinear corrections is clearly
visible for k ∼

> 0.09h/Mpc (vertical line).

Our Fourier convention is such that the dimensionless
power ∆2 of [77] is given by ∆2(k) = 4π(k/2π)3P (k).

Before using these measurements to constrain cosmo-
logical models, one faces important issues regarding their
interpretation, related to evolution, nonlinearities and
systematics.

B. Clustering evolution

The standard theoretical expectation is for matter
clustering to grow over time and for bias (the rela-
tive clustering of galaxies and matter) to decrease over
time [78–80] for a given class of galaxies. Bias is also

14 L. Anderson et al.

Figure 8. The CMASS DR9 power spectra before (left) and after (right) reconstruction with the best-fit models overplotted. The vertical dotted lines show
the range of scales fitted (0.02 < k < 0.3hMpc�1), and the inset shows the BAO within this k-range, determined by dividing both model and data by the
best-fit model calculated (including window function convolution) with no BAO. Error bars indicate

p

C
ii

for the power spectrum and the rms error calculated
from fitting BAO to the 600 mocks in the inset (see Section 4.2 for details).

an estimate of the “redshift-space” power, binned into bins in k of
width 0.04hMpc

�1.

6.2 Fitting the power spectrum

We fit the observed redshift-space power spectrum, calculated as
described in Section 6, with a two component model comprising a
smooth cubic spline multiplied by a model for the BAO, following
the procedure developed by Percival et al. (2007a,c, 2010). The
model power spectrum is given by

P (k)m = P (k)smooth ⇥B
m

(k/↵), (32)

where P (k)smooth is a smooth model that fits the overall shape
of the power spectrum, and the BAO model Bm(k), calculated for
our fiducial cosmology, is scaled by the dilation parameter ↵ as
defined in Eq. 21. The calculation of the BAO model is described
in detail below. This scaling of the acoustic signal is identical to
that used in the correlation function fits, although the differing non-
linear prescriptions in (Eqns 23 & 32) means that the non-linear
BAO damping is treated in a subtly different way.

Each power spectrum model to be fitted is convolved with the
survey window function, giving our final model power spectrum to
be compared with the data. The window function for this convolu-
tion is the normalised power in a Fourier transform of the weighted
survey coverage, as defined by the random catalogue, and is calcu-
lated using the same Fourier procedure described in Section 6 (e.g.
Percival et al. 2007c). This is then fitted to express the window
function as a matrix relating the model power spectrum evaluated
at 1000 wavenumbers, k

n

, equally spaced in 0 < k < 2hMpc

�1,
to the central wavenumbers of the observed bandpowers k

i

:

P (k
i

)fit =

X

n

W (k
i

, k
n

)P (k
n

)m �W (k
i

, 0). (33)

The final term W (k
i

, 0) arises because we estimate the average
galaxy density from the sample, and is related to the integral con-
straint in the correlation function. In fact this term is smooth (as

the power of the window function is smooth), and so can be ab-
sorbed into the smooth component of the fit, and we therefore do
not explicitly include this term in our fits.

To model the overall shape of the galaxy clustering power
spectrum we use a cubic spline (Press et al. 1992), with nine nodes
fixed empirically at k = 0.001, and 0.02 < k < 0.4 with
�k = 0.05, matching that adopted in Percival et al. (2007c, 2010).
This model was tested in these papers, but we show in Section B3
that it also provides an excellent fit to the overall shape of the DR9
CMASS mock catalogues, and that there is no evidence for devia-
tions for the fits to the data.

To calculate our fiducial BAO model, we start with a linear
matter power spectrum P (k)lin, calculated using CAMB (Lewis et
al. 2000), which numerically solves the Boltzman equation describ-
ing the physical processes in the Universe before the baryon-drag
epoch. We then evolve using the HALOFIT prescription (Smith
et al. 2003), giving an approximation to the evolved power spec-
trum at the effective redshift of the survey. To extract the BAO, this
power spectrum is fitted with a model as given by Eq. 32, where we
adopt a fixed BAO model (BEH) calculated using the Eisenstein &
Hu (1998) fitting formulae at the same fiducial cosmology. Divid-
ing P (k)lin by the best-fit smooth power spectrum component from
this fit produces our BAO model, which we denote BCAMB.

We damp the acoustic oscillations to allow for non-linear ef-
fects

B
m

= (BCAMB � 1)e�k

2⌃2
nl/2

+ 1, (34)

where the damping scale ⌃

nl

is a fitted parameter. We assume
a Gaussian prior on ⌃

nl

with width ±2h�1
Mpc, centred on

8.24h�1
Mpc for pre-reconstruction fits and 4.47h�1

Mpc for
post-reconstruction fits, matching the average recovered values
from fits to the 600 mock catalogs with no prior. The exact width of
the prior is not important, but if we do not include such a prior, then
the fit can become unstable with respect to local minima at extreme
values.
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10 S. Alam et al.

Figure 3. BAO signals in the measured post-reconstruction power spectrum (left panels) and correlation function (right panels) and predictions of the best-fit
BAO models (curves). To isolate the BAO in the monopole (top panels), predictions of a smooth model with the best-fit cosmological parameters but no BAO
feature have been subtracted, and the same smooth model has been divided out in the power spectrum panel. For clarity, vertical offsets of ±0.15 (power
spectrum) and ±0.004 (correlation function) have been added to the points and curves for the high- and low-redshift bins, while the intermediate redshift
bin is unshifted. For the quadrupole (middle panels), we subtract the quadrupole of the smooth model power spectrum, and for the correlation function we
subtract the quadrupole of a model that has the same parameters as the best-fit but with ✏ = 0. If reconstruction were perfect and the fiducial model were
exactly correct, the curves and points in these panels would be flat; oscillations in the model curves indicate best-fit ✏ 6= 0. The bottom panels show the
measurements for the 0.4 < z < 0.6 redshift bin decomposed into the component of the separations transverse to and along the line of sight, based on
x(p, µ) = x0(p) + L2(µ)x2(p), where x represents either s2 multiplied by the correlation function or the BAO component power spectrum displayed in the
upper panels, p represents either the separation or the Fourier mode, L2 is the 2nd order Legendre polynomial, p|| = µp, and p? =

p
p2 � µ2p2.

c
� 2016 RAS, MNRAS 000, 1–38

• Can be used as standard ruler to measure distance at high-z 
(theoretical prior) →probe of cosmic expansion

power 
spectrum

P (k) =
1

Nk

�

|�k|=k

|�(�k)|2 density fluc

Alam et al. (’16)

BOSS DR12

8



Baryon acoustic oscillations (BAO)

���� z 

distant galaxies cosmic microwave background

 Redshift  z (=0~3)Angular diameter 
distance

 Redshift  z=1100

Acoustic 
oscillation 

scales

cosmic expansion 
changes the distances !!

• Characteristic scale of primeval baryon-photon fluid (~150Mpc)
(⇔ acoustic signal in CMB anisotropies)

• Can be used as standard ruler to measure cosmic expansion
(theoretical prior)
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Redshift-space distortions (RSD)
Cosmological Analysis of BOSS galaxies 13
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Figure 5. The measured pre-reconstruction correlation function (left) and power spectrum (middle) in the directions perpendicular and parallel to the line of
sight, shown for the NGC only in the redshift range 0.50 < z < 0.75. In each panel, the color scale shows the data and the contours show the prediction of the
best-fit model. The anisotropy of the contours seen in both plots reflects a combination of RSD and the AP effect, and holds most of the information used to
separately constrain DM (z)/rd, H(z)rd, and f�8. The BAO ring can be seen in two dimensions on the correlation function plot. To more clearly show the
anisotropic BAO ring in the power spectrum, the right panel plots the two-dimensional power-spectrum divided by the best-fit smooth component. The wiggles
seen in this panel are analogous to the oscillations seen in the top left panel of Fig 3.

Table 4. Summary table of pre-reconstruction full-shape constraints on the parameter combinations DM ⇥

�
rd,fid/rd

�
, H⇥

�
rd/rd,fid

�
, and f�8(z) derived

in the supporting papers for each of our three overlapping redshift bins

Measurement redshift Satpathy et al. Beutler et al. (b) Grieb et al. Sánchez et al.
⇠(s) multipoles P (k) multipoles P (k) wedges ⇠(s) wedges

DM ⇥

�
rd,fid/rd

�
[Mpc] z = 0.38 1476 ± 33 1549 ± 41 1525 ± 25 1501 ± 27

DM ⇥

�
rd,fid/rd

�
[Mpc] z = 0.51 1985 ± 41 2015 ± 53 1990 ± 32 2010 ± 30

DM ⇥

�
rd,fid/rd

�
[Mpc] z = 0.61 2287 ± 54 2270 ± 57 2281 ± 43 2286 ± 37

H ⇥

�
rd/rd,fid

�
[km s�1Mpc�1] z = 0.38 79.3 ± 3.3 82.5 ± 3.2 81.2 ± 2.3 82.5 ± 2.4

H ⇥

�
rd/rd,fid

�
[km s�1Mpc�1] z = 0.51 88.3 ± 4.1 88.4 ± 4.1 87.0 ± 2.4 90.2 ± 2.5

H ⇥

�
rd/rd,fid

�
[km s�1Mpc�1] z = 0.61 99.5 ± 4.4 97.0 ± 4.0 94.9 ± 2.5 97.3 ± 2.7

f�8 z = 0.38 0.430 ± 0.054 0.479 ± 0.054 0.498 ± 0.045 0.468 ± 0.053
f�8 z = 0.51 0.452 ± 0.058 0.454 ± 0.051 0.448 ± 0.038 0.470 ± 0.042
f�8 z = 0.61 0.456 ± 0.052 0.409 ± 0.044 0.409 ± 0.041 0.440 ± 0.039

ods is consistent with what we observe in mocks (see Section 7.2
and Fig. 10). In all cases the µ-wedges analyses give significantly
tighter constraints than the multipole analyses, in both configura-
tion space and Fourier space. The consensus constraints, described
in §8.2 below, are slightly tighter than those of the individual wedge
analyses. At all three redshifts and for all three quantities, mapping
distance, expansion rate, and the growth of structure, the 68% con-
fidence contour for the consensus results overlaps the 68% confi-
dence contour derived from Planck 2015 data assuming a ⇤CDM
cosmology. We illustrate the combination of these full shape results
with the post-reconstruction BAO results in Fig. 11 below.
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600,000 gals

= counting many galaxy pairs

→ exhibit anisotropies of galaxy clustering (also for power spectrum)

(Two-point) correlation function
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Origin of anisotropies 
Redshift of galaxy is not a perfect distance indicator

wavelength

Receding

→ distorted by peculiar motion of galaxies through Doppler effect
(along line-of-sight)

This is indeed manifest in the scatter of Hubble diagram, but it 
appears as systematic effect in ξ(s) & power spectrum

Approaching

Spectrum of galaxy

R
ec

es
si

on
 v

el
oc

ity
 (

km
/s

)

distance (parsec)

E.Hubble

if galaxy moves toward (or away from) us
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RSD as a probe of gravity
Linear growth 

factor

scale factor

Kaiser 
formula

how the nature of gravity affects the growth of structure

e.g., Linder (’08); Guzzo et al. (’08); Yamamoto et al. (’08); Percival & White (’09)

This Kaiser formula holds irrespective of gravity theory

;

This parameter tells us

Importantly,

probe of gravity (general relativity) on cosmological scales

�(S)(k) = (1 + f µ2
k) �(k) f ⌘ d lnD+

d ln a

•Untested hypothesis in ΛCDM model

•Hint for cosmic acceleration

(Kaiser ’87)
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Figure 5. X-ray surface brightness distribution in the 0.1–2.4 keV band from
ROSAT X-ray satellite. The contours of the mass map are overlaid with
FWHM = 8.′3, taking into account the LSS lensing model. The contour level
starts at 1σ and increases in steps of 1σ .
(A color version of this figure is available in the online journal.)

the model does not perfectly describe the full LSS lensing
effect. Three other peaks associated with the known background
objects (Table 2) are detected with the above conditions. One is
the background object “I” and two peaks are around the object
“F” (see Figure 3). These objects are likely to be groups because
the lensing signals are stronger than what is expected from the
luminosity of a single galaxy. Furthermore, there is a possibility
that background groups are accidentally superimposed with
cluster subhalos, giving a systematic bias on mass estimates
of subhalos. This point is discussed in Section 3.4.1.

Next, we measure the model-independent projected masses
(Clowe et al. 2000, see also Appendix C) for shear-selected
subhalo candidates. This measurement has several important
advantages. First, a large number of background galaxies are
available, because a projected mass within a circular aperture
radius is computed by integrating source galaxies outside the
radius. The measured projected mass is a cumulative function
of radius. Thus, this approach suppresses the random noise
relevant to the intrinsic ellipticity, compared to a tangential
distortion profile, which averages the tangential component
of all background galaxies residing in radial bins. Second,
since the measurement subtracts the background mass density

surrounding subhalos, the contribution of the main cluster
mass distribution to subhalo masses is excluded. Third, the
mass density of subhalos is expected to be close to zero
outside of the tidal radius, and the measured aperture mass
corresponds to the subhalo mass itself. If the mass density
profile follows the universal NFW profile (Navarro et al. 1996,
1997) without any truncation radii, the aperture mass is higher
than the spherical one (Okabe et al. 2010b). As expected from
tidal destruction, the radial profile of the projected mass is
saturated outside the truncation radii, rt. We measure projected
masses for all the candidates. Since the smoothing kernel for
the mass reconstructions gives rise to centroid uncertainties of
the candidates, we determine the central position by choosing
maximal lensing signals within a 8.′ × 8.′ box where the center
is aligned with the map peak position. For accurate mass
measurements of subhalos with a variety of sizes, it is important
to explore truncation radii where the projected mass profile is
saturated. We systematically compute projected mass profiles
by changing the background annulus and then statistically
determining the truncation radii. Here, the inner radius changes
from 0.′7 to 14.′5 in steps of 0.′2 and the width is fixed at 3.′. The
projected mass M2D is computed from saturated values, taking
into account the error covariance matrix. The measurement
method is detailed in Appendix C. The same analysis was
repeated for different background widths which showed that the
result does not significantly change. Mass measurements used a
considerably large number of source galaxies (4×103–2×104).
The number is comparable or less than that for main clusters at
z ∼ 0.2 (e.g., Okabe et al. 2010b) for which the background
number densities are ng ∼ 5–20 (arcmin−2). Less massive
subhalos which are detected inside more massive ones should
be excluded in order to avoid double-counting these subhalos.
We count the ith subhalo using two conditions of the radius
rt,i > rt,j and the subhalo mass M2D,i > M2D,j (i ̸= j ). The
number of candidates is then reduced from 49 to 39 using this
procedure. As mentioned above, the LSS model fails to fully
explain the lensing signals of background systems, especially on
group scales. Furthermore, since there is a possibility to detect
mass structures behind the cluster, we conservatively select the
candidates hosting spectroscopically identified member galaxies
within their truncation radii as the cluster subhalos. Having
applied these limitations, 32 peaks are identified as dark matter
subhalos. Three candidates are associated with the background
systems (Table 2). Four candidates have no optical counter:
they are located around ∼70.′ in the south-east direction and the
north-west direction, respectively.

These 32 subhalos are labeled by integers, in the order of
right ascension. The resulting subhalo masses, M2D, range
from ∼2 × 1012 h−1 M⊙ to ∼5 × 1013 h−1 M⊙ (Table 3).
As shown in Figure 6, the radial profiles of the projected mass
clearly show saturation at some outer radii. The subhalos are
widely distributed from the northeast to the southwest in the sky
(Figure 3). Interestingly, the direction connecting between the
Coma cluster and A1367 which are parts of the Coma superclus-
ter (Gregory & Thompson 1978) agrees roughly with the sub-
halo distributions. Several massive subhalos are associated with
well-known, spectroscopically identified groups in the cluster
(e.g., Mellier et al. 1988; Adami et al. 2005). Galaxies or groups
associated with subhalos are summarized with references in
Table 3. The cD galaxies, NGC 4874 and NGC 4889, are as-
sociated with subhalos “21” and “24,” respectively. The mean
mass ratio reported in this paper compared to the previous pa-
per for overlapping subhalos is ⟨Mnew/Mold⟩ = 1.02 ± 0.54.

8

recover GR 5th force mediated by 
new scalar d.o.f

(by screening mechanism)
cosmic acceleration

High density

CMBgalaxy clusteringgalaxy cluster

Small scale
(~Gpc)(~kpc)

Large scale
structure formation modified 

f(R) gravity, DGP, (beyond-)Horndeski, EFT approach,…

Framework to describe modified gravity is well (too) developed :
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Testing gravity needs a nonlinear RSD model assuming underlying 
theory of gravity

Consistency test of GR

(See also Beutler, Seo, Saito et al. 
’16 for latest BOSS DR12)No strong evidence of deviation from GR

Redshift

Based on perturbation 
theory template

Oka, Saito, Nishimichi, 
AT & Yamamoto (’14)

Planck Collaboration: Cosmological parameters

with HST. As a result, the MW solutions for H0 are unstable
(see Appendix A of E14). The LMC solution is sensitive to the
metallicity dependence of the Cepheid period-luminosity rela-
tion which is poorly constrained by the R11 data. Furthermore,
the estimate in Eq. (30) is based on a di↵erential measurement
comparing HST photometry of Cepheids in NGC 4258 with
those in SNe host galaxies. It is therefore less prone to pho-
tometric systematics, such as crowding corrections, than is the
LMC+MW estimate of Eq. (31). It is for these reasons that we
have adopted the prior of Eq. (30) in preference to using the
LMC and MW distance anchors.19

Direct measurements of the Hubble constant have a long and
sometimes contentious history (see e.g., Tammann et al. 2008).
The controversy continues to this day and one can find “high”
values (e.g., H0 = (74.3 ± 2.6) km s�1Mpc�1, Freedman et al.
2012) and “low” values (e.g., H0 = (63.7 ± 2.3) km s�1Mpc�1,
Tammann & Reindl 2013) in the literature. The key point that we
wish to make is that the Planck only estimates of Eqs. (21) and
(27), and the Planck+BAO estimate of Eq. (28) all have small
errors and are consistent. If a persuasive case can be made that
a direct measurement of H0 conflicts with these estimates, then
this will be strong evidence for additional physics beyond the
base ⇤CDM model.

Finally, we note that in a recent analysis Bennett et al. (2014)
derive a “concordance” value of H0 = (69.6±0.7) km s�1Mpc�1

for base ⇤CDM by combining WMAP9+SPT+ACT+BAO
with a slightly revised version of the R11 H0 value (73.0 ±
2.4 km s�1Mpc�1). The Bennett et al. (2014) central value for
H0 di↵ers from the Planck value of Eq. (28) by nearly 3 % (or
2.5�). The reason for this di↵erence is that the Planck data are
in tension with the Story et al. (2013) SPT data (as discussed in
Appendix B of PCP13; note that the tension is increased with the
Planck full mission data) and with the revised R11 H0 determi-
nation. Both tensions drive the Bennett et al. (2014) value of H0
away from the Planck solution.

5.5. Additional data

5.5.1. Redshift space distortions

Transverse versus line-of-sight anisotropies in the redshift-space
clustering of galaxies induced by peculiar motions can, poten-
tially, provide a powerful way of constraining the growth rate
of structure. A number of studies of redshift space distortions
(RSD) have been conducted to measure the parameter combina-
tion f�8(z), where for models with scale-independent growth

f (z) =
d ln D
d ln a

, (32)

and D is the linear growth rate of matter fluctuations. Note that
the parameter combination f�8 is insensitive to di↵erences be-
tween the clustering of galaxies and dark matter, i.e., to galaxy
bias (Song & Percival 2009). In the base ⇤CDM cosmology, the
growth factor f (z) is well approximated as f (z) = ⌦m(z)0.545.

19As this paper was nearing completion, results from the Nearby
Supernova Factory have been presented that indicate a correlation be-
tween the peak brightness of Type Ia SNe and the local star-formation
rate (Rigault et al. 2014). These authors argue that this correlation in-
troduces a systematic bias of ⇠ 1.8 km s�1Mpc�1 in the SNe/Cepheid
distance scale measurement of H0 . For example, according to these
authors, the estimate of Eq. 30 should be lowered to H0 = (68.8 ±
3.3) km s�1Mpc�1, a downward shift of ⇠ 0.5�. Clearly, further work
needs to be done to assess the important of such a bias on the distance
scale. It is ignored in the rest of this paper.
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Fig. 16. Constraints on the growth rate of fluctuations from
various redshift surveys in the base ⇤CDM model: green star
(6dFGRS, Beutler et al. 2012); purple square (SDSS MGS,
Howlett et al. 2014); cyan cross (SDSS LRG, Oka et al. 2014);
red triangle (BOSS LOWZ survey, Chuang et al. 2013); large red
circle (BOSS CMASS, as analysed by Samushia et al. 2014);
blue circles (WiggleZ, Blake et al. 2012); and green diamond
(VIPERS, de la Torre et al. 2013). The points with dashed red
error bars (o↵set for clarity) correspond to alternative analy-
ses of BOSS CMASS from Beutler et al. (2014b, small circle)
and Chuang et al. (2013, small square). The BOSS CMASS
points are based on the same data set and are therefore not in-
dependent. The grey bands show the range allowed by Planck
TT+lowP+lensing in the base ⇤CDM model. Where available
(for SDSS MGS and BOSS CMASS), we have plotted condi-
tional constraints on f�8 assuming a Planck⇤CDM background
cosmology. The WiggleZ points are plotted conditional on the
mean Planck cosmology prediction for FAP (evaluated using the
covariance between f�8 and FAP given in Blake et al. (2012)).
The 6dFGS point is at su�ciently low redshift that it is insensi-
tive to the cosmology.

More directly, in linear theory the quadrupole of the redshift-
space clustering anisotropy actually probes the density-velocity
correlation power spectrum, and we therefore define

f�8(z) ⌘
h
�(vd)

8 (z)
i2

�(dd)
8 (z)

, (33)

as an approximate proxy for the quantity actually being mea-
sured. Here �(vd)

8 measures the smoothed density-velocity corre-
lation and is defined analogously to�8 ⌘ �(dd)

8 , but using the cor-
relation power spectrum Pvd(k), where v = �r · vN/H and vN is
the Newtonian-gauge (peculiar) velocity of the baryons and dark
matter, and d is the total matter density perturbation. This defi-
nition assumes that the observed galaxies follow the flow of the
cold matter, not including massive neutrino velocity e↵ects. For
models close to ⇤CDM, where the growth is nearly scale inde-
pendent, it is equivalent to defining f�8 in terms of the growth of
the baryon+CDM density perturbations (excluding neutrinos).

The use of RSD as a measure of the growth of structure is
still under active development and is considerably more di�cult
than measuring the positions of BAO features. Firstly, adopt-
ing the wrong fiducial cosmology can induce an anisotropy in
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Figure 15. Left-hand panel: Comparison of f�8(z) measurements across previous BOSS measurements in DR11 (Alam et al. 2015b; Beutler et al. 2014a;
Samushia et al. 2014; Sánchez et al. 2014) and DR12 (Gil-Marı́n et al. 2016b,c; Chuang et al. 2016) samples. Right-hand panel: The f�8(z) results from this
work compared with the measurements of the 2dfGRS (Percival et al. 2004b) and 6dFGS (Beutler et al. 2012), the GAMA (Blake et al. 2013), the WiggleZ
(Blake et al. 2012), the VVDS (Guzzo et al. 2008), and the VIPERS (de la Torre et al. 2013) surveys, as well as the measurements from the SDSS-I and
-II main galaxy sample (Howlett et al. 2015, MGS) and the SDSS-II LRG sample (Oka et al. 2014, DR7). We have plotted conditional constraints on f�8

assuming a Planck ⇤CDM background cosmology. This is one of the best evidence of how growth rate measurements from BOSS again reaffirm the validity
of General Relativity in large scales.

9 COSMOLOGICAL PARAMETERS

9.1 Data sets

We now turn to cosmological interpretation of our results. We will
use the consensus measurements, including our estimated system-
atic error contribution to the covariance matrix, from the BAO-only
and BAO+FS columns of Table 3. In our subsequent figures and ta-
bles, the former case is simply labeled “BAO.”

Following Aubourg et al. (2015), we include the 6dFGS and
SDSS MGS BAO measurements and the BOSS DR11 Ly↵ forest
BAO measurements (see Fig. 14 and §8.3). These are largely in-
dependent and have utilized similar methodologies. We opt not to
include other BAO measurements, notably those from photomet-
ric clustering and from the WiggleZ survey (Blake et al. 2011a,
2012), as the volumes partially overlap BOSS and the errors are
sufficiently large that a proper inclusion would not substantially
affect the results. As shown in Aubourg et al. (2015), these mea-
surements are in good agreement with those from BOSS. We note
in particular the good match to the WiggleZ results, as this was a
sample of strongly star-forming galaxies in marked contrast to the
red massive galaxies used in BOSS. The dual-tracer opportunity
was studied extensively with a joint analysis of the overlap region
of WiggleZ and BOSS (Beutler et al. 2016a).

We further opt not to include other RSD measurements be-
yond BOSS, as they come from a variety of analysis and modelling
approaches. One can see from Figure 15 that the measurements
from other surveys are consistent with those from BOSS within
their quoted errors, and the error bars in all cases are large enough
that there are potential gains from combining multiple measure-
ments. However, in contrast to BAO measurements, systematic er-
rors associated with non-linear clustering and galaxy bias are a ma-
jor component of the error budget in any RSD analysis, and these
systematics may well be covariant from one analysis to another in
a way that is difficult to quantify. Because of systematic error con-
tributions, we do not consider it feasible to carry out a robust joint
RSD analysis with other measurements.

In all cases, we combine with CMB anisotropy data from the

Planck 2015 release (Planck Collaboration XIII 2015). We use the
power spectra for both temperature and polarization; in detail, we
use the likelihoods plik dx11dr2 HM v18 TTTEEE and lowTEB
for the high and low multipoles, respectively. We do not include
the information from the lensing of the CMB in the 4-point corre-
lations of the CMB temperature anisotropies. We will discuss the
impact of the recent (Planck Collaboration XLVI 2016) large-angle
polarization results in §9.4.

We note that there is some mild tension between the Planck
2015 results and those from combining WMAP, SPT, and ACT
(Calabrese et al. 2013; Spergel et al. 2015; Bennett et al. 2016).
The Planck data set yields a mildly higher matter density ⌦mh2,
which for ⇤CDM implies a higher ⌦m and �8 and a lower H0.
As in the DR11 results, our BOSS results for ⇤CDM fall in be-
tween these two and therefore do not prefer either CMB option.
We have presented non-Planck results in Anderson et al. (2014b)
and Aubourg et al. (2015) and do not repeat that here, as the sense
of the differences has not changed.

Finally, for some cases, we utilize measurements of the
distance-redshift relation from Type Ia supernovae (SNe) from the
Joint Lightcurve Analysis (JLA, Betoule et al. 2014), which com-
bined SNe from the SDSS-II Supernova Survey (Sako et al. 2014)
and the Supernova Legacy Survey 3-year data set (Conley et al.
2011) together with local and high-z data sets. The combination
of SN measurements with BAO is particularly powerful for con-
straining the low-redshift distance scale (e.g., Mehta et al. 2012;
Anderson et al. 2014b). The SNe provide a higher precision mea-
surement of relative distance at lower redshift where the BAO is
limited by cosmic volume, but the BAO provides an absolute scale
that connects to higher redshift and particularly to the CMB acous-
tic scale at z = 1000. The combination of BAO and SN data also
allows an “inverse distance ladder” measurement of H0 that uses
the CMB-based calibration of rd but is almost entirely insensitive
to the dark energy model and space curvature over the range al-
lowed by observations (Aubourg et al. 2015).

c
� 2016 RAS, MNRAS 000, 1–38
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Beyond consistency test of gravity
Y-S.Song,  AT, Linder, Koyama et al. (’15)

Taking a proper account of nonlinear modification of gravity、
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FIG. 4: The measured constraints on fR0

, and their robustness to various tests, are presented. The measured likelihood function
appears in the top panels and the measured di↵erence of �2 is in the bottom panels. (Left panel) Results marginalizing over
the scale independent growth rate G

⇥

are shown by the black solid curve, while the constraints fixing G
⇥

= 0.46, given by
the Planck concordance ⇤CDM model, are blue dashed curves. The results for fR0

do not depend appreciably on the scale
independent behavior. (Right panel) The results also do not depend significantly on whether the initial power spectrum P (k)
used matches the Planck (black solid) or WMAP9 (black dashed) model. The blue dotted curve represents the results from
analyzing galaxy clustering from ⇤ CDM mock catalogues, verifying that |fR0

| ! 0 is recovered in this case.

The redshift-space two-dimensional correlation func-
tion ⇠(�,⇡) of the BOSS DR11 galaxies was computed
using the standard Landy-Szalay estimator [39]. In the
computation of this estimator we used a random point
catalogue that constitutes an unclustered but observa-
tionally representative sample of the BOSS CMASS sur-
vey and contains ⇠ 50 times as many randoms as we have
galaxies.

The covariance matrix was obtained from 600 mock
catalogues based on second-order Lagrangian perturba-
tion theory (2LPT) [40, 41]. The mocks reproduce
the same survey geometry and number density as the
CMASS galaxy sample. We obtain the covariance ma-
trix using the same treatment presented in our previous
works [10, 11].

We calculate the correlation function in 225 bins
spaced by 10h�1 Mpc in the range 0 < �,⇡ <
150h�1 Mpc. However, at small scales, if the non–
perturbative e↵ect of FoG is underestimated, then the
residual squeezing can be misinterpreted as a variation
in G

✓

or indeed f
R0

. We expect the FoG e↵ect to be in-
creasingly important at smaller scales, and so these mea-
surements may be at risk of misestimation. We therefore
impose a conservative cut on the measurements, exclud-
ing �

cut

< 40h�1 Mpc and s
cut

< 50h�1 Mpc [10]. In-
deed, [10] showed that cosmological parameter bias be-

gan to occur at smaller scales. This reduces the number
of measurement bins in � and ⇡ to N

bins

= 163.

B. Tests of theoretical templates

When the conservative cut–o↵ scales of �
cut

=
40h�1 Mpc and s

cut

= 50h�1 Mpc are used for the anal-
ysis, the e↵ective range of scale in Fourier space becomes
k < 0.1Mpc�1. The power spectra of ⇤CDM and f(R)
gravity models are presented in this range of scale in
Fig. 1. There are no observable deviations from ⇤CDM
for log |f

R0

| <⇠ �6. This implies that f(R) gravity models
with log |f

R0

| <⇠ �6 are e↵ectively equivalent to ⇤CDM
in this analysis. We take a uniform prior on log |f

R0

|
between �7 and �3.
We first test our pipeline of analysis by checking

whether it is possible to recover the ⇤CDM limit
log |f

R0

| <⇠ �6 using the mock catalogues based on
⇤CDM. We use the 611 CMASS mock catalogues to
measure central values of ⇠(�,⇡) and fit our theoretical
f(R) templates to the observed correlation function. The
measured likelifood function of log |f

R0

| is presented as
a blue dotted curve in the right panel of Fig. 4. The
best fit log f

R0

indeed lies within the ⇤CDM limit of
log |f

R0

| <⇠ �6. There are no mock galaxy catalogues
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the correlation function ⇠(�,⇡) using a ⇤CDM template
and replace the growth function D�

+

or growth rate D⇥

+

by that in f(R) gravity with |f
R0

| = 3.2 ⇥ 10�5 and
|f

R0

| = 3.0⇥ 10�4.
For the scale dependent growth function D�

+

, the vari-
ation of ⇠(�,⇡) with a small |f

R0

| = 3.2⇥ 10�5 is similar
to the case of a scale independent enhancement of the
growth function studied in [9]. Peak points on the BAO
ring represented by a thick black solid curve in Fig. 2
move coherently along the circle in an anti–clockwise di-
rection. The blue dashed contours in the left panel of
Fig.2 represent this variation. However, ⇠(�,⇡) with a
larger |f

R0

| = 3.0⇥ 10�4 varies di↵erently from the scale
independent case. Peak points on the BAO ring remain
the same, while minima of BAO are deepened, shown as
blue dotted contours in the same panel.

Next, we consider the variation of ⇠(�,⇡) due to the
scale dependent growth rate D✓

+

. In the case of the scale
independent growth rate, if G

⇥

increases or decreases,
the anisotropic e↵ects from higher order moments are
visible in the plot of ⇠(�,⇡) with the BAO peak points
moving clockwise or anti-clockwise along the circle de-
pending on the location of the peaks. The blue dashed
contours in the right panel of Fig. 2 represent the vari-
ation of ⇠(�,⇡) with �D⇥

+

for |f
R0

| = 3.2 ⇥ 10�5 and
|f

R0

| = 3.0 ⇥ 10�4. For |f
R0

| = 3.0 ⇥ 10�4, we can see
that the peak positions are ‘squeezed’ along the BAO
ring.

Having shown the individual e↵ects of a scale depen-
dent growth function and growth rate on the correlation
function, we now present the correlation function ⇠(�,⇡)
in f(R) gravity models. In Fig. 3, the correlation function
with |f

R0

| = 3.2⇥10�5 and |f
R0

| = 3.0⇥10�4 are plotted
as black dashed and black dotted contours, respectively.
There is no variation of ⇠(�,⇡) up to |f

R0

| <⇠ 10�6, and
the correlation function is e↵ectively equivalent to that
of ⇤CDM. When |f

R0

| increases to |f
R0

| ⇠ 10�4, we
observe the deviation of ⇠(�,⇡) from ⇤CDM and this de-
viation can be understood as the combined e↵ect of the
scale dependent growth function and growth rate shown
in Fig. 2.

III. METHODOLOGY AND RESULTS

The observed clustering of galaxies in redshift space
not only probes the density and velocity fields, i.e. the
growth and gravity as discussed in the previous section,
but also provides a useful tool to determine both the
transverse and radial distances by exploiting the Alcock–
Paczyński e↵ect and the BAO scale. In galaxy redshift
surveys, each galaxy is located by its angular coordinates
and redshift. However, the correlation function, ⇠(�,⇡),
is measured in comoving distances. Therefore a fiducial
cosmological model is required for conversion into comov-
ing space. We use the best fit ⇤CDM universe to Planck
2013 data. The conversion depends on the transverse
and radial distances involving D

A

and H�1. Instead of

FIG. 3: The best fit correlation function ⇠(�,⇡) of ⇤CDM
(black solid unfilled contours) and the correlation function of
f(R) gravity models with |fR0

| = 3.2 ⇥ 10�5 (black dashed
unfilled contours) and 3.0 ⇥ 10�4 (dotted unfilled contours).
The blue filled contours represent the measured ⇠(�,⇡) from
the DR11 CMASS data. The levels of contours are given
by (�0.001, 0.002, 0.005, 0.016, 0.05) from the outer to inner
contours.

recreating the measured correlation function in comoving
distances for each di↵erent model, we create the fiducial
maps from the theoretical correlation function by rescal-
ing the transverse and radial distances usingD

A

andH�1

and fit them to the observed correlation function. There-
fore, when we fit the measured ⇠(�,⇡), the two distance
parameters of (D

A

, H�1) are added to the structure for-
mation parameter set of {G

�

, G
⇥

,�
p

, |f
R0

|,�
p

} discussed
in Sec. II B.

A. Measured ⇠(�,⇡) using DR11

Our measurements are based on those previously pre-
sented in [11] which follows a similar procedure to [10].
Briefly, in our analysis we utilise data release DR11 of

the Baryon Oscillation Spectroscopic Survey [BOSS; 32–
34] which is part of the larger Sloan Digital Sky Survey
[SDSS; 35, 36] program. From DR11 we focus our anal-
ysis on the Constant Stellar Mass Sample (CMASS) [37],
which contains 690,826 galaxies and covers the redshift
range z = 0.43 � 0.7 over a sky area of ⇠8,500 square
degrees with an e↵ective volume of V

e↵

⇠ 6.0Gpc3. The
CMASS galaxy sample is composed primarily of bright,
central galaxies, resulting in a highly biased (b ⇠ 2) se-
lection of mass tracers [38].

ΛCDM
|fR,0| = 3.2� 10�5

|fR,0| = 3.0� 10�4

correlation function
BOSS,  DR11

best-fit
1σ

s? [Mpc]

s k
[M

p
c]

test of gravity has been made for a specific gravity model

f(R) � �16� G �� + |fR,0| R2
0

R

f(R) gravity (Starobinsky ’07; Hu & Sawicki ’07)

Correction 
to EH action
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Comparison with other obs.

-7

-5

-4

-2

0

Solar 
system

Dwarf 
galaxy

Coma 
cluster

Cluster 
abundance

Cluster 
stack

Clustering 
ratio

CMBRSD

log10 |fR,0|

Small scale Large scale

f(R) � �16� G �� + |fR,0| R2
0

RUpper bound (2σ)

GR

Modified base on 
Wilcox et al. (’15)

Next-generation galaxy surveys will further improve 
the constraint at large scales (>50Mpc). Stay tuned !

50-150 Mpc/h Y-S.Song, AT, Linder, 
Koyama et al. (’15)

Galaxy clustering
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Beyond redshift-space distortions
An improved statistical precision of gigantic galaxy survey,

will open up a new window to detect  relativistic effects  

On top of standard redshift-space distortions, 

(Integrated) Sachs-Wolfe effect

Weak gravitational lensing effect

Gravitational redshift

Light-cone effect

Transverse Doppler effect

Yoo, Fitzpatrick & Zaldarriaga (’09); 
McDonald (’09); Yoo (’10), Challinor 
& Lewis (’11); Bonvin & Durrer (’11)

http://www.roe.ac.uk/~heymans/website_images/Gravitational-lensing-galaxyApril12_2010-1024x768.jpg

wikipedia

wikipedia
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Consider the photon path in the perturbed Friedmann universe:

Energy shift of photon by special & general relativistic effects

Redshift

Sky 
position

Do we really understand what we measure ?

~✓
z

sky position

redshift

Relativistic distortions
vS

~✓O = ~✓S + ~↵
deflection 

angle

zO =
aO
aS


1 +

vS · n
c

�  S � O

c2
+

v2S
c2

+
1

c2

Z tS

tO

dt0(�̇+  ̇) + · · ·
�
� 1

ds

2 =
⇥
�(1 + 2 /c2)(c dt)2 + a

2(t)(1� 2�/c2)�ijdx
i
dx

j
⇤

~↵ = � 1

c2

Z �S

0
d�0�S � �0

�S
r?( + �);

Distortion of photon path by gravitational lensing

SourceObserver

standard RSD 
(Doppler)

gravitational 
redshift

transverse 
Doppler

integrated 
Sachs-Wolfe
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Simulating relativistic distortions
With Michel-Andrès Breton 

& Yann RaseraUsing standard N-body code (RAMSES)

• Storing potential data on light cone

distorted angular position & redshift:

Dark matter/halo distributions at many redshifts

•Tracing back the light ray to the source by direct integration 
of geodesic equation � =  (assuming )

Compute propagation of photons in perturbed universe

Using C++11 template metaprogramming (Reverdy, 2014)
Take action in the instanciation process
MPI parallelized + Multithreading

Raytracing characteristics

ds2 = 0 (photon)
d2x–

dv2 + �–
—“

dx—

dv
dx“

dv = 0
Backward integration starting from the observer today
RK4 integrator with 4 steps per cell

Michel-Andrès Breton (LUTH) presentation 25/05/2017 3 / 14

1 + z =
(gµ⌫kµu⌫)

s

(gµ⌫kµu⌫)
o

kµ :null 4-vector uµ :observer’s or source’s 4-vector

Weak lensing, RSD, ISW, transverse 
Doppler, gravitational redshift, …

http://www.projet-horizon.fr/
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Real space

observer

density_full_realspace

Fig. courtesy:Yann Rasera, based on 
the data by Michel-Andres Breton

Preliminary result with 656Mpc/h box
(z=0.04-0.1)
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Including all 
relativistic effects

observer

density_full_redshiftspacealleffects

Fig. courtesy:Yann Rasera, based on 
the data by Michel-Andres Breton
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Real space

density_zoom2_realspace
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‘Standard’ 
redshift space

Wide angle RSD & 
light-cone effects

density_RSDonly
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density_allrelativisticeffects

All relativistic 
effects included

‘Observed’ 
redshift space
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Relative contributions

Lensing & 
ISW effects
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Signature of new relativistic effect
cluster-galaxy cross-correlation function

Relativistic contributions induces dipole anisotropies in 

New test of gravity

Cai, Kaiser, Cole & Frenk (’17)

Gravitational redshift 1989

Figure 4. Top panels: the cluster-mass correlation functions in GRedshift space (left-hand panel), in peculiar velocity space (RSD) (middle panels) and the sum
of the two (right-hand panel) for haloes with the mass M > 5 × 1013 M⊙ h−1. In the left-hand panel, no peculiar velocities are added and the GRedshift signal
has been amplified by 100 times for better visualization. In the right-hand panel, the GRedshift distortion is much smaller than that from peculiar velocities
and it is difficult to see the difference it produces relative to the middle panel. Middle panels: examples of histograms of the particle distributions (from the
top panels) along the LOS direction, π, at different projected distances, σ , from the cluster centres. Dotted lines are the best-fitting models (equation 21) to
the solid lines. The offsets of the fitted peaks from the centre are interpreted as the GRedshift signal. Bottom panels: the best-fitting values for the offsets from
the centre shown in the middle row. Subtracting the curve on the right from the one in the middle yields the solid curve on the left, which is the velocity space
version of the GRedshift signal. The dashed curve on the left is the real space version. The non-zero values in the middle panel are due to sample variance.

MNRAS 468, 1981–1993 (2017)

Exaggerated 
(x100)

s?s?s?

s k s k

log[⇠CG(s?, sk) + 1]

Gravitational 
redshift Standard RSD Total

galaxy
s?

sks

cluster

line-of-
sight

Dipole correlation may be used for

(Still open issue on what is the best statistics)

Simulation results
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Averaged over 8 redshift bins

�⇠hm(r)

40 60 80 100
d [Mpc/h] 

Linear theory

Measurement of dipole

Red dashed: linear theory
(using measured linear bias 

parameter)

Red solid: measurement

With new large catalog of
4096^3 particles, 2.5Gpc/h box

�⇠hm(r)

40 60 80 100 120 140
d [Mpc/h] 

Halo-matter cross 
correlation

halo mass dependence

RayGalGroupSims
(will be public soon)

preliminary

28



Gravitational redshift detected ?2828 S. Alam et al.

Figure 6. The measurement of shell estimator from SDSS CMASS sample. The five different panels show the shell estimator measured using a cross-correlation
of subsamples created by splitting the sample in two equal halves for each of u, g, r, i, z photometric bands. We detect the amplitude of relativistic asymmetry by
measuring bias difference at the level of 1.9σ , 2.5σ and 1.7σ away from zero in the r, i and z bands, respectively. This result is consistent with our expectation
from bias measurements of the five subsamples given in Fig. 5. The bias differences for u and g bands are at the level of 1.3σ and 1.4σ , consistent with the
expectation from biases.

MNRAS 470, 2822–2833 (2017)

3010 R. A. C. Croft

function (computed using Lewis & Challinor 2012). Here b is a
linear bias parameter relating galaxy and matter clustering on large
scales and is a monotonically increasing function of galaxy mass
(see e.g. Mo & White 1996).

Having computed zg(r) we use it to distort the cross-correlation
function of g1 and g2 galaxies in redshift space, ξ g1g2(s⊥, s∥). Here
s⊥ and s∥ are, respectively, the distance between pairs of g1 and g2
galaxies perpendicular and parallel to the line of sight, and s∥ can
be either positive or negative.

There is also the additional distortion of ξ g1g2(s⊥, s∥) due to
peculiar velocities. As in Croft, Dalton & Efstathiou (1999), we
model this using a spherical infall model for large-scale flows (taken
from Yahil 1985) and a small-scale random velocity dispersion (e.g.
Davis & Peebles 1983). The infall model is

vinfall(r) = −1
3
"0.6

0 H0r
δ(r)

[1 + δ(r)]0.25
(5)

where δ(r) is the matter overdensity averaged within radius r of g1
galaxies:

δ(r) = 3
r3

∫ r

0
ξg1ρ(x)x2dx. (6)

Croft et al. (1999) found that this velocity field model gives a
better match than linear theory for the infall pattern around galaxy
clusters. Because here we are interested in the redshift distortions
around massive galaxy haloes, we expect the model to work well in
the current context also. This is borne out in our tests with numerical
simulations (Section 3). Because vinfall(r) is not expected to describe
the virialized regions of clusters, we follow Croft et al. (1999) and
truncate vinfall(r) on small scales by multiplying by an exponential,
exp − (δ/50).

The random velocity dispersion we use is an exponential model,
so that the distribution function of velocities is

f (v) = 1

σ12
√

2
exp

(
−

√
2|v|
σ12

)
, (7)

where σ 12 is the pairwise velocity dispersion of g1 − g2 pairs of
galaxies, which we assume to be independent of pair separation.
Based on simulation results we take this value to σ 12 = 400 km s−1.

After applying the infall model, gravitational redshift and con-
volving with f (v), the redshift–space cross-correlation function is
therefore:

ξg1g2(r⊥, r∥) =
∫ ∞

∞
dvf (v)ξg1g2,iso

(
r⊥, r∥

− H−1
0 (czg(r) − r∥r

−1vinfall(r) − v)
)
, (8)

(valid at redshift z = 0) where ξg1g2,iso is the isotropic (real space)
cross-correlation function of g1 and g2 galaxies, which we also
model using equation (4).

To make theoretical predictions for ξ g1g2 we fit the free pa-
rameters in equations (4) and (7) (b, ρ0, σ 12) using simulations
(see Section 3). In Fig. 1 we show contours of ξ g1g2(r⊥, r∥),
illustrating the effects of the different redshift distortions. We use
parameters in equation (4) which are appropriate for haloes with
mass >3 × 1013 h−1 M⊙, where the two populations of galaxies g1
and g2 are the high- and low-mass halves of the set of haloes.

Because the gravitational redshift is so small, for illustrative pur-
poses we have multiplied zg by a factor of 500 when making Fig. 1.
This should be borne in mind when assessing the relative effects
shown. The top left panel of Fig. 1 shows the undistorted, isotropic
correlation function (equation 4). In panel (b) we can see that the

effect of gravitational redshifts without peculiar velocities is to
shift the contours of ξ g1g2 downwards, corresponding to a relative
blueshift for the g2 galaxies clustered around the g1 galaxies. In
panel (c) the peculiar velocity distortion has been applied on its
own, resulting in a distortion of ξ g1g2 which has reflection sym-
metry about the r⊥ axis. The large-scale squashing of the contours
can be seen [the Kaiser (1987) effect] as well as the small scale
elongation of ξ g1g2 due to the random velocities.

In panel (d) we show gravitational and peculiar velocity redshift
distortions together. We can see that as the effect of Kaiser (1987)
infall is to boost the correlation function overall, this will also en-
hance the strength of the asymmetric signal due to gravitational
redshifts. This illustrates that both peculiar velocity and gravita-
tional redshift distortions will need to be modelled together in order
to make precise constraints on cosmological theories using zg(r).

Given a set of g1–g2 galaxy pair separation measurements, one
now needs to formulate an estimator of the asymmetry of clustering
which can probe zg(r). In the galaxy cluster case (KC04; W11),
the pair separations were binned into cylindrical shell bins, which
was appropriate because the clusters were being treated as distinct
objects. In the current large-scale structure case, we have decided to
instead bin the pairs in spherical shell bins, and our statistic sensitive
to zg(r) is the mean r∥ position of the pair-weighted centroid of each
shell:

zshell
g (r ′) =

∫ r ′+&r ′

r ′ Hr∥[1 + ξ (r⊥, r∥)]r2dr
∫ r ′+&r ′

r ′ [1 + ξ (r⊥, r∥)]r2dr
. (9)

This estimator zshell
g (r) will tend to zero at large and small scales.

On small scales this is because the zshell
g (r) shift cannot be larger than

the spherical bin radius. On large scales this is because the clustering
tends towards homogeneity and it is not possible to detect a blueshift
or redshift of a homogeneous set of particles. We will explore the
exact shape of zshell

g (r) in Section 3. We note that other measures
of the asymmetric distortion of the correlation function could be
chosen. For example one could bin galaxy pairs not in spherical bins
but in bins matched to the expected shape of contours of ξ g1g2(r⊥,
r∥). Or else one could imagine carrying out a full fit to the observed
ξ g1g2(r⊥, r∥) data varying parameters in our theoretical model. In
the present paper we restrict ourselves to the simple estimator of
distortion in equation (9) and leave exploration of possibly more
sensitive measures of zg(r) to future work.

3 SIMULATION TESTS

We now compare the results of the theoretical predictions for the
zg distortion of Section 2 to results from numerical simulations. It
should be borne in mind that both the galaxy–mass cross-correlation
function and the g1–g2 galaxy cross-correlation function enter into
the predictions for the observable quantity (equation 9) and so to
make predictions we will make some simplifying assumptions about
galaxy formation. Here we will associate galaxies with dark matter
subhaloes and assume that applying a dark matter mass cut to a
subhalo population is equivalent to applying a luminosity cut to
galaxies.

3.1 Simulations and galaxies

We have used the P-GADGET (see Springel 2001, 2005; Khandai et al.
2011) N-body code to run 10 realizations of a 'CDM universe. The
cosmological parameters used were: amplitude of mass fluctuations,
σ 8 = 0.8, spectra index, ns = 0.96, cosmological constant parameter

Croft (’13)Shell estimator

SDSS-III BOSS CMASS samples
765,000 gals @ 0.4<z<0.7

2 color bins (brighter & fainter)

In general, we do not expect an asymmetry associated with
flipping the sign of the transverse separation. Thus, hence-
forth we think of ξBF as a function of Δxz and jΔx⊥j.
It is customary in measurements of galaxy correlation

functions to use a kernel Wij that is symmetric under the
exchange of i and j, which necessarily captures only the
symmetric part ξBFS . In this paper, we are interested in the
antisymmetric part ξBFA . To measure it we need to be careful
about the choice of kernel and use a Wij that is antisym-
metric under the exchange of i and j. Under ensemble
averaging, such an antisymmetric kernel would cancel out
the symmetric part ξBFS and isolate the contributions from
hΔi

BΔ
j
Fi − hΔj

BΔi
Fi.

1 Note that here we are interested in
constructing a Wij which is antisymmetric under the
flipping of the line-of-sight, but not the transverse,
coordinates.
The asymmetry of interest should be distinguished from

the asymmetry that exists in the more familiar case of
redshift-space distortions. Redshift-space distortions give
rise to a correlation function that depends on the line-of-
sight separation in a way that is different from the trans-
verse separation (i.e. this asymmetry is often described as
an anisotropy of the redshift-space correlation function).
The asymmetry we are interested in is a cross-correlation
function that depends on the sign of the (line-of-sight)
separation.
Why should one expect an asymmetry at all? To get an

intuitive feel for this, let us consider a highly idealized
situation where we have galaxies sitting inside the
symmetric gravitational potential well of a cluster (see
Fig. 1). We observe from afar (O in the figure). Let us
denote by B the central cluster galaxy, located at the
bottom of the gravitational potential. Let us use F to label
the other cluster members. We use the subscript 1 and 2
to denote two such members, one on each side of B; i.e.,
F1 is behind and F2 is in front of B, physically
equidistant from B (in real space). In redshift space,
the relative positions of the three galaxies are shifted.
Figure 1 shows the Doppler effect due to infall: the
galaxies are squeezed closer together, but the effect is
symmetric, in the sense that F1 and F2 remain equidistant
from B. Virialized motions would give a stochastic shift
in redshift space, but on average, would still yield a
symmetric effect meaning that it does not matter whether
F is in front of, or behind, B.

The situation is different when one considers the effect of
gravitational redshift, depicted in Fig. 2. Here, all three
galaxies are shifted in the same direction, but B is suffering
the largest gravitational redshift. The net effect is asym-
metric: F1 now appears closer to B than F2.
This is of course a highly idealized example, but the

basic principle is sound: gravitational redshift yields an
asymmetric effect, which one can hope to isolate from
realistic clusters by averaging or stacking. This idea was
carried out in a ground-breaking paper by Wojtak, Hansen
and Hjorth [1] (WHH). By stacking ∼8000 clusters, they
detected a net blueshift of the average of the cluster
members relative to the central brightest galaxy.
From our point of view, this is essentially a cross-

correlation measurement. One can see intuitively from
Fig. 2 that the cross-correlation between B and F is different
if F is behind B or if F is in front of B. As will become clear

FIG. 1. Sketch of the redshift-space distortion effect. The
observer is sitting at O. Due to their peculiar velocities the faint
galaxies F1 and F2 are shifted towards the bright galaxy and the
correlation function is squeezed along the line-of-sight direction.
The redshifted separation d1 and d2 are the same so that the effect
is completely symmetric.

FIG. 2. Sketch of the gravitational redshift effect. The observer
is sitting at O. Galaxy B suffers the largest gravitational redshift
because it is sitting at the bottom of the potential well. F1 and F2
shifts by a somewhat smaller amount. The net effect is an
asymmetric, d1 ≠ d2. This generates an asymmetric cross-
correlation function: B is differently correlated with F galaxies
behind it than in front of it.

1An example is Wij ∝

Θðxzi − xzj ∈ dz " δdzÞΘðjx⊥i − x⊥jj ∈ d⊥ " δd⊥Þ

− Θðxzj − xzi ∈ dz " δdzÞΘðjx⊥i − x⊥jj ∈ d⊥ " δd⊥Þ;

where Θ ¼ 1 if jxi − xjj falls within the range of interest, and
Θ ¼ 0 otherwise. Here dz and d⊥ are the line-of-sight and
transverse components of the separation.

CAMILLE BONVIN, LAM HUI, AND ENRIQUE GAZTAÑAGA PHYSICAL REVIEW D 89, 083535 (2014)

083535-2

All combinations give a detection 
at 2.7σ level (Alam et al. ’17)

(For cluster samples, see e.g., Wojtak et al. ’11)

gravitational 
redshiftBright

Faint
Faint

simulation (GR)
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Summary

Relativistic distortions as yet another effect caused by relativistic 
contributions will be detected and used for new test of gravity

• Asymmetric cross-correlation function

• Simulating relativistic distortions of large-scale structure

Future large-scale structure observations will be able to not only 
demonstrate a precision test of gravity, but also open a new window

Redshift-space distortions caused by Doppler effect of galaxies 
can be used to probe growth of structure :

• consistency test of general relativity

• constraint on modified gravity models

More fun for precision cosmology !
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