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Abstract

Recent observations suggest that soft-gamma repeaters and anomalous X-ray pul-
sars belong to new classes of neutron stars with very strong magnetic fields. As-
sociated with this discovery, there is growing interest in the subjects concerning
ultra-magnetized neutron stars, i.e. magnetars. Motivated by the recent observa-
tional situation, we study the equilibrium configurations of magnetized stars in the
context of general relativity. For this purpose, we first investigate stellar electro-
magnetic fields in a general relativistic framework. Next, we consider the stellar
deformation induced by magnetic stress. In particular, based on the perturbation
method, we formulate the magnetic deformation of a star endowed with a dipole
magnetic field. We further estimate ellipticity for several stellar models. We find
the general relativistic modifications of field strength and ellipticity, which are

characterized by factors.
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Chapter 1

Introduction

1.1 Brief history of neutron stars

The possibility of the existence of neutron stars was postulated soon after the discovery of
the neutrons by Chadwick in 1932. In 1934, Baade and Zwicky proposed the idea of neutron
stars. Linking supernovae with the collapse of ordinary stars to neutron stars tentatively,
they suggested that there is a bound state with very higher density and smaller radius than
ordinary stars. The first theoretical models for neutron stars were developed by Oppenheimer
and Volkoff [1] in 1939. In these models, an ideal gas of free neutrons was assumed as the
ingredients of neutron stars. However, they did not become the focus of attention of physicists
and astronomers. This is because the thermal radiation from neutron stars would be too faint

to observe owing to astronomical distances.

This situation among physicists and astronomers was dramatically changed by the acci-
dental observational discovery of pulsars by Hewish and Bell [2] in 1967. Pulsars are objects
emitting pulses of radiation at short and remarkably regular intervals. Their pulse periods
range from milliseconds to several seconds. The most famous pulsar is the Crab Pulsar, which
is at the heart of the Crab Nebula. According to Chinese historical records, this remnant of
a supernova occurred in 1054 Ap. This pulsar has a period of 33ms and is steadily slowing

down.

The observed period of pulsars supported the fact that they can be identified with neutron
stars. The principal argument to identify pulsars with neutron stars can be understood by
considering the characteristic periods of oscillation and rotation of a star. First, we consider the
probability of stellar oscillation as the origin of pulses. The characteristic period of oscillation

is proportional to (Gp)~'/2, i.e. t ~ (Gp)~Y/2, where p is the average density. Hence, in

1
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the case of white dwarfs with M ~ M, and R ~ 10%km, we derive t{on™" ~ 100s. On
the other hand, we have tl(\losscmation) ~ lms in the case of neutron stars with M ~ Mg and
R ~ 10km. Therefore, the oscillation models of white dwarfs cannot explain the shorter
periods of pulsars, while those of neutron stars cannot produce the somewhat longer periods.
Next, we discuss the possibility of rotation. In this case, we have to bear in mind that matter
will be thrown off the star if the rotational velocity is very quick. From this consideration,
we can derive the maximum angular velocity, which is usually called the Keplarian angular
velocity 2x. The maximum value can be derived by equating the gravitational attraction
to the centrifugal force at the stellar surface. The result is given by Qx = (GM/R?)'/? or
tmin = 2m(R3/(GM))'/2. Hence, we derive tyi, wp ~ 10s for white dwarfs and i, ng ~ 1ms
for neutron stars. Therefore, pulsars such as the Crab Pulsar can be explained only by a
rotating neutron star. We note that the possibility of rapid rotation is a direct consequence
of the high density of neutron stars.

Many theoretical studies have been done with intense vigor since the discovery of neutron
stars. This circumstance about theoretical works was further enhanced by the discovery of
pulsating, compact X-ray sources by the Uhuru satellite [3-5] in 1971. It seems that these are
neutron stars in close binary systems, and X-ray is emitted from the accreting gas from their
normal companion stars. The latter consequence can be extrapolated by the fact that their
X-ray luminosity was much larger than that of the so-called rotation-powered pulsars like the
Crab Pulsar. Furthermore, the fact that they showed a long-term overall spin-up behavior
strongly supports the evidence of accretion.

In recent years, various aspects of neutron stars have been disclosed with the growing

number of pulsars, including new types of these objects, which are mentioned later.

1.2 Physics of neutron stars

The subjects concerning neutron stars involve a wide range of physics. This would be seen by
considering various features of neutron stars actually. In order to show this point clearly, we
now review some aspects of neutron stars concretely (see also Refs. [6-8]).

First, let us review the formation and structure of neutron stars. A star with a very
large mass 2 10M,, is expected to evolve through all the stages of nuclear burning. After
any available nuclear energy is exhausted, the gravitational contraction of the central core
occurs. Initially, this contraction can be controlled by the pressure of degenerate electron gas
in the core. However, associated with the creation of more iron in the surrounding shell, the

core can no longer be supported by the degenerate pressure. In this contraction, two energy
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absorbing processes, the photo-disintegration of atomic nuclei and the capture of electrons
via inverse beta decay, are further added and ultimately lead to an uncontrolled collapse.
In the former, kinetic energy is used to unbind atomic nuclei, and in the latter the kinetic
energy of degenerate electrons is converted into the kinetic energy of electron neutrinos which
escape from the core. The time-scale of the collapse of the core is given by the free-fall time
trr ~ (Gp)~Y2. At a density of p ~ 10°g cm™3, we derive tpp ~ Ims. Therefore, the collapse
is very rapid. Associated with the free fall, a large amount of gravitational energy is liberated
within this time-scale. The collapse of the core is not opposed until a density comparable
to the density of nuclear matter is reached. After the nuclear density is reached, the core is
expected to resist compression due to nuclear forces and rebound falling matter. This produce
an explosion called a supernova.

A neutron star can be left behind after the supernova explosion. In fact, it is believed
that neutron stars are created in a significant fraction of supernova explosions. A newly-born
neutron star initially has a temperature between 10'* to 10'?K. However, it rapidly cools due
to neutrino emission and reaches a temperature of the order of 10°K in a day. Its temperature
further comes down to 108K in many years. Although these temperatures are very high
compared with the solar standards, they are low if we consider the standards set by the high
densities inside a neutron star. This is also stated that the temperature inside a neutron star
is lower than the Fermi temperature. Namely, electrons, protons and above all neutrons are
degenerate inside a neutron star. Therefore, some state variable, e.g., pressure depends on
only one variable, e.g., density inside a neutron star, since the temperature can be regarded
as zero.

Owing to the electron capture during the collapse, the core is made of neutron-rich nuclei.
When the density exceeds 4 x 10''g ecm ™3, a new phenomenon occurs in such a core, that
is, neutrons drip from neutron-rich nuclei. This phenomenon is called neutron drip. At high
densities, since the normal beta-decay mode n — p+ e~ + 7, is blocked by the Pauli exclusion
principle, neutrons can survive in a neutron star without decaying. Hence, neutrons are the
dominant constituent of neutron stars. At higher densities around 10*®g cm =3, the core further
becomes energetically possible to produce pions, muons and hyperons. At higher densities still,
it seems that quarks come into play. In order to understand the structure of neutron stars, we
have to know the equations of state (EOS) of neutron stars. Therefore, we need the knowledge
of nuclear physics and high-energy particle physics.

A neutron star is also a luminous source with a very wide range of radiation from the radio
to the y-ray range. Hence, as another aspect of neutron stars, we now consider the radiation

from them. There are two important energy sources which can produce radiation. One is the
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rotational energy of a star in the presence of a strong magnetic field. When a magnetized star
rotates, an electric field, whose strength is proportional to the rotational velocity, is induced.
This electric field acts on the surface electrons and protons of a neutron star. Since the
electric force can become much larger than the gravitational force at the surface, the electric
charges would eventually be ripped off the surface. Thus, the magnetosphere filled with a
plasma is built [9]. The electric field also contributes the acceleration of charged particles
which are seeds of radiation. The accelerated particles move along the curved magnetic field
lines and therefore emit curvature radiation photons. These emitted photons may be subject
to magnetic pair production in the strong field. The repetition of these processes leads to a
cascade, which would produce some part of radiation. The other source is the gravitational
potential energy of matter that is captured by the star and accreted onto its surface. Accreting
X-ray pulsars are classified into this type. If a neutron star is in a binary system, then such
matter is available enough. In this case, some large part of the energy is converted into heat
and subsequently into radiation.

Furthermore, neutron stars can become gravitational radiation sources. We can consider
coalescing binary neutron stars and oscillating neutron stars to be the plausible sources of grav-
itational waves. The signals from them may be detected by the new generation of gravitational-
wave interferometers (LIGO, VIRGO, GEO600 and TAMA300). Therefore, at present, grav-
itational waves are investigated by many astrophysicists with intense vigor, in relation with
the detection.

As seen above, the subjects about neutron stars include various fields in modern physics.
This situation would further be excited by the appearance of new classes of neutron stars
called soft-gamma repeaters (SGRs) and anomalous X-ray pulsars (AXPs). These objects are

mentioned in the next section.

1.3 New classes of neutron stars

The steady spin-down of most pulsars is explained by the magnetic dipole radiation from
the rotating, magnetized stars. Indeed, the analysis of the Crab Pulsar based on dipole
radiation is almost consistent with the Chinese historical records. This success gives strong
evidence that pulsars have magnetic fields, especially dipole magnetic fields. The magnetic
field strength can be determined by the period and period derivative of a pulsars. From
the measurements of these quantities, we know that neutron stars have strong magnetic field
within a range 108-10"3G. However, very recently, the new classes of objects such as SGRs

and AXPs appeared with great surprise. This is because the observations of periods indicated



1.3. NEW CLASSES OF NEUTRON STARS 5

that these objects are the neutron stars with very strong magnetic fields within a range 10'4-
10'5G (see Ref. [10] for the effect of a pulsar wind on the spin-down). Therefore, these seems
to be magnetars [11-17]. This terminology is used for the star whose magnetic energy is
dominant over the rotational energy, or the star whose radiation energy is mainly supplied by
the magnetic energy. The discovery of the strong magnetic fields in excess of B, ~ 103G raised
the upper limit of a pulsar magnetic field by a factor of 102. In such a strong magnetic field,
quantum electrodynamics with external fields should be taken into account seriously. Hence,
elementary processes in these strong fields would have quite different features from those in
ordinary circumstances (see Ref. [18] for detail discussion). Thus, these new objects may
promote a new branch concerning neutron stars at the beginning of this twenty-first century.
We now give a brief review of the observations of SGRs and AXPs (see also Ref. [19]).

1.3.1 Soft-gamma repeaters

Some of SGRs have already be known since twenty years ago. However, it is very recently
that the various features of these objects are revealed.

SGRs are transient sources of high-energy photons. They emit sporadic and short bursts of
soft y-rays during periods of activity. The time scale of the bursts is typically ~ 0.1s, and the
luminosity is characterized by 103°-10* erg s7!. It is very interesting that these recurrent bursts
and earthquakes share four distinctive statistical properties: power-law energy distributions,
log-symmetric waiting time distributions, strong positive correlations between waiting times
of successive events, and weak or no correlations between intensities and waiting times [20].
This fact suggests that SGR events are induced by star-quakes. Therefore, crust-quakes due
to magnetic stress [15] seem to be a plausible explanation for the bursts.

SGRs are also persistent X-ray sources of luminosity 10**-10%%erg s=!. In addition, the
periodicity for some SGRs and the association with supernova remnants were reported. These
would give evidence that SGRs are neutron stars. There are so far four known SGRs, SGR
0525-66 [21-29], SGR 1900414 [30-54], SGR 180620 [32,55-70], SGR 1627-41 [71-76], and
one possible candidate SGR 1801-23 [77]. In the following, we briefly review each object.

SGR 052566

SGR 0525-66 was discovered by a giant burst on March 5, 1979 [21-24]. The time profile of the
burst consists of an initial, narrow structure-less pulse and a pulsating tail part. Associated
with the discovery of this burst, the periodicity of 8.1s was found in the pulsating stage [21,22].

Furthermore, the association with the supernova remnant N49 in the Large Magellanic Cloud
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(LMC) was suggested [21,22,25,26]. If it is true, the luminosity of isotropic radiation in

the initial impulse would be ~ 5 x 10*erg s~!

, and that at the pulsating stage would be
~ 3.6 x 10*2erg s71 [22]. After the giant burst and subsequent weak recurrent bursts, some
weak bursts were observed in 1981 and 1982 [27]. In recent years, X-ray observations of
SGR 052566 were done, which gave a X-ray luminosity of 10%erg s=! [28]. However, some
observations showed the negative conclusion that there is no evidence for the association with

the supernova remnant N49 in the LMC [29].

SGR 1900414

SGR 1900+14 was discovered by three bursts on March 24, 25 and 26, 1979 [30]. However, this
object had been quiet for thirteen years since these bursts. In 1992, some weak recurrent bursts
were detected [31]. Recently, after the detection of one quiescent X-ray source [33,38,39], the
clear periodicity of 5.16s [33, 39, 40] and the period derivative of 1.1 x 1071% s~ [40] were
founded from this source. These leads to the magnetic field strength for magnetars. The
luminosity of X-ray emission are within a range 103°-10%¢erg s=! [40]. The association with
the supernova remnant G42.840.6 in our galaxy was also suggested [33, 38].

On August 27, 1998, a giant burst occurred at the location of SGR 1900+14 [48]. This
burst was very similar to that of SGR 0525-66 on March 5, 1979. The time profile of this
burst had a tail 300s long, which also showed a clear periodicity of 5.16s [48]. Furthermore, it
is very interesting to notice that the average spin-down rate became ~ 2.6 times larger than
that before the giant burst [45].

SGR 1806—-20

This object was also found fortuitously by short bursts in 1979 [55]. The association with
the supernova remnant G10.0-0.3 in our galaxy was indicated by Kulkarni and Frail [59].
From X-ray observations, a quiescent X-ray source having a luminosity of 3 x 10%%erg s~! was
identified with SGR 180620 [61]. Furthermore, a period of 5.47s and a period derivative of
8.3 x 107!1s s7! were detected [66] in the quiescent X-ray emission. These results also give a

very strong magnetic field in excess of 1013G.

SGR 162741

SGR 1627-41 was found very recently [71]. This object has a persistent X-ray source of

a luminosity 7-9 x 103%erg s~! and shows weak evidence for the periodicity of 6.41s [71].
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AXP Period [s] | Period derivative [s s71]
4U 0142461 8.69 2 x 10712
1E 22594586 6.98 6 x 10713
1E 1048.1-5937 6.44 2 x 10711
1RXS J170849.0-400910 11.0 2 x 10711
1E 1841-045 11.8 4% 107
AX J1845-0258 7.0 —
RX J0720.4-3125 8.4 2.6 x 10712

Table 1.1: The periods and period derivatives of known AXPs.

However, this period was not derived in other observations [76]. SGR 1627-41 also seems to

be associated with the supernova remnant G337.0-0.1 in our galaxy [71].

SGR 1801-23

Soft bursts from SGR 1801-23 were observed twice in the direction of the Galactic center on
Jun 29, 1997 [77]. Their time histories and energy spectra were consistent with those of other
SGRs. However, there are no other bursts from this object to date. Therefore, we do not have

any other information about SGR 1801-23 at present.

1.3.2 Anomalous X-ray pulsars

AXPs constitute a separate group of neutron stars, but have many similarities to SGRs.
AXPs do not emit any bursts like SGRs. In general, AXPs are characterized by the following:
(i) a narrow spin period distribution compared with the other X-ray pulsars, (ii) soft X-ray
spectra, (iii) a relatively low luminosity of the order of ~ 10%erg s™', (iv) almost constant
flux, (v) a stable spin period evolution, and (vi) the association with supernova remnants.
There are seven known AXPs: 4U 0142461 [78-82], 1E 2259+586 [80,83-86], 1E 1048.1-5937
[80,82,86-89], 1RXS J170849.0-400910 [90,91], 1E 1841-045 [92], AX J1845-0258 (J1845.0—
0300) [93-95], and RX J0720.4-3125 [96]. The periods and period derivatives of these AXPs
takes very similar values to those of SGRs. Hence, we find the magnetic field strength of

magnetars again. These values are summarized in Table 1.1.
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1.4 Subjects dealt with in this paper

Most stars have spherically symmetric structure. However, they are subject to the effects of
rotation and a stellar magnetic field, which both lead to deformation of a star. It is well known
that the rotational effect produces flattening of a star with respect to the rotational axis. If
we consider a dipole magnetic field, then this also gives the same effect with respect to the
magnetic axis. In most cases, these effects are very small, and therefore can be treated as
perturbations to a spherically symmetric star. As seen in the last section, there exist neutron
stars with very strong magnetic fields, although the relation between SGRs and AXPs is
not yet clear. For these ultra-magnetized stars, the magnetic effect is dominant over the
rotational effect. Hence, such a star is deformed mainly by the magnetic stress. The magnetic
field strength of magnetars is much stronger than that of typical pulsars. However, this
magnetic field strength can also be treated in a perturbative approach. Incidentally, stellar
deformation may shows an observable effect. In fact, the irregular spin-down [84,85, 88, 89
observed for two AXPs, 1E 1048.1-5937 and 1E 22594586, can be interpreted as an effect
arising from stellar magnetic deformation, which is called radiative precession [97,98]. As
discussed by Melatos [97,98]|, this effect is given by the coupling between precession due to
magnetic deformation and an oscillating component of electromagnetic torque. Thus, magnetic
deformation plays a significant role for some kind of stars. Therefore, it is important to evaluate
the deformation of magnetized stars seriously. In this paper, we study magnetic deformation

of a star in the context of general relativity.

The quadrupole deformation of Newtonian stars due to a dipole magnetic field was dis-
cussed by Chandrasekhar and Fermi [99] and Ferraro [100]. In their papers, the incompressible
fluid body with a dipole magnetic field is assumed. This kind of deformation was discussed also
in relation to gravitational radiation [101,102]. The general relativistic approach by Bonaz-
zola et al. [103], Bocquet et al. [104], and Bonazzola and Gourgoulhon [105] appeared recently.
However, their approach is fully numerical. Hence, their physical interpretation is not easy.
In this paper, we develop a more analytic treatment using the perturbation method (see also
Ref. [106]). Our formulation is regarded as a general relativistic version of Refs. [99,100]. In
our method, we can easily include realistic EOS and construct relativistic magnetized stars.
Furthermore, this method gives simple calculations of ellipticity of deformed stars etc, and
makes the results transparent for physical interpretation.

For the purpose of the formulation of relativistic magnetized stars, we first take a non-
rotating, spherically symmetric star as a background. Second, we consider a stellar magnetic

field, which is regarded as a perturbation, in the context of general relativity. We restrict
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the discussion of stellar magnetic deformation to non-rotating, i.e. static cases. We then
take into account only axisymmetric, poloidal magnetic fields produced by long-lived toroidal
electric currents, because toroidal magnetic fields would break the symmetric property (see
also Ref. [104] and reference therein). Furthermore, we assume a perfectly conducting interior.
Since we now consider non-rotating configurations, this implies that the electric field inside
the stars must vanish. Hence, there is no electric charge inside the stars. Furthermore,
the surface charge should be absent, since the total charge should vanish in astrophysical
situations. Otherwise, the electromagnetic field itself would have the angular momentum due
to the non-vanishing electric field produced by the charge [107-109]. This is not a purely
static case. From this discussion, we can write the four-current as J, = (0,0,0, J,) [104].
Here, the current distribution J, is introduced as the first-order quantity with respect to
the perturbation. The corresponding magnetic field is solved from the Maxwell equation.
We investigate deformation of stars due to the resulting magnetic stress, which arises as the
second-order correction to the background. This perturbation method is very similar to that
of slowly rotating, relativistic stars developed by Hartle [110], in which rotation is regarded
as a small parameter. Our formalism can be applied to any configurations of the magnetic
fields. However, we restrict our discussion to dipole magnetic fields because dipole fields are
important in many astrophysical situations.

As mentioned previously, the configurations of pulsars are affected by both rotation and a
stellar magnetic field. Therefore, it is important to further compare both effects for various
pulsars. In general, the rotational axis of pulsars does not aligned with the axis of the dipole
magnetic field. The general relativistic treatment for this case is a complicated task, because
the situation is not stationary. However, in this paper, we assume that the rotational effect
decouples from the magnetic effect. Thus we compare both effects by considering the deforma-
tion arising from each perturbation separately (see also Ref. [111]); the rotational deformation
is provided by the formulation by Hartle [110], and the magnetic deformation is given by our
formulation [106] mentioned above. This estimate is important to judge which effect domi-
nates in rotating, magnetized stars, whose rotation rate and magnetic field strength are within
a wide range. We note that if both effects are comparable, our estimate breaks down, and
therefore sophisticated numerical codes are required.

When the deformed star rotates on the axis which does not coincide with the magnetic
axis, the star precesses inevitably. The above-mentioned wobbles in the spin-down of the two
AXPs also arise from precession probably due to the stellar magnetic deformation. These
deformed, precessing objects are analyzed by solving the Euler equation of motion in the

form ]idej/dt — EijkIﬂQle = N;, where [;; is the inertia tensor, 2 is the angular velocity,
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and /V; is the torque acting on the object. When we take into account the electromagnetic
torque by a rotating magnetic dipole [112,113], the radiative precession [97,98] can actually
be found for a magnetically deformed star. Furthermore, since such a star emits gravitational
waves, we can consider the gravitational radiation reaction torque [114,115]. The gravitational
backreaction damps the wobbles on a time-scale proportional to [(1, — I,,)* /I,]~! for wobbling,
axisymmetric rigid bodies (see Refs. [114,115] for detailed discussion), where I; is the principal
moments of inertia. Thus, the moments of inertia play a significant role in the analyses of
pulsar precession. The estimates of the moments of inertia have been done in the context of
Newtonian gravity so far, but neutron stars are fully general relativistic objects. Therefore, we
further discuss the principal moments of inertia of magnetically deformed stars in the context

of general relativity.

1.5 Plan of this paper

This paper is organized as follows. We first describe non-rotating, spherically symmetric stars,
as background in Chapter 2. This becomes the basic part in our formulation of magnetized
stars. We deal with several polytropic stellar models in the context of both Newtonian gravity
and general relativity. Next, we review the rotational flattening of stars using the pertur-
bation method in Chapter 3. It is very useful to see this approach in order to develop the
formulation of magnetized stars. In Chapter 4, we study the electromagnetic fields of pul-
sars following Refs. [116,117]. We discuss not only dipole magnetic fields, but also induced
electric fields in the cases of aligned dipole rotators, which is needed to define the moment of
inertia of magnetically deformed stars with respect to the symmetric axis. In Chapter 5, we
formulate magnetic deformation of stars, assuming non-rotating configurations. Furthermore,
we compare the magnetic effect with the rotational effect on stellar deformation for various
pulsars. Using the results of stellar deformation, we further investigate the moments of inertia
of the stars in the context of general relativity in Chapter 6. Finally, we give summary and

conclusion. in Chapter 7. We use units in which ¢ = G = 1 in most places.



Chapter 2
Non-Rotating Stars

In this chapter, we review the formulation and solutions for non-rotating, spherically symmet-
ric stars, which become background in the perturbation method. We discuss such stars in the
context of both Newtonian gravity and general relativity (see also standard texts [6,8,118,119]).
In this discussion, we adopt polytropic stellar models. First, we discuss Newtonian stars in

§2.1. Second, we consider the general relativistic versions in §2.2.

2.1 Newtonian stars

2.1.1 Formulation

We now consider a spherically symmetric star which is in hydrostatic equilibrium. The basic

equations governing such a star are
1
0=Vo + ;Vp, (2.1)

V20 = 4rp, (2.2)

where p and p denote pressure and density respectively, and ® denotes gravitational potential.

From the spherical symmetry, Egs. (2.1) and (2.2) reduce to

_dP(r) 1 dp(r)
C dr +p(r) dr

1d <r2d<1>(7’)> — drp(r). (2.4)

0 , (2.3)

r2dr dr

If we consider main sequence stars like the sun, the above equations should be supplemented

with the equations concerning power generated in the stars (see, e.g., Ref. [8]). However, our

11
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discussion is intended for neutron stars, which have no power generation and lower temperature
than Fermi temperature. Therefore, it is sufficient to consider Egs. (2.1) and (2.2) only.

The above equations (2.3) and (2.4) is combined to give the second-order differential equa-

1 d (r*dp
— 22 = 470, 2.
r2dr (p dr) P (2.5)

This equation involves two unknown functions p and p. Hence, we need another relation

tion

between the pressure and the density, which is given by an equation of state (EOS). By
assuming such a relation, the equations can be reduced to a differential equation consisting of
one unknown function. We can finally obtain the structure of a star by solving the differential
equation.

We now adopt polytropic stellar models. A polytropic model with index n is specified by

the following relation between pressure and density,
p=Kp'™/", (2.6)
where K is a constant. Using this, we have the differential equation for p,

1d[rd
il (Kot = 4. 2.7
r%ir[pdr( P )] P (27)

Normalized equations

Let us now introduce the normalized quantities of the density, the pressure and the radial

coordinate as

p = PP (2.8)
P = DD, (29)
=TT (2.10)

where p. and p. are the values of density and pressure at the stellar center respectively, and

Dc
. = . 2.11
R e (2.11)

Using the normalized quantities, we derive the equation,

1d (#d
-4 (Tﬁm/n) = —p (2.12)

r, is given by

r2dr \ p dr
Furthermore, it is convenient to introduce the function © defined as

p=6" (2.13)
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Using this function, Eq. (2.12) reduces to

d’0  2(1+n)dO N
(1+n)d7:2 +— %—i—@ = 0. (2.14)

This differential equation must be solved by imposing two boundary conditions. Such condi-

tions are expressed as

O, = L (2.15)
e
— = 2.1

where the second condition follows immediately from the substitution of Eq. (2.6) into Eqs. (2.3)
and (2.4). Once we obtain the solution for ©, we can calculate the solution for density and

pressure from the relation

p = pO", (2.17)
p = pO". (2.18)

Furthermore, from Eq. (2.3), the gravitational potential ® can be written as

O=0,=0,[—(n+1)0 + 1), (2.19)

where @, is defined by ®. = p./p., and c14 is a constant. This internal potential must be

connected smoothly with the exterior solution given by

=3, (2.20)

7

where ¢y is a constant fixed by the junction conditions. Therefore, Eq. (2.14) governs stellar
structure in polytropic models. In the next subsection, we discuss the analytic and numerical

solutions for several polytropic indices.

2.1.2 Solutions for stellar configurations

We can find analytic solutions for several polytropic indices. Such solutions are summarized

as follows:

e n=20
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Figure 2.1: The function ©(7) for several polytropic stellar models. The polytropic index is denoted
by n.
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Figure 2.2: The density p plotted as a function of 7 for several polytropic stellar models.
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Figure 2.3: The pressure p plotted as a function of 7 for several polytropic stellar models.
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Figure 2.4: The potential ® plotted as a function of 7 for several polytropic stellar models.
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po= 1—— 2.2
P G (2.23)
- 23 (F<7y)
d = { ¢ : 2.24
{—Zgé (7 > 7) (2:24)
7= G, 2.25)
Pe
= =1, 2.26
5 (2.26)
en=1
V2 7
0 = in [ — |, 2.27
= sin NG (2.27)
V2 7
= _ ). 2.28
p - sin 7 ( )
_ 2 L F
p = ﬁsm2 (\/§>, (2.29)
5 _ | () -2 (<) (2.30)
—22n P> '
iy = Vo, (2.31)
2
Pe n
Pe _ T 2.32
> X (2.32)
e n=>5
—1/2
0 = <1+8> (2.33)
2\ ~5/2
p o= <1+8> (2.34)
p = (1+ ) (2.35)
Fs — 00, 2.36)
Pe
P . 2.37
5 (2.37)

Here, 75 corresponds to the stellar radius R, i.e. R = r,7s, and p denotes the average density

as, using the total mass M,
—1
p= <R3> M. (2.38)

The total mass can be derived by integrating the following equation for the mass function

m(r),
dm

—- = 4. (2.39)
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After using the boundary condition

m|_y =0, (2.40)
we can derive the total mass M = m(R). Equation (2.39) can also be written in the normalized
form 0

m
= . 2.41

i (2.41)
The normalized mass function m is defined as

m = m,m, (2.42)
where m, is given by

P
= . 2.43
m yE (2.43)

Using the above quantity, the ratio of the central density to the average density is derived in

the form B3 "
Po T2 fe_ _Ts (2.44)
p 3M 3m(7s)

From the analytic solution (2.22), we see that the case of n = 0 corresponds to an incom-

pressible fluid body. Furthermore, from Eq. (2.36), we can see that the stellar radius becomes
infinity as n approaches to 5. In this case, the ratio of the central density to the average
density also diverges. Therefore, it seems that plausible models for stars are described by
polytropic indices in a range 0 < n < 5.

The solutions for the other polytropic indices can be obtained by numerical calculations.
Figures 2.1, 2.2, 2.3 and 2.4 display the numerical results of ©, 5, p and @, respectively, for
n =20, 0.5, 1, 1.5 and 3. These are plotted as a function of 7. In Table 2.1, we further show
the numerical values of the radius 75 and the ratio of the central density to the average density
pe/ p, together with the analytic results. From this table, we find that the stellar radius 7 and
the ratio p./p become larger with the polytropic index n.

2.2 General relativistic stars

2.2.1 Formulation

Next, we deal with non-rotating, general relativistic stars. As in the last section, we assume
that the equilibrium configurations have spherical symmetry. The spherically symmetric space-

time can be described by the line element

ds? = —e"Odt? + A dr? 4 2 (d6? + sin? 0do?) (2.45)
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n Ts Ts pe/p pe/p
(analytic) | (numerical) | (analytic) | (numerical)

0. V6 2.4495 1 1.0000
0.5 — 3.3714 — 1.8351
L. V2r 4.4428 n2/3 3.2897
1.5 — 5.7770 — 5.9903

3. — 13.793 — 54.175
D. 00 — 00 —

Table 2.1: The stellar radius 75 and the ratio of the central density to the average density p./p derived

for polytropic models.

It is sometimes useful to use the following function instead of the function A,
_r -2
m—§<1—e ). (2.46)
This function is the general relativistic version of the mass function Eq. (2.42) as will be seen
below.

The stress-energy tensor of a star consisting of perfect fluid is given by
1", = (p + p) u'u, + pd*,, (2.47)
where the four-velocity u* is written in the form
ut = (e_”/2,0,0,0> . (2.48)
The equations which govern stellar structure can be obtained from the Einstein equation
G", = 8nT", (2.49)

and the equation of motion
1", =0. (2.50)

First, from the (¢,t)-component of Eq. (2.49), we obtain

Cg: = 4nr?p. (2.51)

This equation exactly has the same form as Eq. (2.39) in the form. Hence, this is the reason
why m is called the mass function. Second, the following equation can be obtained from

(r,r)-component of Eq. (2.49),
dv  2m+ 8rrp

dr — r(r—2m) (2:52)
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Third, the r-component of Eq. (2.50) reduces to the equation

d7p_ 1 dv

o =5 p+p) o (2.53)

Using Eq. (2.52), we derive the equation

dp _ (p+p)(m+dmr’p)
dr r(r—2m) ' (2:54)

This equation is called the Tolman-Oppenheimer-Volkoff equation (see, e.g., Refs. [1,118-120]).
In addition to Eqs. (2.51), (2.52) and (2.54), we have an EOS

p = p(p). (2.55)

These give four equations for the four unknown functions v, m, p and p. Therefore, stellar
structure is governed by these equations.
Normalized equations

As in the last section, it is convenient to introduce the normalized quantities 7, m, p and p.

Using these, Egs. (2.51), (2.52) and (2.54) reduce, respectively, to

dn

= 2.
dv  2¢(m + (p)
= 2.57
dr 7 (r —2¢m) (2:57)
dr 7(7 — 2¢m) ’ ’
where ( is the parameter defined by
= Pe, (2.59)

Note that this parameter can be related with the general relativistic factor M /R in the way

2.60
R Ty Ts Ts ( )

We now use the polytropic EOS (2.6) again, which is described by ©. Using the function

O, we have

dm
dr
dv  2¢(m + ¢Femt)

d&i i (F—20m) (262)

= 720", (2.61)
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Figure 2.5: The general relativistic factor M /R plotted as a function of . The polytropic index is
denoted by n.
Ao (1+¢0)(m+ (ff’)@”“). (2.63)
dr (n+ 1)7(F —2¢m)
These differential equations govern polytropic stellar models in the context of general relativity.
Equations (2.61), (2.62) and (2.63) should be solved using the boundary conditions

Mml—g =0, v|,_,=const, O|._,=1 (2.64)

T

Furthermore, we have to impose the junction condition in which the interior solution is con-

nected with the exterior solution smoothly.

2.2.2 Solutions for stellar configurations
Exterior solution

First, let us discuss the stellar exterior solution which is asymptotically flat at infinity. The

outside of the star is assumed to be a vacuum, i.e. p = p = © = 0. In this case, from Eq. (2.61),

we derive
m = const = —. (2.65)
e
This result is equivalent to
2M\ !
et = <1 - ) : (2.66)
r
Substituting Eq. (2.65) into Eq. (2.62) and integrating the equation, we derive
2M
v=In (1 — ) : (2.67)
r
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Figure 2.6: Radial dependence of © for polytropic stellar models with M/R = 0.2.
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Figure 2.7: Radial dependence of p for polytropic stellar models with M/R = 0.2.
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Figure 2.8: Radial dependence of p for polytropic stellar models with M/R = 0.2.
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Figure 2.9: Radial dependence of v for polytropic stellar models with M /R = 0.2.
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Figure 2.10: Radial dependence of A for polytropic stellar models with M/R = 0.2.

Therefore, we obtain the line element

2M 2MN !
ds? — — (1 _ > di? + (1 _ ) dr? 412 (6 + sin® 6d4?) (2.68)

r r
This is the well-known Schwarzschild metric.
Interior solutions

Next, we discuss interior solutions. It is somewhat difficult to seek analytic solutions for stellar
structure in the general relativistic case unlike the Newtonian case. However, we can find the
analytic solution for the case of n = 0. In this case, the integration of Eq. (2.61) gives

= . (2.69)

Using this result, from Eq. (2.63), we derive the equation
e rdr

= — ) 2.
(1+00)(1+30)  3-207 (2.70)
This is easily integrated as
14300 143¢ 2w\ ?
1+¢0  1+¢ (1 7 ' (271)

Hence, we obtain

_ o)\
o_ (1+0+1+30 (1 ) | 272)

¢[3(1+¢) = (143¢) (1—2?)%}
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If we take the limit © — 0, which corresponds to 7 — 7, in Eq. (2.71), then we can derive

3 (1+c) :
2 (29)]) -

or

¢ = 1_( _2’% : (2.74)
(1) -

From this result, we can find that ¢ diverges, which means p. — oo, as M/R approaches to
4/9. Therefore, there cannot exist the star whose radius is smaller than 9/ /4. The metric

function v can be obtained by integrating the following equation derived from Eq. (2.62),

dv _8¢F  (1+3¢) (1_%2)—%
ar 3 3(1+C)—(1+3g)( _%ng)

(2.75)

(NI

The integration gives

1 192
K oM\ 1 20Mr?\ 2
62{2@_3) _2<1_ R3>}’ (2.76)

where the junction condition at the surface has been used.

The other solutions can be obtained by numerical integration (see also Ref. [121]). In their
calculations, ¢ plays an important role, because this parameter specifies the general relativistic
factor M /R through the relation (2.60). Figure 2.5 displays the relations between M /R and
¢ for several polytropic models. From this figure, we can find that the values of M /R become
smaller as n becomes large for fixed (. Furthermore, we can find that there exits an attainable,
maximum value of M/R for the stellar model of n = 2. Thus, we cannot construct a stellar
model with M/R = 0.2 for the case of n 2 2.

Figure 2.6, 2.7, 2.8, 2.9 and 2.10 display radial dependence of O, p, p, v and A, respectively,
for polytropic stellar models with M/R = 0.2. From the comparison with the Newtonian
cases, we find that 7y becomes small slightly owing to the general relativistic effect for the

fixed polytropic index.



Chapter 3
Rotating Stars

In this chapter, we deal with rotating configurations of stars. Stellar rotation causes centrifugal
force and therefore induces the rotational flattening of stars. We now discuss the deformation
of stars due to rotation. We assume that stars rotate with uniform angular velocity €2. The
rotational effect can be treated as a perturbation. This is because rotational energy is much
smaller than gravitational energy in most cases. The characteristic small parameter eg, is given

by the square root of the ratio of the rotational energy ~ M R%Q? to the gravitational energy

~ M2/R, ie. eq ~ /R¥Q2/M.

In a similar way as the last chapter, Newtonian stars (see also Refs. [122-124]) and general

relativistic stars (see also Refs. [110,125]) are discussed in §3.1 and §3.2, respectively.

3.1 Newtonian stars

3.1.1 Formulation

In the case of rotating stars, the basic equations are written in the forms

0:V<I>+}Vp+ﬂ><(ﬂ><r), (3.1)
P

V20 = 47p. (3.2)
The last term in Eq. (3.1) is a second-order quantity in g and can be expressed as

2 2 1, dPy(cosf
Qx(Q2xr)= —§TQ2 + =rQ*Py(cos b) | e, + 37°Q22<dcg)s>e9,

. (3.3)

where P, is the Legendre polynomial of order [.

25
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We can now expand p, p and ¢ as

po= P00+ [0 )+ (P 3.4)
p = PO+ [pP )+ ()P (3.5)
¢ = )+ [0 (r) + 2 (r) P, (3.6)

where the superscripts “(0)” and “(2)” here denote zeroth and second order in eq, respectively.
The zeroth-order quantities p(®, p© and ®© have been discussed in the last chapter. We
shall abbreviate “(0)” in most places hereafter.

Multiplying Eq. (3.1) by e, or ey, we obtain

Ao . o2 4o 1 pP 2
—— + - r
dr p dr  p dr 3
Aoy pP e 1dpl? 2
2 P2 Lapy i

dr p dr p dr 3

and
(2) pg) L 52
o + 22 4 2202 =, (3.9)
p 3
Here we have used the expression
0 10 1 0
V=e—_— - — . 3.10
C or 96 T % rsing 00 (3.10)
Equations (3.7) and (3.8) can easily be integrated using the relations
dd 1dp
. 3.11
dr pdr’ (3:.11)
@ _ 9 @
= — 3.12
Po dppo ) ( )
@ _ 4
= —ps . 3.13
P2 dpp2 ( )
One of the integrated forms is Eq. (3.9), and the other is
(2)
1
(ID((JQ) F P 2202 — const. (3.14)
p 3
Furthermore, from Eq. (3.2), we obtain
1d [ ,ddy @
- Y1 = 4 1
r2 dr (7’ dr Tho (3.15)

1d [ ,do?
ridr ( ) S0 = dmpf), (3.16)

dr 72
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where we have used the formulas

V? = sin — 0 + & (3.17)
B 7’2 8r r2 sin 6 89 00 r2sin? 0 02’ '
51r119 7 <sm 0?;) —l(l+1)P,. (3.18)

Outside the star, we have to solve Eqgs. (3.15) and (3.16) with p(2) = p¥) = 0, assuming
the potentials to vanish at infinity. Inside the star, it is useful to introduce 5P(§2) and 5P2(2)
defined as

(2)

sRP = Do (3.19)
p
o0

sP = %. (3.20)

Using Egs. (3.9) and (3.14), we can derive the differential equations for §P? and 6P,

& 2 d
o — 6B + fd—(SPO +47rp deéZ = 20°, (3.21)

& d 6

ys — 0P + ;%5132(2) + (4 g p— ) 5P =, (3.22)

where the prime here denotes differentiation with respect to r. Hence, Eq. (3.21) and (3.22)
should be solved inside the star, using boundary conditions at the stellar center. Thereby
we can derive the internal potentials QD(()Q) and % through the relations (3.9) and (3.14).
The potentials must be connected at the stellar surface, by imposing the junction conditions
mentioned below. Consequently, Egs. (3.9), (3.14), (3.15), (3.16), (3.21) and (3.22) govern the

deformed star by rotation.

Junction conditions

We now discuss the junction conditions about the potentials. Here some remark concerning
the junction conditions should be mentioned (see also Ref. [123]). Let us express internal and
external gravitational potentials by ®;, and P, respectively. These can be written, showing
order explicitly, as
o, = (ID(O) 4+ p®
(I)ext = (I)gxt + q)t(axzc (324)

Furthermore, we express the boundary surface by £. This can also be expanded as

§=¢04¢@, (3.25)
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Here, £ is simply given by £ = R, while £ can be written as

1dp\ ™'
€D =) + &Py = - (pdf) (6P + 3P Py). (3.26)
Using these quantities, we have
i . ( 0§+ o2 ) : (3.27)
/ _ /(2)
Ol = o 5(0) + (cb o€ . 5(0)) : (3.28)
_ /(0 (2)
®6Xt’€ - ext 5(0) ( ext 5(0) ext 5(0)) I (329)
_ 1(0) 11(0) 1(2)
eXt’£ - q)eXt £(0) + ((Dext £(0) 5( ) + (I)ext 5(0)) . (330)
Hence, boundary conditions are now expressed as
(2f) — o) w = 0 (3.31)
/(0) /(0) _
<¢in - q)ext) £(0) - 07 (332)
@) ©) _
(o) — o) w = 0 (3.33)
n0) _ 4M(0) (2) 2 _ 52 _
{(cbin P E(O)] ¢4 () — o) w0 =0 (3.34)

From Eq. (2.4), we can derive

L (a0~ 5)

dr? (3.35)

2d (0 20
=227 (o9 _ o
6(0) T’d’f’ ( in ext)

(0)
+ 4mp £

£(0)
Thus, the left-hand side of Eq. (3.35) vanishes except for the case of n = 0. Therefore, in the

cases of n # 0, we can use the junction condition

(21 — @), =0. (3.36)

£(0)

However, in the case of n = 0, we have to use the condition (3.34) instead of Eq. (3.36).

Normalized equations

In the remaining part of this subsection, we consider the normalized forms of the equations
mentioned above. In addition to 7, p, p and ®, we use the dimensionless quantities (2, 5}50(2)
and 6?2(2) defined as

Q0 = 00, (3.37)
sP® = spP.SPY, (3.38)
sPY¥ = sP.SPY, (3.39)
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Figure 3.1: The function (515(52) plotted with respect to 7.

where

op, = L (3.41)

- - 1 .~
P = —sPP? 4 §f2Q2 + const, (3.42)
- - 1 .~

P = 5P — gfz(ﬂ (3.43)

Furthermore, Eqgs. (3.21) and (3.22) are written as

@z 2d z0) P om0 om

=20 + SR + ?péPo — 202, (3.44)
d2 N 2.d -~ ~’~ 6 ~
e 5P + ;%5132(2) + <g,p - 7~2> sP? =0, (3.45)

where the prime with respect to normalized functions denotes differentiation with respect to

r.
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Figure 3.2: The function 5152(2) plotted with respect to 7.

3.1.2 Solutions for stellar configurations
Exterior solution

First, we consider the outside of the star. The gravitational potential terms <I>(()2) and <I>§2) obey

the following equations derived from Eqgs. (3.15) and (3.16),

1d [ ,dol?
. (T2 dﬁ ) = 0, (3.46)
1d [ ,dof\ 6

The solution which vanishes at infinity is given by

P = 92 (3.48)
T

] d

oY = =, (3.49)

where ¢4 and die are constants. This exterior solution must be connected with an interior

solution, using the junction conditions mentioned previously.

Interior solutions

Next, we discuss interior solutions. For n = 0, we can easily obtain the analytic expressions of
5P and 6P, From Egs. (3.44) and (3.45), we obtain the following solution which vanishes
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at the stellar center,

sPP = P02 (3.50)
0P = dyet?, (3.51)

where dyg is a constant. From these expressions, we derive

D = ¢y, (3.52)
- 1.~
PP = — (dm + 392) 72 (3.53)

where we have used Egs. (3.42) and (3.43). In this case, we have

P — 3L =1, (3.54)
(10515) 6 (3.55)

5 di 2 '
£ =602, &Y = 3V6dss. (3.56)

Using these results, from the junction conditions (3.33) and (3.34), we derive the equations

— —c = 0, 3.57
\/6 2P ( )
%‘I’ = V62, (3.58)
d ~
%Jr(i\/gdgq) = —2V602, (3.59)
d 2v/6 ~
£+\/Ed2¢ = 7\/_(22, (3.60)
12 3
Therefore, we obtain
e = —6V602 3.61)
Cop = —06Q2 (3.62)
die = 18V60Q2 (3.63)
dyp = —292 (3.64)
Consequently, we have
- 2) 1 .~

SRy = §f2§22, (3.65)
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g
-20 n=0.
n=0.
n=1.
25 n=1.
n=2.
A n=3.
-30 :‘__,-"
35 .
0 1 2 3 4 5 6

. 5 .~
sP = —6f2§22, (3.66)
. 602 (F < 7)
52 — 3 7 3.67
" { 0602 (7 > 7 (367)
- 102 (F < 7y)
o = 2 v 3.68
’ { 18602 (7 > 7) (369
- N 5.
£ — (92 _ 292P2> . (3.69)
Taking into account the last result (3.69), we can find the value of ellipticity as
(2) 30)2
3 15 ~ 5 R°Q)
ellipticity = _3& —QF=C (3.70)

2R 4 4 M’
where ellipticity is defined by the difference between the equatorial radius and the polar radius.
The other solutions can be obtained by numerical calculations. In general, the potentials

can be written as

~ ot F > T
P =3 7 i (F>7) (3.71)
—(SPO + é7ﬂQ2 + Coop (f < fs
~ dig r > T
@éQ) — 7‘3 ~(2)T 1 _ (r T ) , (3‘72)
—dg:;p(SPQ — §f2Q2 (’l: < ’IZS)

where ¢1¢, C29, di1o and dog are constants, and (5]52(2) = d2¢§]52(2ﬁ. From the junction conditions
(3.33) and (3.34), we derive

3 1 .-
—C;‘I’ Yo = PR - ST, (3.73)
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Figure 3.4: The potential @g plotted as a function of 7.

2)

- 2 .
o = RO - SR - &0,
d 1 .~
1 OB (7)dee = —57,
EF BN (7 + £77A] o = 2; o2
7 3
where
Ldp\
par £(0)
1dp\ ™"
552)T _ _<dp> 5P2(2)T :
par £(0)
. = 11(0) 1(0)
A - <®1n - (I)ext ) 5(0) *
Therefore, we obtain
- 2 -
o = i [5Pg(2)(fs)—3fsﬁ2— SQ)A},
o = OB (R) + R OB (7)) — 7207 — gD A,
] 72 [20 P31 (7) — m O BT () + 7880 A Q2
1o — ~ ~ ~ )
3 [30P () + r0 P () — 7881 A
57200
d2<1> =

3 [30PP1(R) + rO BT (7) — P A]

33

(3.74)

(3.75)

(3.76)

(3.77)

(3.78)

(3.79)

(3.80)
(3.81)

(3.82)

(3.83)
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Figure 3.5: Dependence of ellipticity on the polytropic index n.

Using these expressions, we can obtain solutions for (5P(§2), (5P2(2), @éo) and q)go) numerically.
We show these functions for several polytropic models in Figs. 3.1, 3.2, 3.3 and 3.4.
The ellipticity of the star can be derived in the same way as Eq. (3.70),

38 380w R
ellipticity = g =75 gz M (3.84)
We show dependence of ellipticity on the polytropic index n in Fig. 3.5. We find that the

value of ellipticity becomes small as the polytropic index n becomes large for fixed R3Q?/M.

3.2 General relativistic stars

3.2.1 Formulation

Next, we discuss rotating, general relativistic stars. The basic procedure is almost the same
as in the Newtonian case. However, a different point from the Newtonian case arises in the
general relativistic case. In the context of general relativity, rotating objects induce dragging
of inertial frames. Hence, there is some change about stellar deformation from the Newtonian
case, owing to this effect. We investigate stellar deformation, in particular concentrating on

the general relativistic effect.

Frame dragging

First, we consider frame dragging due to a rotating, spherically symmetric star. We now

assume that the star slowly rotates with uniform angular velocity ). The metric can be
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written in the form
ds® = —e’[dt — w(r)d¢)? + e dr® + 1 <d92 + sin® 6’d¢2> , (3.85)

where the function w is of the same order as 2 and causes frame dragging. The equation

which w obeys can be obtained from the (¢, ¢)-component of the Einstein equation Eq. (2.49),

r J

a2 +—w=0, (3.86)
.

d? 4 g i 4.7’
drw rJ

where w and J are defined, respectively, as

w = Q—w, 3.87
J = % (3.88)
Here, () is written as
do L1
o % e (3.89)

where u* denotes four-velocity of fluid.
Outside the star, the solution for @ can easily be derived. Since we have v/ + X = 0 outside
the star, we find

T=0- 2 (3.90)

Here, J corresponds to the angular momentum of the star [126]. This exterior solution must

be connected smoothly with an interior solution, which is obtained later.

Stellar deformation

Now, we formulate a relativistic star deformed by rotation. The space-time can be described
by the line element [110]

ds® = —e"[1+2(ho(r) + ho(r)Py)] dt? + [1+2T€A(mo(r)+m2(r)P2) dr?

+1% (14 2ka(r)) [d6? + sin® 0 (dg — welt)’] (3.91)

where hg, ha, mg, mo and ks are functions of second order in egq.

The stress-energy tensor of the star made of perfect fluid has the form

1", = (p + p) u'u, + pd",, (3.92)
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where the density p and the pressure p are expanded in the same way as in the Newtonian

case,
p = PO+ [of7 + 7P, (3.93)
p = P+ [p” + PP (3.94)

Up to second order in e, the non-vanishing components of four-velocity have the forms

v 1
u' = e 2[1— (ho+ hoPo)] + 56_%”7"2 sin® fw?, (3.95)
u® = Qu'. (3.96)
The basic equations of equilibrium configurations can be obtained from the Einstein equa-

tion (2.49) and the equation of motion (2.50) using the above quantities. First, from Eq. (2.50),

we obtain the equations

1 dp” Vo () _dho | d <1 e 2)
— L | — — (= v 3.97
p+p dr 2(p+p) jo’jL Po dr+dr 37 ¢ “ ) (3.97)
1 dpy) Voo @ dhy d (1 ) 2)
— = —— - (241 _ 22 Zp2ev .
p+p dr 2(p+p) \p ) dr dr\3" ¢ %) (3.98)
(2)
D2 Lo 0
=—hy — = 3.99
o+ p 2 3r e w”, ( )

where the superscript “(0)” is abbreviated. When we recall Eq. (2.53), Egs. (3.97) and (3.98)
are integrated to give Eq. (3.99) and

(2)
1

Po_ _ —ho + =r*e Yw? + const. (3.100)
p+p 3

As in the Newtonian case, it is useful to introduce §Pé2) and 5P2(2) defined by

2)

sp? = Do (3.101)

p+p

2 p(2)
PP = 22 (3.102)

p+p

Using these quantities, we have
(2) Lo, v o
OPy” = —ho+ grew + const, (3.103)
1

sPP = —h2—§r26_”w2. (3.104)

These relations correspond to Eq. (3.9) and (3.14) in the Newtonian case.
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Furthermore, we can obtain the following equations from Eq. (2.49),

dmy 2 e
1 1
+Er4e’(”+’\)w'2 + 37 S+ N)em N2, (3.105)
ds P 1 2
d?f) = - <r2 + I; e*mg — 4771 (p + p) A(SPO + 3Te Vo
—lrzy’e’”wz + 27’267”ww' + ir?’e”’w’2 (3.106)
3 3 12 ’
d 1 v A1 Vv
—(he+ke) = |—-—=|ho+— |-+ —= 3.107
dr(Q+ 2) (r 2) 2+r<r+2>m2’ ( )
e 1 1 N
hoy + —my = —rie g 77”3 (e (v+ ) w?, (3.108)
r 6
dhg TV/ de (2) v
T ()22 2y 5P -
dr +<2 N ) dr mre (p o+ p) OF + +T
3 2
+ e hy + —eAkg%— Er e V. (3.109)
Here, it is convenient to introduce the function vy defined as
Vo = hg + ICQ. (3110)
Using this, from Egs. (3.107), (3.108) and (3.109), we obtain a couple of equations
1 "\ T1 1
v (LY { e (N2 L 28 () 4 M) e N2 (3.111)
dr r 2)16 3
o = —WUQ+[87TUI(p+p) 2V/(1—€)—I/ ha

1 d A 1 ’f‘V et

Therefore, we have to solve two sets of equations (3.105)-(3.106) and (3.111)-(3.112) for the
four unknown functions myg, 5Péz), vy and ko. The other functions, i.e. hg, 5P2(2), meo and ks
can be derived from Egs. (3.103), (3.104), (3.108) and (3.110), respectively. However, outside
the star, we have the following equations in place of the set of equations (3.105)-(3.106),

dmo o 1 4 2

_ L 11
o Tl (3.113)
dho 1 T‘4 2

dho - _ T 3.114
dr (r—2M)2 " 12(r —2M) " (3:.114)

: 2) . . . :
since 5P0( ) is meaningless in this case.
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Boundary and junction conditions

Solutions for the metric functions can be obtained by imposing boundary and junction condi-

tions. These are summarized as follows:

e r— 00
ho,he — 0, (3.115)
mo, my — finite, (3.116)
1
ky,w — — (a>3), (3.117)
/’aOé
e r=~R
gw/‘_g = gw/‘+§ (N?V :t,T,e, ¢)7 (3118)
gab,r|,£ = gab,r|+£ (a7 b= t, 97 gb) s (3119)
o r— 0
w, ho,6PY  — finite, (3.120)
mo, ma, he,v2 — 0. (3.121)

The conditions for the limit » — 0 can be seen by taking Taylor expansions about the stellar
center.

Concerning the conditions (3.118) and (3.119), a similar situation to the Newtonian case
arises when n = 0. This stems from the fact that v and X are discontinuous in the case of

n = 0. Now, we have

A A (2) 2e*
o /
Grrle = e £ + | Ne 5(0)5 + —m o : (3.122)
gurle = Veleo + {(1/’ + Vlz) e’ () €@ 4+ 2¢” (V'h + M)leo | 5 (3.123)
where m and h are given by
m = 1My + mQPQ, (3124)
h = ho+ hoPs. (3.125)

Hence, from the conditions (3.118) and (3.119), we derive

2¢e*
(/\in - )‘ézxt)|§(0) 5522) + T (ma in — Mg ext) = 0, (3126)

£
(Vlllll - ygxt)|§(0) 51(12) + 2 (h:z in h:z ext)|§(0) =0, (3'127)
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where a takes 0 or 2. In the general relativistic case, §(()2) and 552) are given, respectively, by

@ _ Lodp\ " e 3.128

50 - - p—l—pd?“ 0 > ( . )
1 dp\ "

& = _<P+pd];> RER 120)

From Eqgs. (3.126) and (3.127), in the case of n = 0, we see that mg and my are discontinuous,
and that hg and ho are not smooth at the surface. On the other hand, in the cases of n # 0,
the metric functions my and ms are connected continuously, and hy and hs are connected

smoothly at the surface along with w and k.

Normalized equations

Next, we consider the normalization of the above equations. Note that the metric functions
ho, ho and ko are dimensionless, while mqy and ms have the same dimension as mass. Hence,
we normalize mg and msy as

mo = m*mo, meo = m*ﬁlg. (3130)

Furthermore, we can write

w = Q0,&. (3.131)

Using these quantities, we derive

dmyg ~2 [~ N p(2)
- e
pr 7 (p+Cp) PR
1 1
Fprte SR 4 o (V4 X) eI, (3.132)
s Py’ 1V 52, 2
o = - (? + ”N) Mg — (7 (p+ p) XOF) + Sre '’
T T r
—LZQV’@’”@Q + gFQe”’z%fi’ + ifs@*'j@& (3.133)
3 3 12 ’ '
d 1 /)1 1
dij = —Vhy+¢ <f + ';) [Gf‘*e—@“)@’? + 37 (0 +X) e‘(”“)fﬂ : (3.134)
dhsy 4e* e 2
i Tyt [2%/ (p+Ch) + 53, (1 =€) - ] s
C fyl 6)\ ~3 _—(v+A) ~12 C fl/ 6)\ ~2 —(v+A) ~2
ol ) PR g (g T ) T M) VR (3.135)
§5P0(2) = —ho+ nge’”fUQ + const, (3.136)

6P = —hy— 2V, (3.137)
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Cring = h2+é w2 4 S5 3(1/ + N e N2 (3.138)

Furthermore, outside the stars, we have

dmyg 1 ~4 ~ 12

_ 6 1
- S, (3.139)
dh z

L S L Y. (3.140)
dr (7 —2CM)? 12(7 — 2¢M)

The junction conditions are written as

2Ce 5

()\;n ext)lg(o) 5 + C (ma in — Mg ext) - O, (3141)
£0)
( ext)|§(0) 5 +2 (hiz in — hiz ext)|§~(0> =0. (3142)
Moreover, we have

N\ -1

R Gy R 3.143
- 1 dp\ -

P o= - L) sp® 3.144
: <ﬁ+ G df) 2 (3.144)

In these normalized equations, the prime denotes differentiation with respect to 7.

3.2.2 Solutions for stellar configurations
The first-order function @w and the moment of inertia

First, we have to derive solutions for o, which are needed to find the second-order quantities in
eq. In Fig. 3.6, we show numerical interior solutions for w connected with the exterior solution
(3.90). These have been obtained for several polytropic stellar models with M/R = 0.2. The

values of the angular momentum J and the angular velocity €2 can be obtained by using the

relations
1
J = 6R4w’(R), (3.145)
1
Q = w(R)—i—ng'(R). (3.146)

Once we know J from the solutions for w, we can derive the values of the moment of inertia

I of the spherically symmetric star with respect to the rotation axis in the way

2
*

J J Q
— 5= 5= / fQMRQ. (3.147)

I =
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Figure 3.6: The function @ normalized by €2, which is plotted as a function of 7 for stellar models

with M/R = 0.2.
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Figure 3.7: The moment of inertia I, which is plotted as a function of M /R and normalized by M R2.
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Figure 3.8: The function mo(7) under the boundary condition (5P(52) (0) = 0. Stellar models with
M/R = 0.2 are adopted here.

. p?
— Jxd, * — . 14
J=J.J, J 167258 (3.148)

Figure 3.7 displays the moment of inertia I as a function of M/R. From this figure, we can

Here, J has been normalized as

find that the values of the moment of inertia become large with the general relativistic factor

M/R for each polytropic index n.

The functions my, 6PéQ) and hg

Now, we discuss the second-order functions in £g. The exterior solution for mq and l~10 can be
obtained from Eqgs. (3.139) and (3.140) as

Mo = —— + Cm, (3.149)

_ CJQ (em
ho = (7 —20m(Fs)) 7 — 2(m(7s) (3.150)

where we have here imposed the condition in which hy must vanish at infinity. The remaining
constant ¢, corresponds to mass shift and should be fixed by the junction condition at the
stellar surface.

In Figs. 3.8, 3.9 and 3.10, we show numerical results for my, 5]50(2) and hg. These have been

obtained by using the condition in which 5P(52) vanishes at the stellar center. The imposition
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Figure 3.9: The function 515&2) (7) under the boundary condition 5P(§2) (0) = 0. Stellar models with
M/R = 0.2 are adopted here.
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Figure 3.10: The function ho(7) under the boundary condition 5P0(2)(0) = 0. Stellar models with
M/R = 0.2 are adopted here.
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Figure 3.11: The function mg(7) in the case of vanishing mass shift. Stellar models with M /R = 0.2

are adopted here.
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Figure 3.12: The function 5]50(2) (7) in the case of vanishing mass shift. Stellar models with M /R = 0.2

are adopted here.
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Figure 3.13: The function ho(7) in the case of vanishing mass shift. Stellar models with M/R = 0.2

are adopted here.

of this condition corresponds to seeing the sequences of stars with the same central density.

In this case, the mass shift ¢, is determined at the stellar surface in the way

f . e
72(

where Mg, is the surface value of mg, which can be derived by numerical integration from the

Con = Thos + AP, (3.151)

stellar center, and A, is defined as

Ax = (M — Ao lgo - (3.152)

We further note that hy/¢ exactly corresponds to CT)(()Q) in the Newtonian case (see Fig. 3.3).
Furthermore, we show the other numerical results for my, 5150(2) and hg in Figs. 3.11, 3.12
and 3.13. These have been obtained in the case of vanishing mass shift, i.e. ¢,, = 0. In this

case, an interior solution can be written as

mo = CoMon + Mop, (3.153)

§PP = oo + 6P, (3.154)

where the subscripts ‘H” and ‘P’ denote homogeneous and particular solutions respectively,

and cq is a constant. We can also express 562) as
(2 52) | Z(2
& = colt + v (3.155)

where

c(2) AN sp? 3.156
OH - - ﬁ‘i_cﬁ% OH’ ( * )
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Figure 3.14: The function vy(7) obtained for stellar models with M /R = 0.2.

c(2) AN sp? 3.157
OP - - ,5—|—C]5% OP * ( ° )

Considering the junction conditions, we derive ¢y in the form

72 - 5 o—A ~(2
;% + Mmops + TSSC Axf(()P)

Co = ——— — (3.158)
os + 5 ANES
In these calculations, we adopted polytropic stellar models with M/R = 0.2.
The functions vy, ho, ko, ms and 5P2(2)
Next, we discuss vy and hsy. Here, it is useful to introduce the new variable z
r r
=——-1= — 1. 3.159
M ) (3159
Using this variable, Eq. (3.134) and (3.135) can be written outside the star as
dv, 2 6.2 2
—_— = - 3.160
dz 21" CGm(r)* (z — 1) (2 +1)% ( )
dhy 2z 3.J? 22— 3
— = —2uy— ho — . 3.161
dz T T Ga )i (e - Dz + 1) (8-161)

From these equations, we can derive the second-order differential equation for hy in the form

2 ) 4 122 2 -
d hg z dhz < 6 ) h2 _ J 24+ 3z 3 (3162)

d2  1—22 dz 1—22  (1—22)2 CGm(f)t (z— 1)2(z + 1)%
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Figure 3.15: The function hs(7) obtained for stellar models with M/R = 0.2.
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Figure 3.16: The function ky(7) obtained for stellar models with M/R = 0.2.
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Figure 3.17: The function 5P2(2) (7) obtained for stellar models with M/R = 0.2.

10
2 |
4 |
16 |

-18

®© »® A M o N
\ \ \ \

PROO
nouwo

3333

Figure 3.18: The function my(7) obtained for stellar models with M/R = 0.2.
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Solutions for the homogeneous equation are given by the associated Legendre functions

Pi(z) = 3(1-2%), (3.163)
3 z+1 32% — 52
2 _ 9 (2 _
Q) = 3 (2>~ 1)In <2_1> o (3.164)
Hence, the general solution that vanishes at infinity can be written as
J? 2
hy = a1 Q2 + ° (3.165)

¢rm(r)t (2 + 1)*
where ¢; is a constant. In a similar way, homogeneous solutions for v, can be expressed in

terms of the associated Legendre functions

P} = 3zv22—1, (3.166)
29 1
Q) = Vo1 [‘% L (H )] (3.167)

22 —1 2 z—1

The solution for vy that vanishes at infinity can be derived as

2 o1y ! (3.168)
Vg = ————= : :
2T V212 Bt (2 + 1)
The constant ¢; must be fixed by the junction condition.
Let us now write the above exterior solution as
vy = cui(z) + ue(z), (3.169)
hy = cwi(z) 4+ wa(z). (3.170)
An interior solution can be expressed as
Vg = CoUoH + Vs P, (3171)
hg = Czhg o+ hg P, (3172)

where c; is a constant. Then, the continuous conditions require

vaphou — varho p — Usho u + Wav2 i

c = , (3.173)
ha nuy — va Hwn

—vg pwy + he puy + uswy — ugwy

—ho guy + v gwy

(3.174)

Ca

Here, we use the surface values for the functions in these expressions. Figures 3.14 and 3.15
display the functions vy and hg, respectively, with respect to 7. Here, ho/( corresponds to
§>§2) in the Newtonian case (see Fig. 3.4). These have been obtained for stellar models with
M/R = 0.2. Furthermore, we show ks, 5P and 7y derived from Eqs. (3.110), (3.137) and
(3.138) in Figs. 3.16, 3.17 and 3.18.
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Figure 3.19: Ellipticity plotted as a function of M /R, which is obtained for polytropic stellar models.

3.2.3 Ellipticity

Ellipticity is now defined in the same way as in the Newtonian case. However, the expression

of ellipticity has the somewhat different form [125]

S

(2)
3
ellipticity = 7 (% + kQ(TS)) : (3.175)

where ko arises due to a definition of the radius, that is, the circumferential radius. Figure
3.19 display the values of ellipticity as a function of M/R for several polytropic stellar models.
From this figure, we can see that the ellipticity becomes small as the general relativistic factor
M/ R becomes large for fixed R3Q?/M in each model.



Chapter 4
Stellar Electromagnetic Fields

In this chapter, we discuss stellar electromagnetic fields (see also Refs. [6,7,127]). We here
restrict our discussion to axisymmetric, poloidal magnetic fields. In particular, we are in-
terested in dipole magnetic fields, because these play significant roles in many astrophysical
situations. The magnetic fields are assumed to be weak, i.e. B ~ O(eg), and therefore we
neglect the backreaction to stellar structure in this chapter. We also consider electric fields
induced by stellar rotation. In this discussion, we assume slow, uniform rotation of angular ve-
locity € ~ O(egq). The discussion in Minkowski space-time is reviewed in §4.1. The treatment

in the context of general relativity is given in §4.2.

4.1 Minkowskian cases
4.1.1 Dipole magnetic fields
The equations governing magnetic fields are given by the Maxwell equation,

V-B = 0, (4.1)
VxB = 4nJ, (4.2)

where J is electric current. It is conventional to introduce the vector potential A defined as
B=-VxA. (4.3)
Using this quantity, Eq. (4.1) is automatically satisfied, while Eq. (4.2) reduces to

V x (VxA)=—4rlJ. (4.4)

o1
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In general, poloidal magnetic fields are written as
A= A(¢)€¢ = A¢d¢, (45)

where Ay is related with Ay in the way

Ay
Ay = ——. 4.6
2 rsinf (4.6)
The electric current J is also written as
J = J(¢)e¢ = J¢d¢ (47)

Since we consider axisymmetric cases, A4 and Jy are independent of the coordinate ¢. The

equation for A, can be obtained from Eq. (4.4) in the form

024, 1A, 1 94,
67“2 + ﬁ 892 — ﬁCOt W = —47TJ¢ (48)

The potential Ay and the current .J; can now be expanded as

> . dP,

Ay = Zaqgl(r)sm@d—gl, (4.9)
=1
= . dP,

Jy = Z]¢1(T)31n9d—el. (4.10)
=1

Here, we note that dipole magnetic fields correspond to [ = 1. The equation for the radial

part is obtained from Eq. (4.8) in the form
d2a¢l l(l + 1)

dr2 2 Qg = —47Tj¢l, (411)
where we have used the formula
1 d (. dP

By solving Eq. (4.11), we can obtain the configurations of magnetic fields through the expres-

sion

cot 1 0Ay) 1 0A4)

B = A i LA A, — 9
< r Ol r 00 et r (¢) or €
e

r2sin@ 00 e rsinf Or

6 (4.13)

In the case of a dipole magnetic field, we have

/!

2 a
B=— a;bl cosfe, + —L sin fey. (4.14)
r r
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Normalized forms

Now, we show the normalization of the above-mentioned quantities. The magnetic field
strength B, the magnetic dipole moment p, the potential a4 and the current j4; are nor-

malized as follows:

B = B.B, B.=/47p.,
Bo= afl, =10 4Tpe,

(4

(4
ap1 = A1, a¢*:7“f\/4?pc, (4.17

(4

) .o~ . [ De
Jo1 = JoxJols  Jox = E’

Using these quantities, Eq. (4.11) is written as

Ray W(+1). -
df;25 o 7’;2 Agl = _j¢>l (419)

In the following, we discuss the solution for a dipole field.

Exterior solution

First, we consider the exterior solution which vanishes at infinity. Setting j, = 0 in Eq. (4.11),

we derive the solution

1
—. 4.20
Qg1 X (4.20)
In the case of a dipole magnetic field, we have
1
=—= 4.21
Gg1 r’ ( )
where g is the magnetic dipole moment. Using Eq. (4.13), we obtain the magnetic configura-
tion
2
B = —5 cos e, + % sin fey. (4.22)
r r

The magnetic dipole moment p must be fixed by the junction to an interior solution, which is
discussed below.
Interior solutions

Next, we consider interior solutions. For this purpose, we need to have the current distribution
Je1- It is significant to notice that the current distribution is not arbitrary, but restricted by

an integrability condition [100,128]. This condition can be written as

j¢1 = Cj’I“Qp, (423)
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Figure 4.1: The potential a4; plotted as a function of 7. The polytropic index is denoted by n.
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Figure 4.2: The r-component of the magnetic fields B,y on the symmetry axis (§ = 0), which is
plotted as a function of 7. The field strength is normalized by the typical value u/R3.
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Figure 4.3: The §-component of the magnetic fields B(y) on the equatorial plane (¢ = 7/2), which is
plotted as a function of 7. The field strength is normalized by the typical value u/R3.

where ¢; is a constant. This is normalized as

Jor = &P, (4.24)

where ¢; = ¢j/r.. This restriction can be obtained by considering the equilibrium configu-
rations of the stars endowed with a dipole magnetic field (see Chapter 5 for more detailed
discussion). After assuming a current distribution which satisfies Eq. (4.23), we can obtain a
solution by solving the differential equation (4.11). In this paper, we adopt the current which
exists in the whole area of the star.

In the case of incompressible fluid, i.e. n = 0, we can derive an analytic interior solution.
Since p = const, from Egs. (4.19) and (4.24), we derive the interior solution

1.

— 198" (4.25)

which is regular at the stellar center. Here, ¢, is a constant fixed by the junction at the stellar

g1 = Cal”

surface.

In general, the junction conditions for a4 are expressed by

a¢1|7R = a¢1|+R7 (426)
da¢1 da¢1 (4:27>
dr | . ar | p '
In the case of n =0, from Eq. (4.21) and (4.25), we derive
L.

Ca = GTs) (4.28)
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o= —Béﬂf. (4.29)
Namely, we have
=11
e 7> 7
g1 = { b onn & e (~ A ) : (4.30)
GreT — 5Tt (T < Ty)
In the other cases, the constants ¢, and p can be derived in the forms
R o
G = 33 {a(bp(rs) +rsa¢p(rs)} , (4.31)
7:2
fla = {—2%1,(7“5) + rsaqsp(rs)} , (4.32)

where a4, denotes the particular solution for ay;.

Numerical solutions

We show numerical solutions for ag;, By and By in Figs. 4.1, 4.2 and 4.3, respectively. The
magnetic field strength is normalized by the typical surface field strength p/R3. The results

in Fig. 4.1 corresponds to the choice of ¢; = 1.

4.1.2 Induced electric fields

Next, we discuss the electric field induced by rotation of the star which has a dipole magnetic

field. The electric field can be described by the Maxwell equation,

V-E = —4nJ,, (4.33)

VxE = 0, (4.34)

where J; is related with the electric charge p, as J; = —p.. It is useful to introduce the
potential A; defined as

E =VA, (4.35)

where A, is related with the usual scalar potential ¢ in the form A; = —¢. This ensures

Eq. (4.34), while Eq. (4.33) gives the equation for Ay,

82At + gaAt + iaQAt + C0t9 8At
or? r Or r2 002 r2 00

We now expand A; and J; as

= —4rJ,. (4.36)

At = Z atl(T)Pl, (437)
=0

J, = i ja(r)P. (4.38)
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Figure 4.4: The potential a;y as a function of 7.

Note that the symmetry with respect to the equatorial plane requires

(I odd), (4.39)
(I :o0dd). (4.40)

ag = 0

Jgu = 0

Using Eqgs. (4.37) and (4.38), we obtain the equation
d*ay  2day 11+ 1)
dr? * rdr 2

This equation governs stellar electric fields. In the normalized form, this reduces to

dzdtl 2 d&tl l(l -+ 1) ~
z Gy = —1 4.42
dr?2 7 dr jz T T (1.42)

where we have used the normalization

ay = —4mjy. (4.41)

3
2
Qg = at*dtly Ay = Q*a/¢* = (pc> ) (4-4-3>
Pc
jtl = jt*jtl7 jt* == Q*]qﬁ* = v/ PcPc; (444)

and Eqgs. (4.15)—(4.18).

Solutions

A perfectly conducting interior is usually assumed, because the time scale of the magnetic
decay of neutron stars is much longer than the other time scales. We also adopt this reasonable

assumption in this paper. The generalized Ohm’s law is written as

J=0(E+vxB), (4.45)
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Figure 4.5: The potential a;2 as a function of 7.

where ¢ is conductivity, and we have used the slow rotation approximation. Hence, in the

case of a perfect conductor, i.e. ¢ — oo, we derive

E+vxB=0. (4.46)
Using the potential functions A; and A, this relation is written in the form

A+ QAy = ca, (4.47)

where ¢4 is a constant of integration. In particular, in the case of a dipole field, we have

2
ayy = §Qa¢1+cA, (4.48)
2
Ay = —§QOJ¢1, (449)
a = 0 (1#0,2). (4.50)

Therefore, monopole and quadrupole electric fields are excited due to the rotation of a dipole
magnetic field. In this way, inside the star, we can derive the configurations of the electric field
by not solving the Maxwell equation, but considering the assumption of a perfect conductor.

Furthermore, we can obtain the induced charge configuration using Eqs. (4.11) and (4.41) as

follows:
2 Q dagy Q
o = Qg — oL _ 451
It 37T 3 3z P (451)
2 Q dagy 2Q
= —=Qj oL : 4.52
Je2 3 "ot + 3mr dr 32 9L ( )
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In the normalized forms, we derive

~ 2~_ 4 dd 1 4 ~ ~

Juo = (3j¢1 ~ 30 d;’) ~ 3 a¢1) Q, (4.53)
~ 2~, 4 dd 1 8 ~ =~

e <_3]¢’1 tTa 3f2a¢’1> . 45

Outside the star, from Eq. (4.41), we derive the general expression of the exterior solution,

1

Ay X m (455)

Considering the junction to the above-mentioned interior solution, we obtain the exterior

solution
201 R?
Ay = 37/:37 456)
ag = 0 (I#2). (4.57)

Here, the vanishing monopole part corresponds to the assumption that the total charge equals
to zero.

Consequently, we obtain the solution

20 20p <
S (4.58)
0 (r > R)
—2Qag (r < R)
38ag1 <
Ay — . (459)
{ 2 (r2R)

Note that a;9 and as2 need not be connected smoothly at the surface, owing to induced surface

charge. The electric field components are now given by

(4.60)

E—{ %Qaiﬁl(l_P2)€r+%SiH9C08969 (r<R)

2 2
KR p e — 22 o1 9 cos feg (r > R)

r r

The exterior field is characterized by the quadrupole moment Q = QuR?/3.

Numerical results

We show the numerical solutions for a;y and a4, in Figs. 4.4 and 4.5, respectively. These
functions are normalized by Q. Furthermore, we show the components of the electric field in
Fig. 4.6, 4.7, 4.8, 4.9, 4.10 and 4.11. We have adopted the stellar models of n = 0,1,3. In

these figures, 6 denotes the angle of the radial direction from the symmetry axis.
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Figure 4.6: The r-component of the electric field F(,) for the stellar model of n = 0. The field
strength is normalized by the typical value Qu/R? and plotted as a function of .
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Figure 4.7: The 6-component of the electric field E) for the stellar model of n = 0. The field
strength is normalized by the typical value Qu/R? and plotted as a function of 7.
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Figure 4.8: The r-component of the electric field F(,) for the stellar model of n = 1. The field
strength is normalized by the typical value Qu/R? and plotted as a function of .

-0.4 H
06

08 |

Egy [Qu/RY*

A2
14t

-16

-1.8

Figure 4.9: The 6-component of the electric field E) for the stellar model of n = 1. The field
strength is normalized by the typical value Qu/R? and plotted as a function of 7.
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Figure 4.10: The r-component of the electric field E(,) for the stellar model of n = 3. The field
strength is normalized by the typical value Qu/R? and plotted as a function of 7.
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Figure 4.11: The ¢-component of the electric field Eg) for the stellar model of n = 3. The field
strength is normalized by the typical value Qu/R? and plotted as a function of 7.
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4.2 General relativistic cases

4.2.1 Dipole magnetic fields

We now deal with a stellar dipole magnetic field in the context of general relativity. The

magnetic field obeys the Maxwell equation

E', =4rJ,, (4.61)

where F),, is the Faraday tensor, and J, is four-current. We now introduce the four-potential
A, defined as
F/J,V = AV,/.L - A,u,,u- (462)

The poloidal magnetic field can be described by

AM - (070a07A¢)’ (463)
Ju = (0,0,0,Jp), (4.64)

where A, and J, are expanded as Eqs. (4.9) and (4.10), respectively, again. From Eq. (4.61),

the equation for Ay is derived in the form

0*A 1 0A 1 9%A 1 0A
) ¢ / no—X\ ¢ ¢ ¢ _
e = + 72 (y -\ ) e - + 77“2 i — 72 cot 70 = —A47x J¢. (465)

This is the general relativistic version of Eq. (4.8). Furthermore, the equations for the radial

parts of A, can be written in the form

d*a 1 da I(1+1)
- ol Lo oy A%l
© dr? + 2 (= A)e dr 72

Qg = —47Tj¢l. (466)

This equation is also written in the normalized form

L d*a 1 _yda I(1+1). ~
(& A dfjl +§(l//—/\/)€ A d;fl - (7:2 )a¢l: —Jols (467)

where the prime here denotes differentiation with respect to 7, and we have used Eqs. (4.15)—
(4.18).

In local inertial frames, electric and magnetic fields are now defined as

0 —Eg —Ep —Ly)

E, 0 By —DBg
Fopw = | 70 (9) o | (4.68)
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TITs

Figure 4.12: The potential a4; as a function of 7. We adopted polytropic stellar models with M/R =
0.2.

where F{,,) is derived from F{,,) = e(/’))e(ﬁ)F \o using the tetrad 6(2). Hence, we derive the

general expression of the dipole magnetic field in the form

1 8A¢ 6_% 8A¢
B = ,— — 4.69
r2sinf 00 € rsinf Or €0 ( )
A
2 e 2a
= — afl cosfe, + L sin fe,. (4.70)
r

Once we obtain the solution for a4, we can find the configuration of the dipole field from the

above expression.

Exterior solution

We now discuss the exterior solution which vanishes at infinity. Such a solution can be obtained
in the form [129-131]

oo (220 ), (1)

where 1; can be expressed by the hyper-geometric function,

oM
b = oF (z,z +2,2(1+ 1); r) (4.72)

20+1)! & (n+l-1Dln+1+1) (2M>"

=D+ 1) 7;) (n+ 20+ 1)ln! (4.73)

r

Hence, we can write the dipole field as

T oM\ 2M  2M?
Gs1 = g r3” lln(l— " )+ " + | (4.74)
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Figure 4.13: The magnetic field component B,y on the symmetry axis, which is plotted as a function

of #. The magnetic field strength is normalized by the typical value p/R3. We adopted
polytropic stellar models with M/R = 0.2.

where p is the magnetic dipole moment with respect to an observer at infinity. Note that this

expression reduces to the Newtonian expression at large r. Using the normalized quantities,
this equation can be written as

. 3 (i) 20m(F) 2w ()2
i — 8<3m/27:8)37,2 [ln (1_ m(?”))jL 77;(7“)Jr m(7s) ]

4.75
T 72 ( )
In the local frames, the components of the dipole magnetic field are given by
31 2M 2M  2M>
Byy = YE [ln (1 - )+ " + 3 1c0s8, (4.76)
2M 2M 2M(r — M
By = |\ 1-2Mn (1 - ) L 2ME M) g, (4.77)
AM r r ry/r(r—2M)

At large r, we can re-derive the expression (4.22) in Minkowski space-time.
Interior solutions
Next, we discuss interior solutions. As in the case of Minkowski space-time, electric current jg
must satisfies the integrability condition (see Ref. [103] or Chapter 5 for detailed discussion)
Jor = cir* (p+p).

(4.78)
In the normalized form, we have

Jor = &7 (B4 CP) (4.79)
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Figure 4.14: The magnetic field component B4 on the equatorial plane, which is plotted as a function
of #. The magnetic field strength is normalized by the typical value p/R3. We adopted
polytropic stellar models with M/R = 0.2.

where ¢; = ¢;/r.. Interior solutions can be obtained by solving Eq. (4.66) numerically under

this restriction.

Numerical results

We show the numerical solutions of a, for several polytropic stellar models in Fig. 4.12. These
results correspond to the choice of ¢; = 1. Furthermore, Figs. 4.13 and 4.14 display the
magnetic field components in local frames. In these figures, we adopted polytropic stellar
models with M/R = 0.2. From the comparison with the Newtonian case, we can find that
the magnetic field strength at the stellar center becomes large due to the general relativistic
effect. In the case of M/R = 0.2, the increment is about 50% of the Newtonian values. As an
example, in the case of n = 1, we show the comparison of the magnetic field strength between

the Newtonian and the general relativistic calculations in Figs. 4.15 and 4.16.

4.2.2 Induced electric fields

Next, we consider the electric field induced by stellar rotation in the context of general rela-
tivity. The electric field can be expressed by the t-component of four-potential A;, which is

a quantity of order eqep. The potential function A; obeys the following differential equation
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" General relafivity —_—
Newton ---------

B [/ RY™

Figure 4.15: Comparison of the magnetic field component B(,) between the Newtonian and the gen-

eral relativistic calculations in the case of n = 1.
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Figure 4.16: Comparison of the magnetic field component By between the Newtonian and the gen-

eral relativistic calculations in the case of n = 1.
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derived from the Maxwell equation,
6—A82At B (V’ + N 2> e—AﬁAt 1 0?4, cotfOA,

o TR ee T2 g

or? 2 r
2 0A 2 0A
_ r o~ | -AYe & Vg
= —4rnJ; + KV T) w w} e T cot fw 50 (4.80)

This equation is the general relativistic version of Eq. (4.36). Using the expansion (4.37) and

(4.38) again, we obtain the equations

o [ <2
_dPay (VAN 2\ ydag  I(1+1)
¢ dr? 2 r ¢ dr r2 i
, [+1)(1+2 2 _ 200+ 1)%(1 +2
— —mja - ¢ 2z)j(u3 )K”/_r)“’_wl]e R ((21423(%2 hoagrn
(4.81)
o [>2
efAdzatl _ V,+ N . g ei}\datl _ l(l + 1)&
dr? 2 r dr r2 tl
. [+ 1)1 +2 2 _ 204+ 1)%(1 + 2
— —mja - ¢ 21&3 )K’/_r)w_“’l]e Y ((2z+):§)r2 oty
(l—1 2 202(1 — 1
+ él — 1> |:<y/ _ 7») w — w/] eiAaibl—l + (2l<—1>7’>2wa¢ll. (482)

When we deal with a dipole magnetic field, it is sufficient to consider the monopole and

quadrupole parts only. The differential equations for these are given by

e_)\d2a/t0 _ (l//—i_)\, 2) 6_)\%

dr? 2 r dr
2 2 4
= —4mj0 — g [(y’ _ r) w — w’] 6_)‘(1;51 + ﬁwad,l, (483)
_dPag V4N 2\ dap 6
e - — e = — Sap
dr? 2 r dr 2
. 2 2 _ 8
= —47Tjt2 + g |:<y/ — 7-) w — w’} e /\a;ﬂ + ﬁwam. (484)

These are also written in the normalized forms

dr? 2 r dr
. 2 2\ . _ 4
= —Jw — 3 [(V’ - f) W — w’} e ’\a¢,1 + S5 Waer, (4.85)
)\d at2_ V/‘i‘)\/_g e—)\ddtQ_ 6
dr? 2 7 di 2"
-~ 2 2\ _ ] as 8
Je2 + 3 [(V' — f) w — w’} e /\%1 + ﬁwaqﬁl (4.86)
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Figure 4.17: The potential a0 plotted as a function of 7 for polytropic stellar models with M /R = 0.2.

The last terms on the right-hand sides in these equations denote the coupling between the

magnetic field and frame dragging.

Solutions

We now adopt the assumption of a perfectly conducting interior again. This condition is

A, 0A, 0A DA,
o +Q 5 90 +Q 50 ,0). (4.87)

Hence, we derive the same relation as in the Minkowskian case,

expressed by

0=F,u" =u (0,

Ay = —QAy+ca, (4.88)

where cy4 is a constant. Therefore, the interior solution can be derived by using the numerical
solution for ay; in the same forms as Eqs. (4.48)—(4.50). Furthermore, using Eqs. (4.83) and

(4.84), we can obtain the interior charge distribution in the forms

: 2. 1 2 _ 1

o = 3tz |(V = 7) o - g (489)
, 2 1 2 _ 2

n = =30ia =g (VD)@ @] s - (90

- 2 - 2 2\ 1 e 4 .

Jio = gQJqﬂ +3 [(V' — f) w + w'] el 372 Wt (4.91)
- 2 ~ - 2 2\ _ ) - 8 .

Jro = —ng¢1 — g |:<VI — f) w + wlj| (& )\ax;ﬂ ﬁwadﬂ (492>
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0 1 2 3 4 5
T/t

Figure 4.18: The potential as plotted as a function of 7 for polytropic stellar models with M /R = 0.2.

The exterior solution for a;y and a;» can be obtained by using Eqgs. (2.68), (3.90) and (4.74).
The homogeneous solutions of Eqgs. (4.83) and (4.84) are given by, respectively,

1
apuy = const or —, (4.93)
r
1
a2 H W(T’—M)(T—M/[)
2 9 9 3 /., 9 2M
or o (3= 6Mr + M2) + - (12 = 3Mr 4 2M >ln<1—r). (4.94)
Hence, the solution which vanishes at infinity is obtained as
Ti 3y + P (3 aan) <1 2M ) (4.95)
= —— (3r— — (3r — n(l—— .
o o3z A " r /)’
apy = ¢ [2 (37"2—6M7“+M2)+ (T2—3M7“+2M2)1H<1—W>:|
t2 at2 Mr M?2 r
Jp 3 2 2 3
—7es (120° = 24M7? 4+ AMPr 4 M)
Jp 3 2 2 3 2M
~ g6 (12r° = 36Mr% + 240% + M°) In (1 - T) , (4.96)

where we have assumed that the total charge of the star is zero. The constant c¢,,, is fixed by

the junction condition at the stellar surface in the form

S { i (12R* — 24MR® + 4M°R + M?)

MPR?

Jp 3 2 2 3 ( 2M>
+opep (12R° = 36MR® + 24M*R + M*) In (1 -~
g e e (15 )

g | 2MR+2MP 4 R (1= =

/[ (o —satmar) « 5 (v arm ) (1= )] o)
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Figure 4.19: The electric field component FE(, in the case of the polytropic stellar model of n = 0 and
M/R = 0.2. The field strength is normalized by the typical value Qu/R? and plotted

as a function of 7.

The exterior electric field in local frames is now expressed by

| M
Bo) = i {c {4M57‘ (6r* = 307 — M?) 4+ 6M*3 (2 — 3M) In (1 - r)]
—2JpuM (247 — 12M7? — 4M?r — 3M?)
oM
—3Jpr (8% — 1207 - M*) In (1 - )} P,
T

3
MSr3,/r(r —2M)

2M
X {Cm [2]\/[57’2 <3r2 —6Mr + M2) + 3M*43 (r2 —3Mr + 2M2) In <1 — )]

r

—JuM (120" — 24Mr® + AM?r? — M*)

2M
—6.J ur? (7’2 —3Mr+ 2M2> In (1 — > } sin 6 cos 6, (4.98)

r
while the interior solution is given by

At+v

Eyy = € 2 wal,sin’f, (4.99)
2e”2 .
Eg = —@ag: sin f cos . (4.100)

Note that £, can become discontinuous at the stellar surface, owing to induced surface

electric charge.
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Figure 4.20: The electric field component E(g) in the case of the polytropic stellar model of n = 0 and
M/R = 0.2. The field strength is normalized by the typical value Qu/R? and plotted

as a function of 7.
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Figure 4.21: The electric field component FE(, in the case of the polytropic stellar model of n =1 and
M/R = 0.2. The field strength is normalized by the typical value Qu/R? and plotted

as a function of 7.
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Figure 4.22: The electric field component F(y) in the case of the polytropic stellar model of n = 1 and
M/R = 0.2. The field strength is normalized by the typical value Qu/R? and plotted

as a function of 7.

Numerical results

First, we show the numerical solutions of a;y and as; in Figs. 4.17 and 4.18, respectively.
Furthermore, Figs. 4.19, 4.20, 4.21 and 4.22 display the electric field component in local
frames. In these figures, we adopted polytropic stellar models (n = 0,1) with M/R = 0.2.
The comparison with the Newtonian calculations is shown in Fig. 4.23, 4.24, 4.25 and 4.26
explicitly. From these figures, we can find that the electric field strength in the context of
general relativity is about 1.5 times larger than that by the Newtonian calculations. This
consequence gives the very interesting effect of general relativity, because the enhancement of

the electric field strength leads to higher energy radiation from pulsars.
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Figure 4.23: Comparison of the electric field E(,) between the Newtonian and the general relativistic

calculations for § = 0. We adopted the polytropic stellar model of n = 1.
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Figure 4.24: Comparison of the electric field E(,) between the Newtonian and the general relativistic

calculations for § = w/4. We adopted the polytropic stellar model of n = 1.
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Figure 4.25: Comparison of the electric field E(,) between the Newtonian and the general relativistic

calculations for § = 7/2. We adopted the polytropic stellar model of n = 1.
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Figure 4.26: Comparison of the electric field E) between the Newtonian and the general relativistic

calculations for § = 7/4. We adopted the polytropic stellar model of n = 1.






Chapter 5
Stellar Magnetic Deformation

In this chapter, we discuss the magnetic deformation of stars. We consider a dipole magnetic
field only as a stellar magnetic field, which can be treated as perturbation. The stellar magnetic
deformation arises as a second-order effect in eg. Neglecting the rotation of the star, we
formulate the quadrupole deformation due to a dipole magnetic field. The Newtonian case is

dealt with in §5.1, while the general relativistic case is discussed in §5.2.

5.1 Newtonian stars

5.1.1 Formulation

The structure of the star endowed with a magnetic field is governed by the following equations

0:V<I>+1Vp—1J><B, (5.1)
p p

V20 = 4mp, (5.2)

V-B=0, (5.3)

V x B =4nJ. (5.4)

Equations (5.3) and (5.4) have been solved in the last chapter. Using Eq. (5.4), we can write
Eq. (5.1) as

1 1
0=VP+-Vp—— (VxB)xB. (5.5)
P dmp
Here, we have
1 2 . 2 . 2 o db
e (Vx B)x B= (37,2%1]@ — Waﬁz)lijg) e, — ﬁ%quﬂ%ea’ (5.6)

7
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where we assumed a dipole magnetic field and used the expansions (4.9) and (4.10) for A,

and Jy.
In the same way as in the rotational case, we expand p, p and ¢ as follows:
po= PO+ [p () + o5 ()P (5.7)
p = PO+ [pP )+ (0P (5.8)
¢ = )+ [0 (r) + 2P (r) P, (5.9)

where the superscripts ‘(0)” and ‘(2)” here denote the zeroth-order and second-order quantities
in eg. In most parts, we abbreviate the superscript of the background quantities.
Using the above expansions, from Eq. (5.1), we derive
o) o &) do 1 i 2
dr p dr ' p dr 3r2p
@ PP de  1ap? e
dr podr | p dr 3r2p

dpjor = 0, (5.10)

a;ﬂjm = 0, (511)

and o)
2
q)( ) —+ p; + 3 2pa¢1j¢1 0. (512)

In order for Egs. (5.10) and (5.11) to be integrated as in the rotational case, the following
relation must be satisfied [100, 128],

Jo1
2, = ¢; = const. (5.13)

This integrability condition restricts the current distribution. When Eq. (5.13) is satisfied,
Eq. (5.12) can be derived from Eq. (5.11) actually. Hence, Egs. (5.11) and (5.12) are consistent

with this integrability condition. Furthermore, from Eq. (5.10), we can derive

o, 2 2
D +7—32pa¢1j¢1 const. (5.14)

Here, it is useful to introduce §P(§2) and 6P2(2) defined as

—

2)

5P = o (5.15)
p
) p(2)
PP = 2 (5.16)
P
Using these quantities, we have
2
@éQ) — —5P0(2) + 3T2pa/¢1j¢1 + COIlSt, (517)
2

(2 _ (2) :



5.1. NEWTONIAN STARS 79

From the Poisson equation (5.2), we derive the equations

1d ([, do®?

i ( o ) = anpf?, (5.19)
1 d d(I)(Q) 6
Ear (7’2 di )—72(1)(2) = 47Tpg2). (5.20)

Substituting Egs. (5.17) and (5.18) into these equations, we obtain

d? 2d 2 /2 2

or +7d—5P0 +art) 7 5P — . (Ta;1+r2a 4m¢1) “2, (5.21)
d> 2d P 2 /2 4 Jo1
= 26P2 + —d—5P2 <47T p— ) sP = =-3 (Ta/dﬂ — g1 — 47T]¢1> 2y (5.22)

These equations should be solved inside the star. Once we obtain the solution for 5P0(2) and

§P2(2), we can derive the potential (1382) and @g) from Egs. (5.17) and (5.18). The derived

interior solution for (IDSQ) and @52)

at infinity. As the junction conditions, Eqgs. (3.33) and (3.34) should be used again.

must be connected with the exterior solution which vanishes

Normalized equations

Now, we write down the normalized equations of the above-mentioned equations. Equations
(5.17) and (5.18) reduce, respectively, to

CiD((f) = —(5]50(2) 37722;3%1‘7@ + const, (5.23)
oY = —spP — ?)732/)&¢13¢1. (5.24)
Furthermore, from Eqgs. (5.21) and (5.22), we derive
CZQ @2 j SB + 57 P sp® — g (ia;ﬂ + ;aqﬂ - 3¢1> if; (5.25)
j 52 ijp 2 (g 5o :32) 5P = _§ (72:&;51 2 —y¢1> jg’; (5.26)

These are very useful in numerical integration.

5.1.2 Solutions for stellar configurations
Exterior solution

The exterior solution for <I>[()2) and CI>§2) takes the same forms as in the case of rotational
flattening,

P = 92 (5.27)

,i:
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Figure 5.1: The function 5]562) with respect to 7 for several polytropic stellar models.
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Figure 5.2: The function 5]52(2) with respect to 7 for several polytropic stellar models.
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Figure 5.3: The potential @82) plotted as a function of 7 for several polytropic stellar models.

3 d
oY = 7. (5.28)

where ¢4 and di¢ are constants fixed by the junction with the interior solution at the stellar

surface.

Interior solutions

First, we consider the interior solution in the case of an incompressible fluid body, i.e. n = 0.
In this case, using the solution for the dipole magnetic field given by Eq. (4.30), we derive the

differential equations

& s 2.d 50 Ao
0+ SR = =28 (7 -3), (5.29)
@z 2d 20 6z 14, .,

Hence, we can obtain the interior solution for (5150(2) and 5152(2) which vanishes at the stellar

center in the forms

52 Lo
OFy = — G (7 —10), (5.31)
H(2) ~2 1 ~2 ~4

where dyg is a constant. From these results, we also derive

P = coa, (5.33)

~ 2
P = — <d2<1> + 35]2) 2, (5.34)
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10

Figure 5.4: The potential @g) plotted as a function of 7 for several polytropic stellar models.

where cy¢ 1s a constant. This interior solution should be connected with the exterior solution
given by Egs. (5.27) and (5.28) under the junction conditions, i.e. Egs. (3.33) and (3.34). In

the current case, we have

i <i>;’,£8> =1,
ldp\ _ _@
pdr 27
4
&) = \/_527 = 3V6dog + ——

Hence, from the junction conditions, we obtain the algebraic equations

— — C = O’
N
C1o _4:\/6 ~9

6 5

~2
— j7

2v/6
%—F\/édmb = ==&

15

The solution is given by

ey = ———
5

Cop — ——C;

(5.35)

(5.36)

(5.37)

(5.38)

(5.39)

(5.40)

(5.41)

(5.42)

(5.43)



5.1. NEWTONIAN STARS

dlfb - 5 6?7
16 ~9
Consequently, we obtain
~ 1
5P(§2) = B~§f2 (7:2 — 10) s
16 . 1,
- _EC§T2 - 1756327.4’
52 —-&e (<)
s _ R G<n)
S >

#(2) 46
( :

P = 26
Using the last result, we can find the value of ellipticity in the way

(2) 2
3 25

In general cases, we can write the potentials <i>[()2) and Cfg) as

- e
q)éz) _ { (

R

~— —

el

> T
< Ty

il

—5p0(2) + géjdw + Coop (

&l
il
2

)

5 (
(F<7)

. dy >
8 = 52 @)

It
i

83

(5.44)

(5.45)

(5.46)

(5.47)

(5.48)

(5.49)

(5.50)
(5.51)

(5.52)

(5.53)

(5.54)

where 5]52(2 and 5152(123) are homogeneous and particular solutions for 5]52(2), respectively. Con-

sidering the junctions at the stellar surface, we derive the equations

c ~(2) - 2.
— 22 e = 6P(§2)(rs) — nga¢1(Ts),
C19 5(2) / ~ 2., =(2)
=l SRy () - 3G (7s) = 54,
d ~9) - ~2), - 2_
S 0P (F)dae = —OP (7)) — Sé51 (7,
3 3

3

S

~ B - ~ B 2 5 ~
o + (03 (7)) + €9 A] dos = PP (7)) + 3G () = 2A.

(5.55)

(5.56)

(5.57)

(5.58)
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In these equations, we have used

@ _ _ (Mp) 5P (5.59)
0 - 0 ) :
pdr (<
2 1L dp - 2
G o= - (d 6B (5.60)
par £(0)
-1
2 _ _ <1dp) 5P (5.61)
- 2P ) :
pdr c©
o z11(0) 11(0)
A = (0 - o) o (5.62)
The solution of the above algebraic equations is given by
=2
A _g (265 (7.) — 30 P2 (7s) + 3€67 A) (5.63)
1 o oy o o e
o = 3 (—QCjCL¢1(TS) + 35 PP (7)) — 27sCjy (Ts) + 370 PP (7) — 37, 62)A> , (5.64)
2. . ~2)~ 1\ ~
dl(I) = — (30j6l¢1 (TS) + 5P2(123) (’T‘S)> TS

+5152(§} (7a)72 (6501 (75) + 95P2P (7a) + 2785l () + BRI PLE () — B7.E5pA)
3(3 ) (75) + PP (7)) — 7€) A )

Y

q 6cja¢1(rs) + 95P2P( s) + 27Cja, (7s) + 3F 0P (7)) — 3REH A (5.65)
20 = .

3 (36P57) () + RO P (7) — &5 A)
Using these, we can obtain numerical solutions. We show 5P0 , 5P0 , ) and <I>( as a

function of 7 in Figs. 5.1, 5.2, 5.3 and 5.4, respectively, for several polytroplc stellar models.
In the same way as the case of rotational flattening, ellipticity can also be calculated as
F(2) =~ (= \2% 2
. 52 3& 7 m(rs)*Ts 1
ellipticity = 2 T3 P2 R (5.66)

Figure 5.5 displays the numerical results obtained for several polytropic stellar models. From

this figure, we can find that the value of ellipticity becomes large with the polytropic index n
for fixed p?/(M?R?).

5.2 General relativistic stars

5.2.1 Formulation

Next, we discuss magnetic deformation of a star in the context of general relativity. The

quadrupole deformation of the star endowed with a dipole magnetic field can be treated in
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Figure 5.5: Dependence of ellipticity on the polytropic index n.

the very similar way as the rotational case. The space-time of such a star can be described by
the line element

0 = = U 2000(r) + (P 4 |14 2 ) + ) )|

+1% [1+ 2ky(r) Py (d6? + sin® 0de?) (5.67)

where hg, hs, mg, mo and ks are second-order quantities in ep.

The stress-energy tensor of the perfect fluid body endowed with a dipole magnetic field is

given by
1 1
T4 = (p+ p) b, + pit, + (F’“FM - 4FMF“5MV) , (5.68)
T
where the pressure p and the energy density p are expanded again in the forms
p = P+ (" +rP), (5.69)
po= P+ (o +pPP,). (5.70)

Here, the superscript ‘(0)” will be abbreviated in most parts. Furthermore, the Faraday tensor
F,,, is given by the four-potential A, = (0,0,0, A;) which was dealt with in the last Chapter.

The equations which govern the configuration of the magnetized star can be obtained from
the Einstein equations G¥, = 877" and the equation of motion 7%, = 0. First, from the

Einstein equation, we obtain

dmg 2o (@ L[ a 2.2,

el Ay ]?po + 3 [e (a;ﬂ) + 7"2%1} , (5.71)
dhg 5 1 1 AT 2 2

o= drrep) + ;V'e)‘mo + ﬁe’\mo +3 [e A (a/¢1) — 702@351] , (5.72)
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dhy  dko 1 vV e? 1 v 4
— 4+ — = hy|-—= — -+ — — ! )
dr dr 2 <7’ 2) * r e r + 2 * 31”2%1%1’ (5.73)
A 2 2
ho + %mQ = ge*A <a;51) , (5.74)
dh "\ dk 1 1 3 2
241+ L 47rre’\p52) + —eMmy + ~Vetmy + Sethy + Stk
dr 2 ) dr r? r r r
T aT7 oy 2 4,
—g¢ {e (a;ﬂ) - 712%1] : (5.75)
Second, we obtain the following equations from the equation of motion:
dp§ e @) 2 :
dr = Y ]; +1)py’ = (p+p) h(] + ﬁa;ﬂm, (5.76)
dp}’ V(P 2) 2 :
o = oyt et hy = 3 5051 J61, (5.77)
2 .
P = —(p+p)hy— 3,2061J01- (5.78)

As in the Newtonian case,

we derive the general relativistic version of the integrability condi-

tion from Egs. (5.76) and (5.77) in the form [103]

Jg1

Tt (5.79)

= ¢; = const.

Under this condition, we can actually derive Eq. (5.78) from Eq. (5.77). From Eq. (5.76), we

now derive the relation

(2)

p 2 ,
(p —0|-p) = —Ng + mdm]@ + Cpy, (580)
where ¢, is a constant of integration. Here, we define (5P0(2) and (5P2(2) as
2 P(z)
sP® = % (5.81)
pTDp
2 p(Q)
sPY = i . (5.82)
pTp
Using these quantities, we consequently derive the relations
2
SPY = —ho+ 5Ci0e + Gy, (5.83)
2
5P2(2) —hg — ngCL¢1. (584)
From Eq. (5.71) and (5.72), we now have two coupled equations
dmog 0 1 _ 2 2 rp .
i —47”“2;; (p+p) (ho — ¢p) + 3¢ g (a'm) + ﬁa?ﬁl + 5 derdsn (5.85)
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dh 1 v
o= (@ + 7’) e*mg — 4rre (p+ p) (ho — Cpy)
1 2 2 8 .
+ 35 (0) = 53¢%0" + 5 0o, 50
or
dm() pl 2 L 2 2
o = Ao n) SR+ e () g e (5:87)
ds P I 7N Asp(2)
e - — ﬁ+7 e*mg — 4rr (p+p) e dF,
1 2 2 2
o () + g+ e 559

It is convenient to use Eqgs. (5.85) and (5.86) outside the star, while Eqgs. (5.87) and (5.88)
should be used inside the star. Furthermore, from Eqgs. (5.73), (5.74) and (5.75), we can derive
the differential equations for vy(= hy + ko) and ho,

duvg 2 (1 V 2 4

T = i e (1) (@) + gt (589)
dhs 4e* et 2 A /

W = _7’2ylv2 + lSﬂ'Vl (p +p) + 72, (1 — € ) — UV hg

8 s 8 rv/ ,
+ 3T4V’e CL¢1 + 73703”, 1+ 7 a¢1a¢1
1, 2 2 167 .
(5 + 37 () + graeaeniin (5.90)

The remaining function mgy can be derived from Eq. (5.74) using the solution of hy. There-
fore, two sets of differential equations (5.85)-(5.86) or (5.87)-(5.88) and (5.89)-(5.89) and one

algebraic equation (5.74) govern the structure of the relativistic magnetized star.

Boundary and junction conditions

The boundary and junction conditions which should be imposed take the same forms as in

the rotational case, i.e.

e — 0

ho,ha  — 0, (5.91)

mo, me — finite, (5.92)
1

ky — — (a>3), (5.93)

TO&
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o r=2R
g,uu|,£ - guu|+£ (Mv V= t; r, 0, gb) ) (594)
gab,r|_£ - gab,r|+§ (CL, b= t? 97 ¢) ) (595)

e r—10
ho, 6P — finite, (5.96)
mo, Mg, ha,va — 0. (5.97)

In the case of n = 0, we have to pay attention to the junction conditions. In this case, we

have the conditions
2e?

(/\in ext)|§(0) f + — (ma in — Mg ext) = 07 (598)
£(0)

( - ext)’g(o)f 2 + 2 (h; in aext)‘{(o) 0, (599)

where a takes 0 or 2. Numerical solutions for the metric functions should be derived following

these conditions.

Normalized equations

Here, we summarize the normalized forms of the above equations. First, we derive

~ 2 o

CéPéQ) = —ho + ?)C-Cjaqﬂ + Cpo s (5100)
- 2

SR = —hy— ?féjam. (5.101)

Next, outside the star, the equations for mg and hg are written as

ddﬁ;o = 57 (@) 252 @41, (5.102)
CZ:"? = ¢ (:2 + i) ey + gi (‘%1)2 - ?fi g, (5.103)
Inside the star, we derive
dg;(] = 7 (p+¢P) 251552) + ge* (@) + 3252 a2y, (5.104)
di];)( - - - (: + M) MNitg — G (7 + CB) 3 Fy”

r
. 2¢ _
o (a;ﬂ) 373 ety + ?)c]a;)1 (5.105)
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Figure 5.6: The function 7o(7) under the boundary condition 6P(§2) (0) = 0. We adopted stellar

models with M/R = 0.2.

The equations for vy and hy are written in the forms

dvy 22 (1 VY, N2 A
G = Vht S 55 ) (@) + ghtad,
dh 4e e 2
d; = _fQ ;U2 + [QC (p—l—Cp) 72, (1 — e ) /] ho
8¢? 8¢2
+ 377 G ¥ 35 Q9101
2 2 ~
_)\ ~ ~ =
+¢ ( / +3f2y/) (aéﬂ) +3~2 i€ oo

Moreover, the function my can be derived by

_ r 2¢2 2
mgzé;[—h2+ 3 ’\(a(ﬂ) ‘|

These normalized equations are very useful in numerical calculations.

5.2.2 Solutions for stellar configurations

The functions my, (5P0(2) and hy

(5.106)

(5.107)

(5.108)

First, we deal with the metric functions my, 5P0(2) and hg. Outside the star, the differential

equations (5.102) and (5.103) can easily be integrated. The exterior solution which satisfies

the boundary conditions at infinity is given by

my = SSMM; (rz—Mz)—i—:A/; (rQ—Mr—M2)ln(1—2;]n\/[>
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Figure 5.7: The function 515()(2)(F) under the boundary condition (5P(§2)(0) = 0. We adopted stellar
models with M/R = 0.2.
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Figure 5.8: The function ho(7) under the boundary condition 5P0(2)(0) = 0. We adopted stellar
models with M/R = 0.2.
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3u* 2M\71?
2 4 - M 2 (r—M)(r—3M 2M
hy _ 3p r N 3us (r )(r —3M) I (1 B )
8M3r(r—2M) 8M°® r—2M r
3u? 2MN\1? Cm 32
In{1l—— — A1
METIYCH [n( r )] F oM | 8M (5.110)

where ¢, is a constant corresponding to mass shift.
Interior solutions can be obtained by numerical integration. Figures 5.6, 5.7 and 5.8 display
the numerical results of the functions my, 5150(2) and hg, respectively, in the case that 5P(§2)

vanishes at the stellar center. In this case, the mass shift ¢, is written as

. - - Fe o)
Cm = Moin — Moout + TQA)\&) ) (5111)
where Mmooyt 1S given by
. 3 o e
Moous = C{W (7"5 — ¢m(7) )
30 o o 2¢m(7)
+m (7"5 — (m(7s)7s — ¢“m(Ts) ) In{1-— =

32, L 20m(7) \]?

w676 (s — 2Cm(7)) (In {1 — ——— , 5.112

+ 32§6m(fs)ﬁrs (7 ¢m(7s)) [n ( 7 ( )
and A, is defined as

Ay = (M — Aex) g - (5.113)

Furthermore, in Figs. 5.9, 5.10 and 5.11, we show the functions my, 5?&2) and hy which

are obtained under a different condition, that is, the condition that the mass shift equals to

zero. The interior solution can now be written as

mo = ComgH+mop, (5114)

SPP = cdPP + P, (5.115)

. . . . ~(2
Associated with these expressions, we can write down f((, ) as

&7 = cotil + &%, (5.116)
where
N\ -1
5(2) 1 d ~ (2)
Sou = — <~ ~~> 0 Por ) (5.117)
p+ Cpdr o
g 1 d~ -1 "’(2)
&r = - < ) 6Py | - (5.118)
p+ Cpdr -
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Figure 5.9: The function mo(7) in the case of ¢, = 0. We adopted stellar models with M/R = 0.2.

Using these quantities, ¢y is given by

Moot — Mop(Ts) — fs;? AR
o= A (5.119)
mon (7s) + 25— Ax&on

Using this expression, we can find numerical solutions.

The functions v, ho, ko, mo and (5P2(2)

Next, we consider the functions vy, ha, ks, mo and §P2(2).
First, in order to integrate Egs. (5.106) and (5.107) outside the star, it is useful to introduce

the variable z

T T
Z = —

M )

as in the rotational case. Using this variable, we derive the differential equations

—1 (5.120)

dv, 1 22 1 (dig \’ 4 1 dig
@z h 5.121
i G- 3G+ 12mn)? ( p ) 3G Em e g, O
dhs 2 4 1,
2 gy, h
dz 2T * 3(z+1)2 m(fs)Q%l
4z 1 dag 411 (dag )\’
. 5.122
P 2w d: 3G+ 1w < dz (5.122)

The exterior solution which vanishes at infinity can be obtained in the forms

201

3u? L 92 3u? 722 —4
Vg = e
? Vvz2—1

1
Q2<Z)_4M4 22_1 2(Z)+4M4Z+8M4 22_1
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Figure 5.10: The function 6P0(2) (7) in the case of ¢y, = 0. We adopted stellar models with M/R = 0.2.
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Figure 5.11: The function ho(7) in the case of ¢, = 0. We adopted stellar models with M/R = 0.2.
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3pu? 2z(1122-7) . 2—1  3u? 9 ( 2—1)2
1 2 1) (1 5.123
Fioan 2o et Tia (D) (o) (5.123)
3 3u? 42° + 22
_ 2 2 2
hy = leQ(z)—8M4 2(2)_16M4 62"+ 32— 6 — R
3u? ) 8 } z—1  3u® ( z—1>2
— 32°—8z—3 — 1 —1) (1 5.124
soM |77 T o) o ) () 6120

where c¢; is a constant of integration, and Py, Q1, P7 and Q3 are the associated Legendre

functions. In the normalized forms, we have

2= \/%%(’Z) B 4§2m§\i2ﬁ—1 Po(2)+ 4?5;;12 * 8:25;4 7,;22—_ 14
- 16?22;;1 : (1;: Y i ; 1 N 16??3;;1 (2" +1) (ln z T 1)2 ! (5.125)
e = QQH) — A ) - o |07 435