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APPENDIX: EXTENSIONS OF SYMMETRIC OPERATORS

We briefly review some definitions of linear operators on
a Hilbert space with an inner product (-, -). An operator on a
Hilbert space H 1s a pair of a linear mapping 4:H—'H and
its domain of definition D(A). The pair (4.D(4)) is often
abbreviated by 4. If an operator 4 with D(A4) densely de-
fined in ‘H satisfies

(b.Ap)=(4db.0h). Vo.peD4), (Al)
then 4 is called symmetric. In the case, any vector ve H can
be approximated by vectors in D(4) as close as possible. An
operator 4" is called an extension of 4, it D(4)CD(4") and
A"y=A4y, ViypeD(4). Extensions of an operator 4 are ob-
tained by the relaxation of the boundary condition on D(A4).

Consider sequences {4, } CD(4) such that there exist limits
lim, ..if,=:é€H and lim,_..4¢,=:{eH. If for every
such sequence, é € D(4) and 4&={, then (4,D(A4)) is said
to be closed. If a nonclosed operator 4 has a closed extension
it is called closable. Every closable operator has a smallest
closed extension, which 1s called its closure. Consider a sym-
metric operator (4.D(4)). Define D(4™) to be the set of all
¢ € H for which there exists y € H such that

(. 4)=(x.¢), VeD(4). (A2)
Then, since D(4) is dense, x is uniquely determined by ¢
e D(4*) and Eq. (A2). An operator (4*,D(4 %)) defined by
A*p=x for every ¢peD(4™) is called the adjoint of
(4.D(4)). D(4*) may be larger than D(4), in which case
A* is a proper extension of 4. If (4™, D(4™))=(4.D(4)).
an operator (4,D(4)) is said to be self-adjoint.
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Dynamics in non-globally-hyperbolic static
spacetimes: IlI. General analysis of prescriptions for
dynamics Class. Quantum Grav. 20 (2003) 3815-3826
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“In my entire scientific life ... the most shattering
experience has been the realization that an
exact solution of general relativity, discovered by
the New Zealand mathematician Roy Kerr,
provides the absolutely exact representation of
untold numbers of massive black holes that
populate the Universe”

Chandrasekhar (v > K7 & —/L)
“Truth and Beauty” (1987)
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NATURE PHYSICAL SCIENCE VOL. 238 JULY 31 1972 ‘

W\ 7z,
Rigidity of a Black Hole

A1: each pqint on the Killing horizon bounding a stationary
axisymmetric black hole there is a well defined local angular
velocity €2 of rotation, defined by the equation

P=+QOm° (1

w}}e_rc I is: the (suitably normalized) null generator of the
Killing horizon, and k* and m* are the standard Killing vector
generators of the stationary and the axisymmetric symmetry
group motions of the space.

I have shown! that for any stationary axisymmetric black
hole, the rotation represented by this angular velocity is neces-
sarily rigid, in the sense that the angular velocity Q is constant
_over the entire Killing horizon. In the particular case of a Kerr

black hole this constant is given by
QE%JM_I{M"-{-(M‘*JZ)H*‘ (2)

where M is the mass of the black hole and J its angular momen-
tum, in units with e=G=1.

I thank James Hartle and Stephen Hawking for discussions.

B. CARTER
Institute of Theoretical Astronomy,
Cambridge
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Black Hole Super-radiance Decays Ry
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