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Abstract

Superstring theory is a promising candidate for the unified theory including quantum grav-
ity. However, it is only formulated perturbatively. In order to make physical predictions
from superstring theory, its non-perturbative formulation is needed. Matrix models have
been proposed as candidates for such a formulation. The feature of the matrix models is
that space(-time) emerges dynamically from degrees of freedom of matrices. To establish
the matrix models completely as non-perturbative formulations of superstring theory, one
needs to elucidate a mechanism of emergence of space-times from the matrix models and
properties of those emergent space-times.

In this thesis, we study the following three topics to gain insight into the above issues.
The first one is concerning non-commutative spaces emerging from matrix models. We
study quantum aspects of a scalar field theory on the fuzzy sphere. By performing Monte
Carlo simulations, we show that theory is non-perturbatively renormalizable and that it
behaves as a conformal field theory at short distances on the phase boundary. Second,
we study the large- N volume independence, which states that large-N gauge theories are
independent of the volume of the space-times on which they are defined. We show that it
holds on group manifolds. Finally, we investigate properties of space-times emerging from
the type IIB matrix model, which is one of the above mentioned matrix models proposed
as non-perturbative formulations of superstring theory. We solve classical equations of
motion and find that our solutions give rise to the (341)-dimensional expanding space

with smooth structure and Dirac zero modes.
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Chapter 1

Introduction

1.1 Background

Superstring theory is expected to be the unified theory including quantum gravity. How-
ever, superstring theory is only formulated perturbatively, which causes some issues. First,
there are a lot of stable vacua which give various space-time dimensionalities, gauge groups,
and matter contents. Second, it is known that the cosmic singularity at the beginning of the
universe cannot be resolved within perturbative superstring theory [1-4]. Non-perturbative
formulation is needed in order to solve these issues. In the latter half of 1990s, several ma-
trix models were proposed as such a non-perturbative formulation of superstring theory.
Those matrix models include the type IIB matrix model [5], the matrix theory or the BF'SS
matrix model [6], and the matrix string theory [7], which can be obtained formally by di-
mensional reduction of 10-dimensional N = 1 super Yang-Mills theory to d dimensions
with d = 0,1, 2, respectively. In particular, the feature of the type IIB matrix model is
that space-time does not exist a priori but emerges dynamically from degrees of freedom
of matrices.

In order to establish the above matrix models completely as non-perturbative formula-
tions of superstring theory, it is needed to elucidate mechanism of emergence of space-times,
especially curved space-times [8], from matrix models and properties of those emergent
space-times.

In this thesis, to gain insights into the above issues, we study the following three
topics: renormalization in a scalar field theory on the fuzzy sphere, the large-N volume
independence on group manifolds, and classical solutions in the Lorentzian type IIB matrix
model. In the following, as background of the three topics, we review field theories on non-
commutative spaces, the large- N volume independence, and the Lorentzian type I[IB matrix

model.



Field theories on non-commutative spaces

It is known that non-commutative spaces naturally appear in matrix models [9,10]. Hence,
quantum properties of field theories on non-commutative spaces' are quite non-trivial as
seen in below. The product for the fields is non-commutative and non-local, which is one
of the most important features of the theories. In perturbative expansion, IR divergences
originating from UV divergences are yielded due to this feature. This phenomenon is called
the UV/IR mixing [12] and is known to be an obstacle to perturbative renormalization.
In [13,14], the UV/IR mixing in a scalar field theory on the fuzzy sphere? was examined
perturbatively: the 1-loop self-energy differs from that in the ordinary theory on a sphere
by finite and non-local terms even in the commutative limit. This effect is sometimes called
the UV/IR anomaly [13].

The large-N volume independence

The large-N reduction or the large-N volume independence [34] is a mechanism of emer-
gence of space-time. It states that large-N gauge theories are independent of the vol-
ume of the space-times on which they are defined. In a narrow sense, this tells us that
large-N gauge theories are equivalent to the matrix models called the reduced models
that are obtained by dimensionally reducing the original theories to 0 dimension. It was
shown in [35,36] that the large-N reduction holds on group manifolds in the above narrow
sense®. Those works are important from the viewpoint of elucidating how curved space-
time emerges from matrix models because the large-N reduction have been considered

almost in flat spaces®.

The Lorentzian type IIB matrix model

It was shown in [56] by Monte Carlo simulation that the (3+1)-dimensional expanding
universe appears in the Lorentzian type IIB matrix model®. The time scale that has been

probed by simulation is typically of the order of the Planck scale. In order to see the uni-

1See, [11] for a review.
2The theory has been studied by Monte Carlo simulation in [15-22]. For related analytic studies of

the model, see [23-31]. A similar analysis for a scalar field theory on the non-commutative torus was

performed in [32,33].
3In [37], another type of the large-N reduction on group manifolds was shown.
4For other developments in the large-N reduction, see [38-55].
°For developments in numerical simulations of the Lorentzian type IIB matrix model, see [57-62], and

for numerical simulations of the Euclidean type IIB matrix model, see [63,64]. For other studies to obtain

cosmology from the type IIB matrix model, see, for example, [65—68].



verse at late time compared to the Planckian time, we need to take the matrix size NV to
be large. Furthermore, a recent study [61] showed that the (3+1)-dimensional space-time
obtained by Monte Carlo simulation is singular one essentially consisting of the Pauli ma-
trices. This singularity is attributed to the approximation made to avoid the sign problem
in the Monte Carlo simulation. In another recent study [62], a numerical simulation of the
bosonic type IIB matrix model was performed without such an approximation by using
the complex Langevin method. It was observed that there appears a space-time that de-
parts from the Pauli-matrix structure keeping the (3+1)-dimensional expanding behavior.
From this result, the authors of [62] conjectured that the (341)-dimensional space-time
with smooth structure is obtained in the large-N limit. As we mentioned in the above, the
matrix size should be large to see the late-time behavior and the structure of the (3+1)-
dimensional space-time. However, it is difficult to perform numerical simulations with
large matrix size. Thus, we need to consider another way to see the (3+1)-dimensional
space-time with large matrix size.

One expects to obtain the Standard Model particles from the type IIB matrix model
if it is really a non-perturbative formulation of superstring theory. In [69-71], matrix
configurations which can yield fermions in the Standard Model were given by hand®. We
should see whether matrix configurations which give the Standard Model fermions are

obtained dynamically.

1.2 Purposes and results

Field theories on non-commutative spaces are naturally realized by matrix models. Curved
space-times should also be realized by matrix models because the models include quantum
gravity. Thus, it is useful for establishing the type IIB matrix model as a non-perturbative
formulation of superstring theory to study properties of the field theories and mechanism
of emergence of curved space-times . Keeping this in mind, we study the three topics as
we mentioned in the previous section. In this section, we explain purposes and results of

the three topics.

6The fermions in the Standard Model are also obtained by considering the type IIB matrix model on the
non-commutative torus, which includes a model with unitary matrices [72,73] and a model with matrices
of infinite matrix size [74]. Note that the supersymmetry is broken in the unitary matrix model and the

matrix model with infinite matrix size is not suitable for the regularization of superstring theory.



Renormalization in a scalar field theory on the fuzzy sphere

We study a scalar field theory on the fuzzy sphere [20-22]. We define the correlation
functions by using the Berezin symbol [75] constructed from the Bloch coherent state [76],
and calculate them non-perturbatively by Monte Carlo simulations. We show that the
2-point and 4-point correlation functions are made independent of the matrix size, which
is interpreted as a UV cutoff, by tuning a parameter in the theory and performing a wave
function renormalization. Our results strongly suggest that the field theory on the fuzzy
sphere is non-perturbatively renormalizable. Moreover, we identify the phase boundary by
measuring the susceptibility that is an order parameter for the Z; symmetry and calculate
the 2-point and 4-point correlation functions on the boundary. We find that the correlation
functions at different points on the boundary agree so that the theories on the boundary are
universal as in ordinary field theories. Furthermore, we observe that the 2-point correlation
functions behave as those in a conformal field theory (CFT) at short distances but deviate
from it at long distances. It is non-trivial that the behavior of the CFT is seen because

field theories on non-commutative spaces are non-local ones.

The large-N volume independence on group manifolds

Next, we examine whether a phenomenon analogous to the large- N volume independence
occurs on group manifolds. We find that it indeed does in the sense that a large-N gauge
theory on a group manifold G is equivalent to the theory obtained by reducing it to a coset
space G/H where H is a subgroup of G [77].

Classical solutions in the Lorentzian type IIB matrix model

Finally, we solve classical equations of motion of the Lorentzian type IIB matrix model [78].
As we mentioned in the previous section, we need to take the matrix size to be large to
see the universe at late time compared to the Planckian time. On the other hand, at
late time, a classical approximation is expected to be valid because the action becomes
large due to the expansion of universe. We, therefore, solve classical equations’. Indeed,
solving classical equations of motion is easier than performing numerical simulations. A
systematic method of searching for classical solutions analytically was developed in [66]°.
However, one cannot obtain all classes of solutions with the method. Thus, we will develop
a numerical method for obtaining wider classes of solutions. Solving classical equations of

motion is non-trivial because there exists no time a priori in the type IIB matrix model,

7Our results on the Dirac zero modes also hold for the Euclidean model.
8See also, [67].



so we apply the gradient decent method to solve classical equations of the type IIB matrix
model. We expect that there exist a specific classical solution which is smoothly connected
to the dominant configuration obtained in numerical simulations and describes our real
world. Here, we start with random initial configurations using the above method and
obtain a lot of solutions. We consider the common features possessed by our solutions to
reflect those of the specific solution.

In particular, we see whether the (341)-dimensional expanding universe with smooth
structure is reproduced as classical solutions in the Lorentzian type IIB matrix model, and
search for solutions which yield Dirac zero modes. For this purpose, we assume configu-
rations with a quasi-direct-product structure of (3+1) dimensions and 6 extra dimensions,
which is the most general structure preserving the (3+1)-dimensional Lorentz symme-
try [79].

We obtain the following results. First, in a typical solution, we show that the (3+1)-
dimensional space-time exhibits an expanding behavior with a smooth structure. Next,
we examine spectra of a counterpart of the 6-dimensional Dirac operator? because zero
eigenvectors in extra dimensions correspond to Dirac zero modes in (3+1) dimensions. To
obtain Dirac zero modes, we introduce ansatz for matrix configurations, solve classical
equations of motion, and calculate eigenvalues of the 6-dimensional Dirac operator. We
find that the lowest eigenvalues decrease as the matrix size increases, and show that the
ratio of the lowest eigenvalues to the second lowest ones converges to 0 in the N — oo
limit, which implies that we can obtain Dirac zero modes in the N — oo limit. Moreover,
we see that wave functions corresponding to zero modes are localized at a point, which is

consistent with the picture of intersecting D-branes.

1.3 Organization

This thesis is organized as follows. In chapter 2, we review emergence of space-time from
matrix models. In chapter 3, we perform renormalization in a scalar field theory on the
fuzzy sphere, which is realized by a matrix model. In chapter 4, we show the large-/N volume
independence on a group manifold. In chapter 5, we solve classical equations of motion
in the Lorentzian type IIB matrix model, and show that (3+1)-dimensional expanding
space-time with smooth structure emerges and Dirac zero modes in extra 6 dimensions
are obtained from classical solutions. Chapter 6 is devoted to conclusion and outlook.

In appendix A, we briefly review the Bloch coherent state and the Berezin symbol. In

9Here, a counterpart of the 6-dimensional Dirac operator is obtained by dimensionally reducing the

6-dimensional Dirac operator to 0 dimension.



appendix B, we explain the UV/IR anomaly in a scalar field theory on the fuzzy sphere.
In cppendix C, we give the 35 and the 65 symbols that are related to the Clebsch-Gordan
coefficients. In Appendix D, we describe the method of numerical simulation used in our
study. In appendix E, we show definition of the band size introduced in section 5.2. Details

of some calculations are given in appendix F.



Chapter 2

Review of emergence of space-time

from matrix models

In this chapter, we review emergence of space-time from matrix models. We explain non-
commutative spaces, the large-/N reduction, and the type IIB matrix model in sections 2.1,

2.2, and 2.3, respectively.

2.1 Non-commutative spaces
Here, we review non-commutative spaces. In particular, the UV /IR mixing that we explain

in the following is an important property of non-commutative spaces.

2.1.1 Non-commutative plane

We consider the non-commutative plane, which is the simplest non-commutative space.
The extension to the non-commutative R? is easy.

The coordinates Z; (¢ = 1,2) on the non-commutative plane are non-commutative:
(21, Z0) =0, (2.1.1)

where 6 is a real number and the § — 0 limit corresponds to the continuum limit. Note
that “~7 implies that coordinates are not ordinary numbers, but operators, or infinite-

dimensional matrices. We define conjugate momenta as follows:
PL=0""%y, po=—0""2. (2.1.2)
They satisfy the commutation relation
[p1, o] = 67", (2.1.3)
and z; and p; satisfy the following relation:
[T, p;] =10 . (2.1.4)

7



This looks the form of the canonical commutation relation for quantum mechanics of
the single particle system in two dimensions. However, we consider the Hilbert space
of 1-dimensional quantum mechanics because the momenta depend on the coordinates
according to (2.1.2).

Operator acting on this Hilbert space, f are expanded in terms of Z;:
ko .
f= / ek (2.1.5)

For f, one can define f(z) that is a function on R2:

f(z) = /((;Tk)Qf(k)eik'x : (2.1.6)

The correspondence between f and f(x) is given by
; d’k 2 —ik-x ik-d
f:/(27r)2/d xf(x)e” e . (2.1.7)
From (2.1.4) and (2.1.5), one can show
R d*k 2 , —ikex ik
[ i,f} = / 2m)? /d x [—i0,, f(x)] e ™ | (2.1.8)

Thus, one finds the following relation on R?:

[Di, | «— —i0,, - (2.1.9)

The product is evaluated as

A d’k d?l , I
fg:/ / /dZI/def(l,)g(y)e—zk~xe—zl-yezk~x€zl~x
:/ dzk / d2l /d2 /dny ok =il yefﬁ(kllgfkgll)ei(lwrl)-i
‘/ <g )z/ ? )z/ = / dy |7 (010 0000) f(2)g(y) | e hrem vl
T T

d*k i o
where the following formula is used
etef = AHPABIR (2.1.11)

which is the Baker-Campbell-Hausdorff formula for [[A, B], A] = [[A, B], B]. Thus, one

obtains the correspondence:

fg— flx)*glz) = e 7 (919002001 ) : (2.1.12)

y=x



which implies that the product of operators corresponds to the star product, or the Moyal

product. The star product satisfies the associativity:

[f (@) < ()] x h(x) = f(z) * [g(x) « h(z)] (2.1.13)
because f(z)x g(z) # g(x) = f(x) and the product of operators satisfies the associativity
( > h ( ) In addition, the commutation relation using the star product is

1
1@ 90, = D2, F@)s9(2) — By ()01, 9(2) + O(0) (21.14)

In order to calculate the trace of the operators, we use the following basis on the Hilbert
space:

.f,'l ’.l’1> =T ’.l’1> s i‘Q ‘1'2) = T2 ‘1'2) . (2115)
By analogy with quantum mechanics, one obtains

dxl dx2

m}m}(mﬂ , m|$2><$2| : (2.1.16)
(m1]m0) = el ez (2.1.17)

Then, the trace is

2
"
[ | # [ o \df;’”; e 5 ) )
/d2k5/ /d2/ fzk'we%kllw@i(klxll—‘rbxé)

%—gf(a:) . (2.1.18)

Namely, one finds the correspondence between the trace and the integral on R%:

T 2.1.1
r<—>/2m9 ( 9)

The RHS of (2.1.19) can be interpreted as phase space divided by 27k by viewing 6 in
(2.1.1) as h. From the cyclicity of the trace, the integral of the star product satisfies

/d%fl(oc) i o) 5 () = /d2xfn(x) f @)k fua(x) . (2.1.20)

In particular,

/d%f(x)*g(x) = /d%f(a:)g(x) : (2.1.21)

9
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Figure 2.1: Planar diagram. Figure 2.2: Non-planar diagram.

Let us consider a field theory on the non-commutative plane. We start with the matrix
model:
1. 2 Woa Ay
By using the above properties, one can rewrite the action of the matrix model to that of
a field theory on non-commutative plane:

Swor = [ E <0xi¢<x>>2+%¢<x>2+§¢<x)*¢<x>*¢<x>*¢<x>] 21

The quadratic term in (2.1.23) agrees with that in the ordinary ¢* theory, but the inter-
action term does not because of the star product.
In order to see the UV/IR mixing, we calculate the 1-loop correction to the propagator

on the non-commutative plane. We consider (2.1.23) and rewrite it by Fourier modes:

SNCP = SNCP, free T ONCP, int (2.1.24)
d’p d?q 1
SNCP, free = / WW(%)Q(S@) (r+4)3 (P* + %) ¢(p)o(q) , (2.1.25)

A d*p d*q d*r d*s 25(2)
svers =3 [ 5 | e | e | e

X 6*%[plQ2*P2(11+(p1+q1)(7’2+82)*(p2+q2)(7’1+81)+7"132*7“251]¢(p)¢<q)¢(r)¢(s) . (2.1.26)

The free propagator is the same as that in the ordinary field theory:

1

—. 2.1.27
p*+p? (2120

(6(p)d(q)) = (2m)?6P) (p + q)

There exist two diagrams for the 1-loop correction, one is the planar diagram (Fig. 2.1)

and the other is the non-planar diagram (Fig. 2.2), and these diagrams are evaluated as

d*q 1

10



d? —i0(p1g2—p2q1)
A / q° , (2.1.29)
2m)? ¢+ p?

respectively. In (2.1.29), there is a phase factor e#(P192=r201) hile there is no such factor
n (2.1.28). In general, the planar diagram in field theories on non-commutative spaces

agrees with that in corresponding theories on ordinary commutative spaces.

By using the Schwinger expression for the propagator

1 oo 2, 2
5 5 = / dsef(q i )S , (2130)
q=+p 0

we calculate (2.1.29):
2 1. 29 = —/\/ ds/ d2 2+# )s+i9(p1¢J2*p2q1) — _i Oodsie_ﬂgs_eii,?
277 0 28
(2.1.31)

In the case of commutative spaces (6 = 0), this diverges logarithmically. We introduce a
UV cutoff A and insert a factor e=/(#4*%) in the integral (2.1.31):

A / 1
(2.1.31) = ——/ S—e_ﬂ 25— L(02p241/A%) _ _%KO (Iu 02p? + A2> , (2.1.32)

where Ky(z) is the Bessel function of the second kind!® and its asymptotic expansion is

Ko(x):i$<—> < ”y—i-z——log ) . (2.1.33)

a=

Here, 7 is the Euler’s number!!. (2.1.32) is expanded as

1 1
—I—log( \/0?*p? —I—A) 1+O(m/02p +A2>

For 0 = 0, (2.1.34) reproduces the UV logarithmic divergence. On the other hand, for
0 # 0, this is finite in the A — oo limit with p # 0, while it diverges in the IR regime

(p — 0). The IR divergence originates from the UV divergence in commutative spaces.

(2.1.32) = (2.1.34)

This is because the divergence is called the UV/IR mixing,.

1 2 [ 2
19The general form is K, (z) = 3 (g) dit—v—le—t—=" /4t
0

1
1 = 1 _—— =
,y_nlggo<§ - logn> 0.57721....

i=1

11



2.1.2 Fuzzy sphere

Here, we introduce the fuzzy sphere, which is a typical example of compact non-commutative
spaces. A scalar field theory on it is realized by a matrix model with a finite matrix size.

The coordinates z; (i = 1,2,3) on the fuzzy sphere satisfy the SU(2) algebra
[#:, 2] = ipeyjpdn . (2.1.35)
They act on the Hilbert space with finite dimensions and take the following form
& = pL; | (2.1.36)

where (25 4+ 1) x (25 4+ 1) matrices L; are generators of SU(2) algebra with spin-j represen-

tations, which obey the commutation relation
(L, L;] = i€, Ly - (2.1.37)
One can show the following relation:
21435+ 25 = p%( + )lgjey (2.1.38)
(2.1.38) is indeed the equation defining the sphere with radius
R=p\V/i(G+1). (2.1.39)
The continuum and commutative limit is give as
p—=0, j—oo, R=p/j(j+1): fixed. (2.1.40)
We use standard basis on (2j + 1)-dimensional Hilbert space:
ljry  (r=—j,—7+1,...,7) . (2.1.41)

L; act on these basis as follows:

Liljr) =G Fr)GEr+1)[jrE1) , Lsljr) =rljr) (2.1.42)

where Ly = Ly & iL,.

An arbitrary operator on this Hilbert space, f , is expanded

F=>" o lir) 7| - (2.1.43)

12



We define the fuzzy spherical harmonics as more useful basis:

vV = /25 +1 Z —rotm i) Gl (2.1.44)

where C]l ' j_ are Clebsh-Gordan coefficients and 0 <1 < 2j ,—I < m <. Later, we can

see that 27 is a UV cutoff. (2.1.44) corresponds to the composition of two spin-j, and the

following commutation relations are satisfied:

L V] = VaFm)Em+ VL, [Le, V8] = mVl (2.1.45)
The Hermitian conjugate is given as
o) ! —r
(Vi) = -y, (2.1.46)
The orthonormal relation also holds
1 reN T s
T (Y[ﬂ) VI = 6006 mm - 2.1.47
2] +1 r |: im U'm Li ) ( )
Moreover, the product of two fuzzy spherical harmonics is
bl L] Lim
Y2]m2Y23jm3 Z C2m21 I3 m3 l1m1 ) (2'1'48)

l1,my

where

T T oA T
lim _ 7] 1] -]
Cflzlmz1 l3ms — 2j + 1T1" |:<Y21m1) Sflzmz}/;3m3:|

| Lol |
= (—1)*2\ /(25 + 1)(20 + 1) (20 + 1) Cm, { b ?”} , (2.1.49)
joJoJ

x ok k| ,
and is a 65 symbol.
I

On the other hand, the angular momentum operators

0 0 0
— — +ip R S
Liy=Li+ily=e (j:ae +icot 8390) Ly = Z@ga (2.1.50)

act on the ordinal spherical harmonics Y},,(£2) as

LYim(@) = VTFMTEM+ )Yimar(Q) s LsYin(Q) = mYin(@) . (2.151)

Here, 2 = (6, ) is a coordinate on the sphere. The complex conjugate and the orthonormal

relation of Y}, (€2) are
Vi () = (=1)"Y - (Q) , (2.1.52)

13



4m
where d$2 = sin 0dfdyp is the invariant measure on the sphere. (2.1.51)—(2.1.53) correspond

dS)
/ Y* (Q)}/Z'm’(gn - 5[,1’5m,m’ ) (2153)

0 (2.1.45)—(2.1.47), respectively. Moreover, the product of two spherical harmonics is

(20 +1)(203+1) Ly
YEQm?( l3m3 Z 21 + 1 Cllg(()] I3 OClZQ ma I3 mg}/ilml (Q) ’ (2154)
l1,m1 1
where
(20 +1)(203+1) 40 I Q. .
\/ 211 + 1 0120 I3 0012 ma l3ms = E}Glml (Q)H2m2 (Q)}/}BmS(Q) . (2155)
In the 7 — oo limit, one can show
A 21 1)(21 1
Clrt g =y B2 Do et (2,150
20 +1

for iy, 15,15 < j. Thus, (2.1.54) corresponds to (2.1.48). From the above, the fuzzy spherical

harmonics corresponds to the spherical harmonics in the continuum limit:

VI e Vi (9) (2.1.57)
[Li, | «— Li, (2.1.58)

1 s
— (2.1.59)

< .
2 +1 A

f is expanded as
2j 1

F=Y"38 fm¥ (2.1.60)

=0 m=—1

with the fuzzy spherical harmonics )A/l[fn] From this relation, a function on S? is defined by

= frnYim(Q) . (2.1.61)

=0 m=-1
Thus, an operator on the Hilbert space is mapped to a function on the sphere. The upper
limit of summation with respect to [, 27, corresponds to a UV cutoff. This regularization

keeps a rotational symmetry.

2.2 Large-N reduction

Although the large-N reduction [34] was originally shown in the lattice gauge theory,
we review the large-N reduction in ¢* matrix field theory. We demonstrate the large-N
reduction by using the momentum basis (section 2.2.1) as well as the coordinate basis
(section 2.2.2).
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2.2.1 Large-N reduction based on the momentum basis

Here, we consider the ¢* matrix field theory:
2

S = /deTr {% 0,6(x)]” + %¢(m)2 - §¢(:1;)3} , (2.2.1)

where ¢(z) is an N x N Hermitian matrix-valued field. In order to obtain the reduced

model, we apply the following rule

. . o\ ”
P(z) = eTr™ petur" /de — <X7r) =0, (2.2.2)

where @ is an N x N Hermitian matrix independent of the space and P, (x =1,...,D)

are diagonal matrices:

P
o
P, = . ) (2.2.3)
N
A
p,(f) (1 =1,...,N) represent N points distributing uniformly in D-dimensional cube with

length A. Here, A corresponds to a UV cutoff of momenta and v corresponds to a volume
for unit lattice, so that the second relation of (2.2.2) coincides with the prescription in the
large- N reduction in the lattice theory where the volume V' of space is replaced with the

volume v of a unit lattice. Namely, the following relation holds:
V =Nu. (2.2.4)
From (2.2.2), one can show
0,0(x) — e+ [P, @] e Fr" (2.2.5)

Then, the reduced model takes the form:

3

1 ) ,

2'7j i’j’k

1 2
Sred =vTr {_5 [P/M @]2 + m?q)z + E(I)g}

From the action of the reduced model, the propagator and the vertex are read off as

1 S

: — : (2.2.7)
(% (p(l) — p(])) —+ m?

15



k 1
Figure 2.3: 2-loop planar diagram for Figure 2.4: 2-loop non-planar diagram
the free energy. for the free energy.
and
v%;&jkélm&m s (228)

respectively. The preservation of momenta at the vertex is ensured by the product of
matrices.

Let us calculate the free energy perturbatively. There are two 2-loop diagrams; one is
a planar diagram (Fig. 2.3) and the other is a non-planar diagram (Fig. 2.4). The former

is calculated as follows:

2,1 1 1 1
Fig. 23 =" — . _ — . (2.29)
6 [ ik (p(z) — p(@) + m? (p(]) — p(l)) + m?2 (p(k) _ p(])) 4+ m2
Here, we change variables
q=p" —p®  g=p" —pl) (2.2.10)

and use the relation valid in the large- N limit:
1 d"q 1 dP g
— =N — =N . 2.2.11
v ; / 2mP’ ; / (2m)P ( )

Then, the summation over the index k gives N, so that

(2.2.9) = v

N2\ [ dPq dP 1 1 1
/ 2 P , (2.2.12)

6 J 2m)P (2m)P ¢f +m® g3 +m? (¢ + ¢2)° + m?

where A\ = k2N is the 't Hooft coupling constant. On the other hand, the non-planar

diagram is
N2)\ 1 " 1
6 mé V2~

Fig. 2.4 = (2.2.13)
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The 2-loop diagrams for the free energy in the original theory (2.2.1) are also Figs. 2.3
and 2.4. (2.2.12)/v is equivalent to Fig. 2.3 divided by V in the original theory, while
(2.2.13) does not agree with Fig. 2.4 in the original theory. In the large-N limit (the ’t
Hooft limit or the planar limit), the non-planar diagram is suppressed by 1/N? compared
to the planar diagram. Generally, only the planar diagram contributes to the free energy

in the large-N limit. In the reduced model, the limit
V =Nv— o0 (2.2.14)

is taken when summations over the index ¢ are replaced with integrals over the momenta.
(2.2.13) is suppressed by 1/V? compared to (2.2.12).
Thus, one finds that the reduced model (2.2.6) reproduces the large-N limit of the

original theory in the following limit:
N—oo, k=0, V=Nv—oo, \: fixed. (2.2.15)

The relation between F and F..q which are free energies in the original theory and the

reduced model, respectively, is

F Fred
= ) 2.2.1

N2V N2%y ( 6)

For n-point correlation functions, the following relation holds:

1 1 A . ~
7 (T (0()(wa) -+ 6(wn)) = 1y (T (Sa)dlen) - 0lwa))) o (22.17)
where

o) = eln" el (2.2.18)

and (---) and (---) 4 denote expectation values in the original theory and the reduced

model, respectively.

2.2.2 Large-N reduction based on the coordinate basis

Here, we illustrate the large-N reduction by using the coordinate basis.

Again, we consider the ¢® matrix field theory (2.2.1). The propagator is

<¢z’j(l’1)¢kl(l‘2)> = D(x1 — I2)5i15jk , (2.2.19)

where the explicit form of D(x) is not necessary in the following. Let us again calculate

the free energy at the 2-loop level. One can show

N2\
Fig. 2.3 =

/dDZL'ldDZEQD(ZL’l - 1’2)3 s (2220)
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and Fig. 2.4 = (2.2.20)/N?, which implies that only the planar diagram contributes in the
large- N limit.
The rule to obtain the reduced model is the same as (2.2.2). Here, we represent the

rule using the coordinate basis:
o(z) — et Fue” pe=ilur" /de -, (2.2.21)

where ® is a Hermitian operator acting on the function space on R”. momentum operators

P, act on the coordinate basis |z) (z € RP) as follows:
P,lz) =id,|z) , (x| P,=—id, (z| . (2.2.22)
One obtains the reduced model by applying the rule (2.2.21) to (2.2.1):

Lrs =12 m?. .
Srea = v'Ir (—5 [PM, <I>} + m?qﬂ + §<I>3> : (2.2.23)

We introduce the bi-local field representation:
ow,a') = (a|®]a’) . (2.2.24)

From the Hermiticity of ®, ¢*(z,2') = ¢(a’,z) is satisfied. (2.2.23) is rewritten by using

the bi-local representation:
1 2 m?
Sred = / dede, |:—§¢(ZL', Il) (611 + a,&) ¢($,7 ZE) + 7¢(ZL’, l‘l)¢(l’/7 [E)
+v / dede’de”ggb(x, V(' 2o, ) (2.2.25)

By changing variables
XH =gt =gt —a", (2.2.26)

it is useful to regard ¢(z, 2’) as the function of X and &, and then one finds the relation

0
(8, +0,,) d(x,2) = mqﬁ(aj, z') . (2.2.27)

The propagator of the reduced model is given as

(¢(z1, 1) d(25, 22)) = %D(l’l —23)6") (21 — @) = (22 — 25)) (2.2.28)

which implies relative coordinates are preserved in the propagation.
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, ; 72
1
Figure 2.5: 2-loop planar diagram in the Figure 2.6: 2-loop non-planar diagram
bi-local representation for the free en- in the bi-local representation for the free
ergy. energy.

Here, let us calculate the free energy at the 2-loop level in the reduced model. Figs.
2.5 and 2.6 are the planar diagram'? and the non-planar diagram, respectively. The planar

diagram is calculated as
2
Fig. 2.5 = g_v /dDatlde'lde'{dDmngx'ZdegD(xl — 19)6P) (21 — o) — (22 — b))
x D(} — 25)8") (a7 — ) — (2 — 23)) D(a] — 25)87) (2] — 21) — (25 — 22))

2
= g—v(s(D)(())Vz/le'lle'zD(l'l — .Z'Q)B s (2229)

where V2 comes from degrees of freedom of z} and z/. Since
sPN0)=~, V=Nv (2.2.30)

one finds the following relation:

(2.2.20)  (2.2.29)
T (2.2.31)

in the N - oo ,v — 0,V — oo limit as before. On the other hand, the non-planar

diagram is
2
Fig. 2.6 = g_v /delde’lqu:’l'dengx’QdDa:’Q’D(:cl — 29)0P) () — ) — (w2 — 75))
x D(ay — a3)8) (2 — 2f) — (25 — 22)) D(a] — 23)87) (2] — 21) — () — a3))

2
= aé(D)(O) /deldelldengng(xl — x9)D(2y — 25)D(x1 — ),  (2.2.32)

which is suppressed by 1/V? compared to (2.2.29) in the V' — oo limit as before. Thus,

one finds again (2.2.16). One can show again (2.2.17) in the same way.

12 Although this diagram is no longer drawn in the plane, it is called the planar diagram.
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2.3 Type IIB matrix model

The action of the type IIB matrix model is formally given by the form of a dimensional
reduction of 10-dimensional N' = 1 supersymmetric SU(N) Yang-Mills theory to 0 dimen-

sion. It takes the following form:

Sus = Sp + St (2.3.1)
1 M 4N
Sb = —4—g2TI' ([A ,A :| [AMaAN]) y (232)
1 M
where AM (M = 0,...,9) and ¥ are N x N traceless Hermitian matrices and 'V are

10-dimensional Gamma matrices. The model has SO(9,1) symmetry. AM and ¥ are
transformed as the Lorentz vector and the Majorana-Weyl spinor, respectively, under the

SO(9,1) transformation. The model possesses SU(N) symmetry:
Ay =UAUT U =UTUT (2.3.4)
where Y € SU(N). The model is also invariant under the following transformations:

WAy —igTyV , 60w = %FMN [Anr, Ax]er

(2.3.5)

dPAy =0, DU =elyy, (2.3.6)

o1Ay = cylyxn , 600 =0, (2.3.7)
SaAy =i [N Ay, 66T =i\ 0] . (2.3.8)

Here, €; and €, are 10-dimensional Majorana-Weyl spinors and Grassmann-odd parameters,
cyr are 10-dimensional vectors and Grassmann-even parameters, 1y is the N x N identity
matrix, and A is an N x N Hermitian matrix. Let generators of (2.3.5) — (2.3.7) be QU,
Q®, and Py, respectively, and Q) (i = 1,2) are defined by

QW =W +Q® QB = (Q(l) _ Q(2)) . (2.3.9)

One can show that the following relation holds
[a()(i),gg@j)] — 26U TM ey Py (2.3.10)
up to terms proportional to equations of motion of ¥ I'M [A;,, U] = 0 and the gauge

transformation (2.3.8). This is the algebra of N' = 2 supersymmetry in 10 dimensions

with P identified with momenta. In this case, (2.3.7) represents the translation, and
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eigenvalues of A,; are interpreted as coordinates. N = 2 supersymmetry is maximal
symmetry in 10 dimensions, so that the theory must include the graviton if the theory is
unitary and includes massless fields. Thus, the existence of this symmetry strongly suggests
that the type IIB matrix model includes gravity.

In the following, we show that the action is derived from the Green-Schwarz action of

the Nambu-Goto type for the type IIB superstring theory:

1 _ _
Sng = =T / d*o [,/ —5TMN S + €0, XM (0'T 1, 0,0" + 0°T 1, 0,6°)

+ e“bélFM8a61§2FM8b92] . (2311)

Here, T is a tension of a string, o (a = 1,2) are coordinates of the world-sheet, ' and 6>
are 10-dimensional Majorana-Weyl spinors and have the same chirality in 10 dimensions

because we consider the type IIB superstring theory. Y™V are defined by
SMN = b IMTY (2.3.12)
M = 9, XM —ig'1"0,0" +i6°1V0,6% . (2.3.13)
By removing 6! and 6? and setting M to be 0,1,...,25, (2.3.11) reduces to the Numbu-

Goto action for the bosonic string.

(2.3.11) has 10-dimensional A" = 2 supersymmetry:

Ssusytd =€, dsusy XM = ie'TMp! — &7Mp? | (2.3.14)
and k-symmetry:
6.0 =a', 0, XM =i0'TMa! — ?TMa? | (2.3.15)
Here,
ol = (1 + f/&) , (2.3.16)
a? = (1 . f/&) , (2.3.17)

N [ 1
[ = ZMNFMN/Z —§EKLZKL : (2.3.18)

and k! and s? are local Grassmann-odd parameters that are Majorana-Wely fermions.
One can show I = 1, and finds from (2.3.16) and (2.3.17) that each o' has half degrees of
freedom of local Majorana-Weyl fermion.

We fix the k-symmetry by taking a gauge-fixing condition:
' =0*=T, (2.3.19)
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which preserves the 10-dimensional Lorentz symmetry since §° have the same chirality.
This gauge fixing leads (2.3.11) to

~ 1 -
Sna = —T/d% [\/—gaMNUMN + 2ie®9, XMUT 1,0,¥ | (2.3.20)

oMV = g, XxMo, XN . (2.3.21)

where

One can show that (2.3.20) still has NV = 2 supersymmetry. The supersymmetric
transformation is obtained by combining with (2.3.14) and (2.3.15) such that the gauge-
fixing condition (2.3.19) is kept. Namely, we define the following transformation &

60° = (Osusy + 0x) 0, oXM = (dsusy + dx) XM, (2.3.22)
and take k! L L
;. —€ te€ 9y € —€
= = 2.3.2
K 5 , K 5 (2.3.23)
so that d0' = §62. Here, we define & and ¢ by
el + € el — €2
= = 2.3.24
3 5 ¢ 5 (2.3.24)

and then (2.3.22) implies

_ [ 1
SOXM — g5¢TME | 6T = —gy nIMV¢ / 2 —§O—KLJKL , (2.3.25)

SAXM =0, DU =¢ (2.3.26)
In order to rewrite Sxg to the Schild action, we introduce the Poisson bracket
1
X, Y} = —e®9,X0,Y 2.3.27
{ }PB \/§ b ( )
where g = det g4 and g, is the world-sheet metric. The Schild action is
1 2 7=
Sgen = /d%—\/g {a (?1 (XM XN o — §\IJFM { X, \I/}PB> + 5} : (2.3.28)

From the equation of motion of /g, one finds

V= %\/g\/ (€20 XM XN)? . (2.3.29)

By substituting (2.3.29), one obtains

SSch = /dQO' {—%ae“baaXM\T/FMab\IJ + \/ aﬁ\/(e“baaXM&,XN)Q s (2330)
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which agrees with Sxg up to normalization of . In (2.3.28), symmetries of (2.3.25) and
(2.3.26) are realized by

. 1
SWXM —i(TtMy | Mg = =5 {Xu, Xndep VN (2.3.31)

and
SAOXM —0, v =¢, (2.3.32)

respectively.
The path integral for (2.3.28) is defined by

Z= / D,/gDXDWe 55 (2.3.33)

(2.3.28) has the diffeomorphic invariance on the world-sheet:

Saig XM = 0, XM | (2.3.34)
5diff\I/ = e“@alll s (2335)
Sair/g = Oa (€°1/9) (2.3.36)

In (2.3.33), we assume that the path-integral measure also has this invariance. By fixing

/9, this invariance is partially gauge-fixed. From (2.3.36), ¢* are restricted as

0, (/) = 0 . (2.3.37)

The diffeomorphism with this restriction is the area preserving diffeomorphism. (2.3.37) is
solved .
a ab
€' = —eOp(0) (2.3.38
75 ) )

where p(0) is an arbitrary function of 0%, and (2.3.34) and (2.3.35) become

Sapa XM = {XM p}on (2.3.39)
apa ¥V = {W, p}pp (2.3.40)

which implies that the area preserving diffeomorphism is given by the Poisson bracket.
The algebra satisfied by the Poisson bracket is ws.-algebra.

Here, we regularize wo-algebra by using SU(n) algebra. Then, the Poisson bracket and
the integral on the world-sheet are replaced by the commutator and the trace with respect
to m X n matrices, respectively:

d*o

{, tog — —il, ], /ﬁ\/g—mr. (2.3.41)
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Fields on the world-sheet X, ¥, and p become n x n Hermitian matrices. Properties of

the Poisson bracket

/ Por/G{X,Y Yoy = 0. / PorJGX Y. 2} g = / PoGZIX, Yy (2.342)

become properties of the trace
Tr([X,Y]) =0, Te(X[Y,Z]) =Tr(Z[X,Y]) . (2.3.43)

By applying regularization (2.3.41) to (2.3.28), one obtains

1

S = 2raTIr ( [AM, AN]Q - §‘IJFM [AM, \If]) + QWBTI"]_ y (2344)

1
4
where n x n Hermitian matrices A,; correspond to fields on the world-sheet X,,;. The path

integral (2.3.33) becomes

z=3. / dAdTe (2.3.45)
n=0
where
dA =TT [T]4Am)s| [T] dRe (Anr),; dim (Anr),; |
M L i >4
av = H H d (lpa)ii H dRe (qla>ij dlm (\1104>z'j (2346)
a L i i>j

The summation over n comes from [ Dg, which remains even after the gauge fixing V9=
const.. In this way, one obtains a matrix model.
By applying the regularization (2.3.41) to (2.3.39) and (2.3.40), one obtains

SAM =i [p, AM] . SV =i[p, V] , (2.3.47)

where p is an arbitrary n x n Hermitian matrix. (2.3.47) agrees with (2.3.8) if n is replaced
with N. (2.3.31) and (2.3.32) become

SOAM —ierMy, §Oy = % [Aps, AN] DM (2.3.48)

and
§PAM =, §Ow =¢, (2.3.49)

respectively. If n is replaced with N, (2.3.48) and (2.3.49) agree with (2.3.5) and (2.3.6),
respectively. (2.3.44) and (2.3.45) are invariant under (2.3.47), (2.3.48) and (2.3.49), and

the matrix model has this symmetry.
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Let us see the relation between the type IIB matrix model and the theory defined by
(2.3.44) and (2.3.45). The summation over the matrix size n exists in (2.3.45) and the term
proportional to Trl exists in (2.3.44), while those do not in the type IIB matrix model.
The measure in both of matrix models is the same as (2.3.46). Let us consider n x n
diagonal block in A, and ¥ on the type IIB matrix model. By integrating out the other
parts of matrices, one obtains the effective action with respect to n x n matrices, which
contains the original action and STrl as the leading correction, where [ is interpreted as
the chemical potential. Therefore, (2.3.44) is considered as the effective theory of the type
I1B matrix model.

The type IIB matrix model is regarded as the regularization of the type IIB super-
string. This model naturally includes the many-body system of string, so that it is non-

perturbative formulation of superstring theory.
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Chapter 3

Renormalization in a scalar field

theory on the fuzzy sphere

In this chapter, we study renormalization of a scalar field theory on the fuzzy sphere
by Monte Carlo simulations. We define the correlation functions by using the Berezin
symbol [75]. First, we show that the 2-point and 4-point correlation functions are made
independent of the matrix size by tuning a parameter in the theory. This implies that
the theory is non-perturbatively renormalizable. Next, we identify the phase boundary by
measuring the susceptibility that is an order parameter for the Z, symmetry and calculate
the 2-point and 4-point correlation functions on the boundary. We find that the theory

behaves as a conformal field theory at short distances on the phase boundary.

3.1 Review of scalar field theory on the fuzzy sphere

Here, we examine a following matrix model:

1 1 2 A
Sfuzzy = NTI‘ (—E[L@, @]2 ‘I’ %@2 ‘I’ Zq)4) y (311)

where ® is an N x N Hermitian matrix and N = 2j + 1. The theory possesses the Z
symmetry: ® — —®. The path integral measure is given by d®e~*, where

N
do = [Jd®; [] dRe®;dimd;; . (3.1.2)
i=1 1<j<k<N
The theory (3.1.1) reduces to the following continuum theory on a sphere with the radius
R at the tree level in the N — oo limit, which corresponds to the so-called commutative
limit:

R 1 s, M 5 gy
Scomm = E/dQ (—2—R2(£Z¢) —f-?qb +Z¢) . (3.1.3)

The correspondence of the parameters in (3.1.1) and (3.1.3) is given by

p?=R*m*, \=R%. (3.1.4)



By expanding ® in terms of f/l%], one can rewrite (3.1.1) as

Sfuzzy = Sfuzzy, free T Sfuzzy,int ) (315)
—1)y™
Sfuzzy,free = Z ( 2) [l(l + 1) + /4‘2] ¢lm¢l —m (316)
l,m

A(_l)ms Nls m Als —m
SfUZZy,int - Z Z Tollfmf lo mgClljrm ?4m4¢11m1¢l2m2¢l3m3¢l4m4 . (317)

On the other hand, by expanding ¢(€2) in terms of Y},,(£2), one can rewrite (3.1.3) as

Scomm — MPcomm, free + Scomm, int (318)
—1)™
Scomm,free = Z % [l(l + 1) + R2m2:| ¢lm¢l —-m (319)
lm
R2g(—1)™ (20 + 1)(2ls + 1)(2ls + 1)(2ly + 1)
Scomm7 int — lz:l Z 5 A 2[5 T 1
Lyeeny 5 M1ye.ny m

% (s ms Ols—ms (150 0 Otymy Ploms Plgms Prams - (3.1.10)

limy lameYlzms lama ~limy lamalsms lyma
From (2.1.56), the above theories agree on the j — oo limit. Indeed, this statement is
correct only at the tree level by paying attention to (2.1.56) with [y, ls,1l3 < j, but they
differ with the quantum correction, which is the UV/IR anomaly [13,14] and argued in
Appendix B.

To define correlation functions, we introduce the Berezin symbol [75] that is constructed
from the Bloch coherent state [76] because this definition is useful for numerical simulation.
We parametrize the sphere in terms of the standard polar coordinates 2 = (6, ). The
Bloch coherent state |Q) is localized around the point (,¢) with the width R/v/N. The
Berezin symbol for an N x N matrix ® is given by (Q|®|2), and identified with the
field ¢(€2) in the correspondence at the tree level between (3.1.1) and (3.1.3). The Bloch

coherent state and the Berezin symbol are reviewed in appendix.

3.2 Correlation functions

3.2.1 Definition
By denoting the Berezin symbol (see, Appendix A) briefly as

0(Q) = (QP|Q) , (3.2.1)
we define the n-point correlation function in the theory (3.1.1) as

. e~ Stuzzy
(p(plen) - p(ay)) = LA EENEC) o) 20

(3.2.2)
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The correlation function (3.2.2) is a counterpart of (¢(£2;)p(£22) - #(€2,)) in the theory
(3.1.3).

We assume that the matrix ® in (3.1.1) is renormalized as
d=V7%, (3.2.3)

where @, is the renormalized matrix. Then, we define the renormalized Berezin symbol

©r(€2) by
p(2) = VZp(9) (3.2.4)

and the renormalized n-point correlation function (¢, (1)@ (Q2) -+ - (2,)) by

(1)) - () = Z2 {p:() () -+ () (3.2.5)

In the following, we calculate the following correlation functions:

1-point function: {(p(£2)) ,
2-point function: (p(€2,)p(,)) (1<p<qg<4),
4-point function: (p(21)p(Q2)e(Q3)e(y)) . (3.2.6)

We verified that the 1-point functions vanish in the parameter region we examined in this
section. Thus, the 2-point correlation functions are themselves the connected ones, while

the connected 4-point correlation functions are given by

() p(22)0(23) () . = () (22)0(23) () — {(21)0(22)) ((23) (1))

— (p()p(023)) (P(22)p(24)) — ((21) () (p(Q2)p(823))
(3.2.7)

where ¢ stands for the connected part. The renormalized correlation functions are defined

(o)) = VZ (p:(0)) (3.2.8)
(P(0)e()) = Z (pe(2p) e () (3.2.9)
() e()2(23) (), = 22 (0:(21)0: ()22 (3) 22 (1)), - (3.2.10)

We pick up four points Q, = (6,, p,) on the sphere as follows (see Fig. 3.1):

0, — <g+A9, o) Q= (g o) Q= (g @) Q= (g —¢> C(3.2.11)

where ¢ = 7/12 and Af = m/10 with m € Z taken from 1 to 15.
We apply the hybrid Monte Carlo method to our simulation of the theory.
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Figure 3.1: Four points on the sphere chosen for the correlation functions.

3.2.2 Renormalization
Tuning )\ with fixing ;2

Here, we renormalize the theory by tuning A\. We fix u? to —6.0.

We simulate at N = 32 for various values of \. In Fig.3.2, we plot

(p(Q1)p(Q2)) = Z (pr(1) p:(22)) (3.2.12)

against Af at N =40 and A = 1.0 and at N = 32 and typical values of A, 1.0,1.234, 2.0.
We find that the data for N = 32 and A = 1.234 agree with the ones for N = 40 and
A = 1.0 if the formers are multiplied by a constant (30,40 = Z(40)/Z(32) = 1.129(8) and
that this is not the case for the data for N = 32 and A = 1.0,2.0. In Fig.3.3, we plot
(p(21)p(22)) at N =40 and A = 1.0 and (3240 (p(21)9(22)) at N = 32 and A = 1.234
against Af. As in the previous section, we see that the data for N = 32 agree nicely with
the ones for N = 40. This implies that the renormalized 2-point functions at N = 32 and
N = 40 agree.

Furthermore, in Fig.3.4, we plot (¢(41)p(Q2)p(Q23)p(24)).c at N = 40 and A = 1.0
and (2,40 (0(Q1)(Q2)p(23) (), at N = 32 and A = 1.234 against Af. We again see
a nice agreement between the data for N = 32 and the ones for N = 40, which means that
the renormalized connected 4-point functions at N = 32 agree with those at N = 40.

The above results strongly suggest that the theory is non-perturbatively renormalized
also by tuning A in the sense that the renormalized correlation functions are independent
of N.
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Figure 3.2: (p(21)p()) at pu? = —6.0 is plotted against Af. Circles represent the data
for N =40 and X\ = 1.0, while squares, triangles and inverted triangles represent the data
for N =32 and A = 1.234,1.0,2.0 , respectively.

The results in the previous and present sections imply that the theory is renormalized

by tuning a parameter, namely, it is universal up to a parameter fine-tuning.

Tuning p? with fixing A

Here, we renormalize the theory by tuning p?. We fix A to 1.0.
First, we simulate at N = 40 and p? = —6.0. Then, we simulate at N = 32 for various

values of p2. In Fig.3.5, we plot

(Pp(n)e(2)) = Z (pr(C1) e (22)) (3.2.13)

against Af at N = 40 and p? = —6.0 and at N = 32 and typical values of 1%, —6.0, —3.34, —1.0.
We find that the data for N = 32 and p? = —3.34 agree with the ones for N = 40
and p? = —6.0 if the formers are multiplied by a constant and that this is not the case
for the data for N = 32 and p? = —6.0,—1.0. We determined the above constant as
Cho a0 = Z(40)/Z(32) = 1.263(8) by using the least-squares method. In Fig.3.6, we
plot {p(21)p(2e)) at N = 40 and p? = —6.0 and %y 40 (p(Q1)p(Q2)) at N = 32 and
p? = —3.34 against Af. We indeed see that the data for N = 32 agree nicely with the ones
for N = 40. This implies that the renormalized 2-point functions at N = 32 and N = 40
agree.

Furthermore, in Fig.3.7, we plot (p(£21)0(22)0(23)¢(Q)), at N = 40 and p? = —6.0
and ('35 40 (P()p(Q2)0(Q)p()), at N = 32 and p? = —3.34 against A. We again
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Figure 3.3: (p(Q1)p(2)) at N =40, p?> = —6.0 and X\ = 1.0 is plotted against Af (circles).
C32_>40 <g0(Ql)QD(QQ)> with C32_>40 = 1129(8) at N = 32, [L2 = —6.0 and A = 1.234 is also
plotted against Af (squares).
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Figure 3.4: (p(Q1)p(22)0(23)0(Q4)),, at N = 40, > = —6.0 and A = 1.0 is plotted against
Af, where circles represent the data. (3540 (0(21)0(22)0(23)0(Q4)),, with (3, 4 = 1.275
at N = 32, u? = —6.0 and \ = 1.234 is also plotted against A, where squares represent
the data.
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Figure 3.5: (p(21)¢(22)) at A = 1.0 is plotted against Ad. Circles represent the data for
N =40 and p? = —6.0, while squares, triangles and inverted triangles represent the data
for N = 32 and p? = —3.34, —6.0, —1.0, respectively.

see a nice agreement between the data for N = 32 and the ones for N = 40, which means
that the renormalized connected 4-point functions at N = 32 agree with those at N = 40.
We do not see the above agreement of the correlation functions for m = 1,2 in (3.2.11).
We consider this to be attributed to the UV cutoff.

The above results strongly suggest that the correlation functions are made independent
of N up to a wave function renormalization by tuning p? and that the theory is non-

perturbatively renormalizable in the ordinary sense.

3.3 Critical behavior of correlation functions

Here, we examine the 2-point and 4-point correlation functions on the phase boundary.
We fix N to 24 in this section.
We introduce the stereographic projection (Fig. 3.8) defined by

0 .
z = Rtan §€w , (3.3.1)

which maps a sphere with the radius R to the complex plane. Here, we fix R to 1 without

loss of generality. We calculate the 2-point correlation function

{o(zm)e(1)) (3.3.2)
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Figure 3.6: (p(21)¢()) at N =40, u?> = —6.0 and A\ = 1.0 is plotted against Af (circles).

Ciapao (P(Q)p(a)) With (5540 = 1.263(8) at N = 32, p* = —3.34
plotted against Af (squares).

and A = 1.0 is also
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Figure 3.7: (p(1)0(22)0(Q3)p()), at N = 40, p? = —6.0 and A = 1.0 is plotted
against A0 (circles). (3540 (2()0(Q2)0(Q3)p()), with (', = 1.595 at N = 32,
p? = —3.34 and A = 1.0 is also plotted against A (squares).
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Figure 3.8: The stereographic projection: a point on the sphere with angle @ is projected

onto the z-plane on the equator from the south pole.

and the connected 4-point correlation function

(0(zm)p(L)p(e'3)p(e"s))e (3.3.3)

where

2m = tan B (g + %)] (3.3.4)

with m taken from 1 to 15. See Fig. 3.1 with ¢ = 7/3.
The renormalized 2-point correlation function (@, (2, )¢:(1)) and the renormalized con-

nected 4-point correlation function (¢, (zm ) (1)er (€75 )or (€% ), are defined by

e(zm)p(1)) = Z(pr(zm)e:(1)) | (3.3.5)
((zm)e(De(eD)p(e D)) = Z2{pr(zn)e(Den(egn(e e . (3.36)
Here, in order to see a connection to a CFT we use the log-log plot. We plot log(¢(2,,)¢(1))
and log (0 (zm) (1) (€3 )p(e'F)). against log |z—1] for (42, A) = (—10.801, 0.5), (—12.810,0.6),
(—14.925,0.7) in Figs.3.9 and 3.10, respectively.
We also define the susceptibility x that is an order parameter for the Zs symmetry by

)Gy e

In Fig.3.11, we plot x against —u? for each value of A\, 0.5,0.6,0.7. The critical val-
ues of —p?, —p?., that give the peaks of y correspond to the phase transition points
where the symmetry breaking of the Z, symmetry occurs: the Z; symmetry is broken

for —p? > —p2,,, while it is unbroken for —p? < —pZ;,. We find the peaks of y for
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Figure 3.9: log{y(2,,)p(1)) at N = 24 is plotted against log |z — 1|. The data for (u?, \) =
(—10.801,0.5), (—12.810,0.6), (—14.925,0.7) are represented by the circles, the squares and

the triangles, respectively.

A =0.5,0.6,0.7 exist around p? = —10.8, —12.8, —14.8, respectively. We tune the values of
p? around the above values such that the 2-point and 4-point correlation functions for dif-
ferent \’s agree up to a wave function renormalization. We shift the data of the 2-point cor-
relation functions for (p?, \) = (—12.810,0.6), (—14.925,0.7) simultaneously in the vertical
direction by age_05 = log[Z(A = 0.5)/Z(X = 0.6)] = —0.015(1) and g 705 = —0.056(1),
respectively, and plot the shifted data in Fig.3.12. We also shift the data of the 4-point cor-
relation functions for (u?,\) = (—12.810,0.6), (—14.925,0.7) simultaneously by 2cq6_0.5
and 2a.7-,0.5, respectively, and plot the shifted data in Fig.3.13. We see a good agreement
of both the shifted 2-point and 4-point correlation functions. These shifts correspond to
a wave function renormalization. Furthermore, we see that the above tuned values of p?
are consistent with the critical values of p? read off from Fig.3.11. Thus, the agreement of
the correlation functions implies that the theories are universal on the phase boundary as
in ordinary field theories. We do not see the above agreement of the correlation functions
not only in the UV region with m = 1,2, but also in the IR region with m = 14, 15.
We consider the disagreement in the latter region to be caused by an IR cutoff which is
introduced when the theory on the fuzzy sphere is mapped to a theory on the plane with
infinite volume.

Finally, we examine a connection of the present theory to a CFT. In Fig.3.12, we
fit seven data points (m = 4,...,10) of log{w(z,)¢(1)) at (u?, \) = (—10.801,0.5) to
—ulog |z — 1] + v and obtain u = 0.149(2) and v = 1.887(1). This implies that the 2-point
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Figure 3.10: log(¢(zm)e(1)@(ei5)p(ei% ). at N = 24 is plotted against log |z—1|. The data
for (2%, \) = (—10.801,0.5), (—12.810,0.6), (—14.925,0.7) are represented by the circles, the
squares and the triangles, respectively.
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Figure 3.11: The susceptibility y at N = 24 is plotted against —u?. The data for A =
0.5,0.6,0.7 are represented by the circles, the squares, and the triangles, respectively. The
peaks of x for A = 0.5,0.6,0.7 exist around p? = —10.8, —12.8, —14.8, respectively.
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Figure 3.12: log(w(zm)p(l)) at N = 24 is plotted against log|z — 1|. The data
for (u*,\) = (—10.801,0.5) are the same as in Fig. 3.9. The data for (u? \) =
(—12.810,0.6), (—14.925,0.7) are simultaneously shifted by apg05 = —0.015(1) and
07505 = —0.056(1), respectively, in the vertical direction. The data for (p* \) =
(—10.801,0.5), (—12.810,0.6), (—14.925,0.7) are represented by the circles, the squares and
the triangles, respectively. The dashed line is a fit of seven data points (from the second
point to the eighth point) of log{(z,)p(1)) at (4%, \) = (=10.801,0.5) to —ulog |z — 1| +v
with v = 0.149(2) and v = 1.887(1).

correlation function behaves as

v

1) =—— 3.
(o) = (339
for m =4,...,10. In CFTs, the 2-point correlation function behaves as
1
(0(2)O(2)) ~ [P (3.3.9)

where the A is the scaling dimension of the operator O(z). Thus, the theory on the phase
boundary behaves as a CFT in the UV region. In the IR region with 11 < m < 13, our
2-point correlation function deviates universally from that in the CFT. In addition, in a
further UV region with m = 3, it also deviates universally. These deviations are considered
as an effect of the UV/IR mixing. It is non-trivial that we observe the behavior of the

CF'T because field theories on non-commutative spaces are non-local ones.
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Figure 3.13: log(p(zm)e(1)p(e'5)p(e)), at N = 24 is plotted against log|z — 1].
The data for (u*, \) = (—10.801,0.5) are the same as in Fig. 3.10, while the data
for (u?,A) = (—12.810,0.6), (—14.925,0.7) are simultaneously shifted by 2ag¢_05 and
209.7-0.5, Tespectively, in the vertical direction. The data for (u* \) = (—10.801,0.5),

(—12.810,0.6), (—14.925,0.7) are represented by the circles, the squares and the triangles,
respectively.
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Chapter 4

Large-N volume independence on

group manifolds

In this chapter, we examine whether phenomenon analogous to the large-N volume in-
dependence occurs on group manifolds. We find that it indeed does in the sense that
a large-N gauge theory on a group manifold G is equivalent to the theory obtained by
reducing it to a coset space G/H where H is a subgroup of G.

4.1 Large-N volume independence on torus

In this section, as a warm-up, we examine the large-N volume independence on a D-
dimensional torus TP ~ U(1)”. We denote coordinates of TP by z* (u = 1,...,D),
assuming, for simplicity, the periodicity z* ~ x* + L. Using a positive integer K, we define
a ‘reduced torus’ TP /(Zx)P whose coordinates are denoted by o*. The periodicity for o*
is

ot ~ol 41, (4.1.1)
where [ = L/K. We have a relation

ot =l + o (4.1.2)

with u* integers.
To illustrate the large- N volume independence, we consider a scalar matrix field theory
on TP:

S = /dD;g Tr (%@(b(:ﬁ)@mﬁ(@ + m7¢(x)2 + ggs(x)?») : (4.1.3)

where ¢(x) is a Hermitian matrix-valued field with the matrix size N.
We apply a following reduction rule to the above theory (4.1.3):
(1)

2mny,
L

d(x) — e g(o)e P with P, = 2mn?) , / dPx — Uﬂ / d o .

(4.1.4)
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Here the relation between x* and o* is given by (4.1.2), and P, are constant diagonal
matrices whose eigenvalues 27rn,(f) /L (i = 1,...,N) correspond to the momenta on 77

distributed uniformly in the momentum space. v and v are given by
v=LP/N, o =2r/A", (4.1.5)

where A is a UV cutoff on TP /(Zx)P. (4.1.5) implies that T is divided into N cells with
the volume of a unit cell given by v and that TP /(Z )P is divided into [P /v’ cells with the
volume of a unit cell given by v'. Then, we obtain the action of a reduced model defined
on TP /(Zk)P:

2

Sea= 5 | dDaTr< (06(0) +i[P, ¢<a>1>2+%¢<a>2+§¢<a>3)' (4.1.6)

Note that vIP /v’ can be viewed as an effective volume in the reduced model.

We consider the 2-loop contribution to the free energy. There are two diagrams. One
is planar (Fig.2.3) and the other non-planar (Fig.2.4). First, we calculate them in the
original theory (4.1.3). The planar diagram is calculated as

AN?
= /dDa:dD:c’D( 2')? (4.1.7)

where A\ = k2N is the 't Hooft coupling and D(x — z') is the free propagator of the theory
(4.1.3) with N = 1:
271'n (mu 517“)

D(z—2') = LDZ<2W> e (4.1.8)

The non-planar diagram is given by (4.1.7)/N? so that it is suppressed by 1/N? compared

to the planar diagram in the N — oo limit.

Next, we calculate them in the reduced model using a bi-local field representation for
matrices [35,36]. We take a coordinate basis |x) in the vector space on which ¢(o) and P,
act and define a bi-local field

¢(o,z,2") = (z]p(a)|7) . (4.1.9)
The reduced model (4.1.6) is rewritten as

1
Seed = vﬂ / Pod xd"x'So(0,7' ) [— (O + 0, +0.)" + mz} é(0, z,2")

+ ;)i_l} dPodPxdPz'dPx" ¢(o, x, 2" )p(0, 2, x")p(o, 2", x) . (4.1.10)
v’
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Figure 4.1: 2-loop planar diagram in the Figure 4.2: 2-loop non-planar diagram

bi-local representation for the free en- in the bi-local representation for the free

ergy. energy.

We make a change of variables, z# = x#, # = a# — 2", " = o — x#, which gives

0 0 0 0
ol Oxh | dxr  Ozk (4.1.11)

Thus, from (4.1.11) we obtain the propagator

,U/
(0(01, 21, 2)@(02, 5, 22)) = — D1 =)0 (2121~ (22=5))8;” (01 ~02) = (11-22))
(4.1.12)
where 5(LD) and 5Z(D) are periodic delta functions with the period L and [, respectively.

The planar diagram (Fig.4.1) in the reduced model is calculated as

1 7 kv\2
3- 3 <@> /dDaldDangxldD:E'IdDa:'{denga:ngxg
UI
x —D(ar —x2)8” (11 = 17) — (w2 = 25))5” (01 = 02) = (21 — 2)
UI
x —D(ay —25)8,” (2 — 1) — (2 = #3)5"” (01 — 0) = (&} — 7))

UI

x —Daf —a5)0”(a — 1) = (25 —22))5” (01 = 02) = (a1 — %))

2.,/
= /{6—052D)<O)L2D/dDo-ldDo-QdeldeQD(xl — I2)35I(D)<<0'1 — O'g) — (.Il — ZL’Q))3
v

2.,/
- ZTZLSD / do,dPoodPiD()%5P) (01 — 00) — &)°
K2L3DU,

= 6@2 5l(D)(0)2/dDO'1dDO'QZD(lu+0'1 —0'2)3

2L3D
=0 /dDdiagD(j —0y)?

6v20’
/{2 LBDlD

= / d’zD(z)?

6v2v’
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k2P

(Nv)3 / dzD(x)?

~ 6020
IPAN? 1

— “/ : L—D/dede'D(x—x’)3 : (4.1.13)
v

where we have used 6.,(0) = 1/v and §;,(0) = 1/’

The non-planar diagram (Fig.4.2) in the reduced model is calculated as

1 rxv\2
35 (55) [ oot et a? P s
/

x %D(ml — 22)0i7 (w1 — 2}) — (22 — 25))8,” (01 — 02) — (21 — 2))

vl / 1 / " 1 / i
x —D(a = a5)0)” (a7 = o) = (a3 = 22))6” (o1 = 02) — (] — 253))

: i : 1 ! " " /
x 2D — )07 () — 1) — (= )7 (01 = o) — (& — 25)
2,/
= 56;} (SED)(O) / dDaldDangxldelldedeng(xl B zg)D(:pll B xg>D<xl B x/2/)

x (01— 02) = (11— 22))8 (01 = 03) — (&} = 2))8 " (01 = 03) — (w1 — 7))

2,/
_NMU;p / dPo1dP oy Z D(lu+ 01 — o9)D(lt/ + 01 — 09) D(Iu" + 01 — 09)

602 v
[P A\N2 [P
_ {UU/ S /dDo'ldDO'Q Z D(lu+ oy — 09)D(lu + 01 — 09) D(Iu" + 71 — ‘72)}

X (;’—;)2 . (4.1.14)

We see again that the non-planar diagram is suppressed compared to the planar diagram
in the v — 0 limit, because the quantity in the curly bracket in (4.1.14) has the same
order of magnitude as (4.1.13).

The non-planar diagram is suppressed compared to the planar diagram in both the
original and reduced models. By comparing the planar contribution (4.1.7) and (4.1.13),
we find a relation between the free energy F' in the original model and the one Foq in the

reduced model in the N — oo limit:

F o Fred
N2V~ N2V//jo'

(4.1.15)

where V = LP and V' = [P are the volumes of TP and T /(Zx)P, respectively, and the
LHS and RHS correspond to the planar contribution to the free energy per unit volume
divided by N? in the original and reduced models, respectively. In a similar manner, by

referring the argument in [41], one can show that the relation (4.1.15) holds to all orders
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in perturbative expansion. It is also easy to show a correspondence between correlation

functions in the N — oo limit [41]:

Syt (TH(O()6(a) -+ 0(w))) = gy (T (B)dlen) o)) . (4116)

red

where (---) and (- - - );eq stand for the expectation value in the original and reduced models,
respectively, and ¢(z) = e+ ¢(o)e P with (4.1.2). Thus, we find that the large-N
volume independence holds on a torus in the sense that a theory on T is equivalent to a
certain theory on TP /(Zx )P in the large-N limit.

Finally, we consider Yang-Mills theory on T:

1
S = 15 dPx Tv(F,,F.) (4.1.17)

where F,, = 0,4, — 0,A, + i[A,, A,]. By applying the reduction rule (4.1.4) to (4.1.17),

we obtain
v 1

Sred /4 2

4o Tr (F F, ) , (4.1.18)

where F/w = O,uA, — a[,wflu +1 [Aw fL} with flu(a) = P, + A,(0). Namely, the reduced
model agrees with the one that is obtained by dimensionally reducing the original model
to TP /(Zx)P. If the background A, = P, is stable in the reduced model (4.1.18), the
reduced model is equivalent to the original model (4.1.17) in the N — oo with k*N fixed
in the sense that (4.1.15) holds and a following relation for Wilson loops also holds:

<;mm(/«?f)m@ﬁ}{%mm04«#f)wmﬂkg
(4.1.19)

where z#({) and o#(() are related as (4.1.2). Namely, the large-N volume independence
holds literally. Note that the stability depends on the dynamics of the model'3.

4.2 Group manifolds and coset spaces

In this section, we review some basic facts about group manifolds and coset spaces. For
more details, see, for instance, [35,36,80]. Let G be a compact simply connected Lie group**
and H be a Lie subgroup of G. D and d denote the dimensions of G and H, respectively.
Then, the dimension of G/H is D —d. 2™ (M =1,...,D),y™ (m =D —d+1,...,D),
and o* (u =1,...,D — d) denote the coordinates of G, H and G/H, respectively, while

13Instability corresponds to SSB of the so-called U(1)” symmetry or the center invariance.
11f G is not simply connected, the reduced model is not obtained in a globally consistent way.
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A B=1,....D,a,b=D—-d+1,...,D,and o, 8 = 1,...,D — d are the corresponding
local Lorentz indices.
Let t4 be a basis for the Lie algebra of G in which ¢, are a basis for the Lie algebra of

H. t, satisfy commutation relations

[tasts] =ifapctc (4.2.1)
with fapc completely anti-symmetric and fu, = 0. g(x) € G is factorized locally as

9(x) = L(o)h(y) , (4.2.2)

where h(y) € H. The isometry of G is the G x G symmetry, where one corresponds to the
left translation and the other the right translation. Only the left translation survives as
the isometry of G/H.

A D x D matrix Ad(g) for g € G is defined by

gtag ' =t Ad(g)pa . (4.2.3)

It is easy to show that
Ad(g)apAd(g)ac = dsc - (4.2.4)

Note that if A is an element of H,
Ad(h)ae = Ad(h)ea =0, (4.2.5)
which implies that
Ad(h)apAd(h)ay = gy, Ad(h)apAd(h)ac = uc - (4.2.6)
The right invariant 1-form E%; and the left invariant 1-form S3; are defined by
Oug(x)g~ (z) = —iEqy(x) ta . g '(x)Owg(z) =iSiy(z) ta . (4.2.7)
They satisfy the Maurer-Cartan equations:
OMEN — ONEy — fapcEgES =0, 0uSy — OnSyy — fapcSySy =0.  (4.2.8)
Defining ef}, er Sf} and s¢ by

OuL(o) L™ (o) = —ief (o) ta, Omh(y)h ™ (y) = —ics,(y) ta ,

L™ (0)0,L(0) = ist(o)ta , W (y)Omh(y) = i8% ()ta (4.2.9)
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we obtain the relations:

m

Ej(x) =ep0), Ejlx)=ej(o), Ep () =Ad(L)aw(0)e,(y) , En(r) = Ad(L)w(0)e,(y) |

I

Sh(z) = Ad(hil)ag(y)sﬁ(a) , Spx) = Ad(hfl)ab(y)sii(o) . So(x)=0, Si(z)=35(
(4.2.10)
A metric of G,

Gun = B Ed =S54, (4.2.11)

is right and left invariant. By using (4.2.10), we obtain
ds?, = sﬁsffda“da” + [Ad(h™")pe 80 dy™ + deJ“}Q , (4.2.12)

where the invariant metric of G/H, g, is given by

Guv = 85,5, (4.2.13)

The Haar measure of G is given by

dg = d°z+\/G(z) , (4.2.14)

where G(x) is det Gy (z). It is factorized as

dg = dPody+/g(o) det 3% (y) . (4.2.15)

We denote the invariant measure of G/H, d”~%c /g, by dL.
We define the right invariant Killing vectors £4 and the left invariant Killing vectors

R4 by
: 0 , 0
£A = _ZE%&L‘_M y RA = —lS:]X[ax—M i (4216)

where EAf and SA! are the inverses of E4; and S, respectively. £4 and R4 generate the
left translation and right translation, respectively, and obey the following commutation

relations:
[La, L] =ifapcLeo, [Ra,Rpl=ifapcReo, [La,Rp]=0. (4.2.17)

By using (4.2.10), we obtain

| 0 . 0
Ea = ngAd(L)Ba@ — 1€ [Ad(L)ba - SZSgAd(L>ﬁO‘:| 8ym )
| 0 .m 0
ﬁa = ZSZAd(L)Ba@ — 1€ [Ad(L)ba — SZSgAd(L)ﬁa} 8ym )
R, = _@'Ad(h—l)aﬁsg% +iAd(h ) Ad(h™ ) ag ggnsgsg—aj ;
. m
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Ra - —Zggnay—m 5 (4218)

y2 am ~m o o ga Sa 3
where sf), s;" and €' are the inverses of s7}, s7, and €}, respectively.

0

/= is" Ad(L) gy —
4 = ispAd(L)gaz—

(4.2.19)

are the Killing vectors on G/H and are indeed independent of y.

Let us consider a scalar matrix field theory on G given by'?

S = / dPz\/C(z) Tr BG’MNéMd)(:U)@Nqﬁ(x) + m?qﬁ(x)Q + gd)(x)?’]

= /dDdaddy\/g(J) det 3% (y) Tr [—% (Lao(x))” + %(b(:r;)z + ggb(a:)?’} . (4.2.20)

where ¢(z) is an N x N hermitian matrix. This theory has the G x G symmetry. Namely,
(4.2.20) is invariant under 0¢ = €L ¢ or ¢ = €R4¢. We impose a constraint R,¢(z) = 0,
which implies from (4.2.18) that ¢ is independent of y. Then, the theory (4.2.20) is reduced
to the theory on G/H as

D—d d ~a 1 / 2 m2 2 K 3
S = [ d”“ody./gdet 5y, Tr —5( ") +7¢ +§¢
D—d 1 . m? 5, K 4
=Vy [ d"%0\/gTr §g“ 8u<;58,,¢+—2 ) —|—§<;S , (4.2.21)

where Vg is the volume of H. The theory (4.2.21) has the left G symmetry. Note that
this is a consistent truncation in the sense that every solution to the equation of motion

in (4.2.21) is also a solution to the equation of motion in (4.2.20).
As an example, we consider SU(2) ~ S? and SU(2)/U(1) ~ S?. We have

—i(po'3/26—i90'2/2€—i1,[)0'3/2 7 L — e—i<p0'3/26—i90'2/2 7 h — 6—i7/10’3/2 7 (4222)

g=e

where 0, ¢ and 1) are the Euler angles, and o; (i = 1,2,3) are the Pauli matrices. Here

w=(0,9), m=1v, a=(1,2), and a = 3. L4 are given by

: .0 0 0
Ly=—1 (—smgo% — COtQCOSgD% + Z?Z;D@) ,
. 0 , 0 singp 0
Lo = —1 (— Cos g —cot@smgp% + sin@%) 7
0
= —io—. 4.2.2
£3 Zago ( 3)

15The invariant 1-forms, the Killing vectors, the integral measures and the delta functions are all well-
defined globally. Hence, all expressions on group manifolds and their coset spaces make sense globally,

although they look dependent on coordinate patches.
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R 4 are given by

‘ 0 cosy O 0
Ri=—1 <—sm¢69 + 51n08__COtHCOS¢8w)

B 0 sinvy 0
Ro = —1 (—cosw% — @3_ + cot fsin ¢)
e,

The right and left invariant metric of SU(2) is given by
ds® = d6? + sin® 0dp® + (dip + cos O0dp)? . (4.2.25)

The first and second terms in the RHS give the metric of SU(2)/U(1). The Haar measure
takes the form dg = sin 8d@dpdiy.

4.3 Bi-local representation for the reduced model on
G/H

We consider a coordinate basis |g) for G as in the case of torus. We define the generators
of the left translation L4 by
e'elag) = |e*tag) . (4.3.1)

It is easy to show that
Lalg) =—Lalg) . {glLa=Lalgl. (4.3.2)

We denote the volumes of G and G/H by V and V', respectively. To obtain a reduced
model of (4.2.20) defined on G/H, we apply the following rule

6g) = 6(L), L — [ﬁA, ] , /dg—> g/dL - %/dD_da\/ﬁ. (4.3.3)

The first rule is realized by imposing R,¢ = 0. Thus, by introducing the bi-local represen-
tation for ¢(L)

¢(L,g.9') = {glo(L)lg) (4.3.4)

we obtain a bi-local representation of the reduced model:

1 A2
Sred = g/degdgEQﬁ(L,g’,g) {(ﬁ'ﬁ + L5 + Ei) + mz] #(L,g,4")

167, are the generators in the regular representation [35,36].
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KU / 1/ / / " 1
+5 [ dLdgdg'dg’é(L,g,9)¢(L,g',g")é(L, 9", 9) - (4.3.5)

As in the case of a torus, we make a change of variables

w=g, =479, p=g 'L (4.3.6)

and obtain a relation

(£ + 25+ £%) 6(L.9.¢) = L356(L.9,9) (43.7)

Thus, the propagator is read off as

!/

/ / v — / — / — — —
(O(L1, 91,91)6(La, g5, 92)) = —A (91921)5<91 ‘1, g 192) dcm (97 L1, 95 " Lo) , (4.3.8)

where A(g1g;") is the propagator of the original model (4.2.20) with N = 1, §(g1, g2) is
the right and left invariant delta function on G, and d¢/i (L1, L2) is the left invariant delta
function on G/H.

We consider the 2-loop contribution to the free energy in the original and reduced

models. The planar diagram (Fig.4.1) in the original theory is calculated as

AN?
6

[ dndnnig (43.9)

The non-planar diagram (Fig.4.2) is calculated as (4.3.9)/N?2. The planar diagram (Fig.4.1)

in the reduced model is calculated as

1 /xoN2 (0\°
35(%> (-) /dleLngldg{dgi’dgzdgédgé'

v

x A (g195") 8 (91 01,08 02) dypm (97 L, 95 La)

x A (ghoy™) 6 (o1 b ob " 0b) dym (01 Lusgh ' L2)

x A (gi’gé’_l> 6 (917191, 927" 95) daym (gi’_lLl,gé’_le) : (4.3.10)
A change of variables g} = g297 "¢, and g% = g29; '} leads to

K2

5(0) /dleLgdgldgidgildggA (9192—1)3 5@/[{ (gl_lLl, gQ_ILQ)

X dq/H <91_1L1791_191951L2> dc/H (9/1/_11/1,91/_191951[/2) . (4.3.11)

6v

Making a further change of variables ¢} 'g; — ¢, and ¢/ 'g1 — ¢/, we obtain

K2

(5(0) / dleLngldglldgildggA (9192_1)3 5@/[_[ (gl_lLl, g2_1L2)

6v
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X dq/H <917191_1L17917192_1L2> oG/H (91/7191_11;1,93/7192_11;2)

K2

= 60 5(0)/dL1dL2dgldgldg dggA (9192 ) 5@/[_[ (gl_lLl,gz_ng)g

k2!

= %0 5(0)V25g/H(0)2V’/dgldg2A (glggl)s
vV AN? B
= /dgldeA (ne5)” . (4.3.12)

In the above calculation 6(0) = 1/v, dg/u(0) = 1/v', V. = Nv and A\ = k?N have been
used. The non-planar diagram (Fig.4.2) in the reduced model is calculated as
1 rrone (0)°
35 (3—@) =) | dLidLadgidgidg!dg.dgsdg
x A(g1g5") 6 < 91»957192) dcm (917 L1, 95 " Lo)
x A (gigh 1) (90 gt 08 ) by (91" Lu g 1)
(gi’gé ) <91 '9l. 95 gé) 0/ (91 Ly,gy" L2> : (4.3.13)

A change of variables ¢” = ¢\ g% ' gs and g, = g1 g} gives rise to

K2

- | dLidLydgidgidgadgs A (gi927") A (gigé’ _1> A (g’lgé’_lgzgi_lglgz‘l>

><5( Clangy 192,95’*19291‘190 Sy (97 Li, g2 Lo)
X 0c/n (9’1_1L179¥_1L2) Oc/m (gz‘lgé’gi_lLl,91_191951L2> : (4.3.14)

1

A further change of variables g1g;* = g5 ' and ¢,g4 ' = §, leads to

k2!

-t g~ — - -t ~ —1~—-1__ C~) ~ 1~ ~
dL1dLydgdgdgadgy A (357) A (1) A (9192919’2’ Y9 1) 5 (91 L3 Ga01, 9 1929’195’)

v

-~ ~ -t ~ —1~-1__
x c/m (L1, 95 La) 0cyu (L, Gy L2) dc/m <L179192919§/ 9 G 1L2>

2,/
R~V ron

= = [ dLidLudgidgidgudgi A (37) A (3) A (9195 ) 6 (315201, 9198 523193 )

x 0c/u (L1, G5 ' L2) 6cyu (L1, G4 L2) dcyu <L1 995 L2> : (4.3.15)

By making a change of variables g,¢4 ' = §, we obtain

K2

Ty / dL1dLydg,dgadg A (351) A (7)) A (3)

X 0(91929, §9291) 6/ (L1, G5 ' Le) cym (L, G5 L2) ¢y (L1, GLa) (4.3.16)
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Absolute value of (4.3.16)

2,/
< "5V [ dLadLadnantant | (15 L) & (5 L) A (15" )|

UV/ AN? \%4 ~ B v 2
:{ AT /dleLZdhdh' WA (L lLlh)A(L21L1h’)A(L21L1h”)\} x (V) .

(4.3.17)

We see that the above quantity is analogous to the one (4.1.14) and suppressed by (v'/V")?
in the v — 0 limit compared to (4.3.12). Thus, the non-planar diagram is suppressed
compared to the planar diagram in both the original and reduced model. By comparing
(4.3.9) and (4.3.12), we again obtain the relation (4.1.15). As in the case of torus, one can
show that (4.1.15) holds to all orders in perturbative expansion.
Defining ngS(g) by
Olg) = A% g(L)e A0 (4.3.18)

where g = %44 we see that the relation (4.1.16) also holds in this case. Thus, we find
that the large- N equivalence in dimensional reduction holds on group manifolds.
Finally, we consider U(N) Yang-Mills theory on G:

§— 2 / APV GGACGPP Y (FupFep) | (4.3.19)

4K2

where Fap = 0aAp — OpAa + i[Aa, Ag]. We expand the gauge field A4 in terms of the
right invariant 1-form as
Ay =E X, . (4.3.20)

By using (4.2.8), we rewrite (4.3.19) as

1
S = 452 le‘\/_ G Tr (EAXB — ;CBXA — ZfABCXC + [XA, XB]) . (4321)

By imposing R,X4 = 0 on (4.3.19), we obtain Yang-Mills theory on G/H. The reduced
model on G/H is given by

v 1
/4,€2

2
Sred = — dD dO'\/_ Tr (,CAXB — EBXA — ZfABCXC’ + |:XA, XBi|> 3 (4322)
where Xa(0) = Ls 4 Xa(o). If G is simple, the gauge theory is massive due to the
fapcXc term so that the there is no moduli for the background Xa=1Ly. Thus, since the
background X 4 = L4 is stable, the large-N volume independence on group manifolds holds.

Namely, the reduced model is equivalent to the original model (4.3.21) in the N — oo with

20



k*N fixed in the sense that (4.1.15) holds and a following relation for Wilson loops [81]
holds:

(37e (i [ 62D pyaoe))
- <%Pexp (z / 1 d{%Eﬁ(w(C))Xﬂa(C)))ked S 43

where 2z (¢) and #(() are related through g(x) = L(o)h(y).
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Chapter 5

Study of classical solutions in the

Lorentzian type I1IB matrix model

In this chapter, we develop a numerical method for obtaining wider classes of solutions.
We apply the gradient decent method to solve classical equations of the type IIB matrix
model because there exists no time a priori in the type IIB matrix model.

In particular, we see whether the (341)-dimensional expanding universe with smooth
structure is reproduced as classical solutions in the Lorentzian type IIB matrix model, and

search for solutions which yield Dirac zero modes.

5.1 Classical solutions of the type IIB matrix model

Here, we consider the Lorentzian type IIB matrix model. To make it well-defined, we need

constraints corresponding to IR cutoffs [56]:

1 1
NTr(AO)Q =K, NTr(AI)z =1 (I=1,...,9). (5.1.1)

We would like to investigate the space-time structure in (341) dimensions and spectra of
the 6-dimensional Dirac operator in the extra dimensions at late time compared to the
Planckian time in this model. At late time, it is difficult to perform numerical simulations
because the matrix size must be large, while we expect the classical approximation to be
valid due to the expansion of universe. We, therefore, solve classical equations of motion of
this model. While solving them is non-trivial, it is indeed easier to solve classical equations
than to perform numerical simulations. We consider bosonic equations of motion of the

type II1B matrix model with ‘mass’ term:
[AM [Ay, Ao]] —€A0 =0, [AY [Am, Af)] —CAr =0, (5.1.2)

where £ and ( are Lagrange multipliers, and the second terms of the left hand side of the

two equations in (5.1.2) come from constraints (5.1.1). Here, note that classical solutions
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turn out to be always simultaneously diagonalizable if £ = ( = 0, which is proved in
footnote 1717,

We search for solutions which are compatible with SO(3,1) symmetry because the uni-
verse is SO(3,1) symmetric at the time scale where the spacial expansion can be ignored.
Thus, we assume configurations with a quasi-direct-product structure in the (34+1) dimen-

sions and extra dimensions [79]:
Ay =X, @M (1=01,23), A,=1y, ®Y, (a=4,...,9), (5.1.3)

where the size of X, and the identity matrix 1y, is Nx, that of M and Y, is Ny, and
N = NxNy. This structure is compatible with SO(3,1) symmetry:

UAU =0, A, , UAU = A, (5.1.4)

withid = U®1y, € SU(N) and UX,U" = 0,”X,,, where 0,” € SO(3,1) and U € SU(Nx).
Indeed, left hand sides of two equations in (5.1.4) are SU(N) transformations of (2.3.4).
Moreover, it is the most general form preserving the SO(3,1) symmetry, and represents a

direct-product space-time if M = 1y,,.

5.1.1 Algorithm searching for classical solutions in numerical cal-

culation

There exist no time a priori in the type IIB matrix model, so we cannot use the algorithm to
solve differential equations. Instead, we apply the gradient descent algorithm to search for

classical solutions in our numerical calculation. In the following, we explain the algorithm.

We define V as
V =Tr ([AM, [Anr, Ag)] — €40)° + Tr ([AM, [Ay, Af]] = CA))® (5.1.5)

and numerically search for A,; which make V' equal to 0. We begin with random configu-
rations of X, Y, and M where their elements obey Gaussian distribution and satisfy the
constraints (5.1.1). The solutions depend on the initial random configurations and initial
§ and ¢(. We update X, Y,, and M following the relations:

oV ov oV
X, =—cc—— Y, = —€e— M=——— 1.
0X, EaX,E , oY, anT , 0 Tk (5.1.6)

a

17 From the first equation in (5.1.2) with & = 0, we obtain Tr (AO [AI, [AI,AOH) = 0, which implies
[Ag, Ar] = 0. Similarly, we obtain the following relation from the second equation in (5.1.2) with ¢ = 0:
[Ar, As] = 0.
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where we take ¢ to be small enough, which guarantees 0V < 0. Then, we rescale A,
as Ay — sAp such that the second equation in (5.1.1) is kept satisfied, and further
rescale ¢ and ¢ as & — s%2¢ and ¢ — s%C such that V is scaled as V' — s5V. We can
obtain configurations with V' ~ 0 by repeating this procedure'®. In practice, we continue

updating configurations until V-~ O(107%).

5.1.2 Typical solution

We solve (5.1.2) with £ = ¢ > 0, which preserves SO(9,1) symmetry. Here, our ansatz

(5.1.3) reduces the constraints (5.1.1) to the following ones'?:

1 1
N—XTr (Xo)’ =k , N—yTrM2 =1, (5.1.7)

1 < 1 <&

— Y Tr (X)) +-—) Tr(v,)=1. 5.1.8

NX;r( >+NY;I( ) ( )

In almost all of our solutions, the following equations are satisfied:
M]\ﬁ - M,
Ny
[M,Y,] =0,
(X", [X,, Xo]] —€£Xo =0,
(X", [ X, Xi]] -¢X; =0 (i=1,2,3),
[Yb7 D/E)y Ya” - C}/;l =0 )

where nl" denote numbers of eigenvalues A= —1,0,1) of M. Indeed, these equations are

sufficient conditions for (5.1.2). (5.1.9) implies that eigenvalues of M are 4=+/Ny /(Ny — nlol)
and 0. One can see from (5.1.10) that Y, have the following block-diagonal structure in a

basis which diagonalizes M:

—1,0 vy
Ny

M=\ 5§ =8 0,00 — Y, = v, ;o (5.1.14)
v —
1,0 v

n

where Ny = nl=1 4+ nl0 4 [l Tt turns out that ¢ and ¢ converge to the range

01<¢=¢<05 (5.1.15)

18While it is possible that we reach a local minimum with V # 0, this dose not happen in our cases.
9Here, we fix the ratio of X, to M.
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Figure 5.1: The 64 eigenvalues «,, (p = 1,..., Nx) of Xy in ascending order are plotted
against the indices p in the typical solution for Nx = 64.

when we obtain the solution satisfying (5.1.9) — (5.1.13). In most of the cases in which &
and ¢ do not converge to the above range, we obtain the solutions not satisfying (5.1.9) —
(5.1.13) or V decreases slowly or even never goes down so that solutions are quite hard to
be obtained.

5.2 Space-time structure in the (3+1) dimensions

Using the method which we explained in the previous section, we solve the classical equa-
tions of motion. Staring with different initial conditions, we obtain many solutions sat-
isfying (5.1.9) — (5.1.13) for the matrix sizes Nx = Ny = 32,48,64%°. We obtain twelve
classical solutions for each Ny, which have some common features. In this paper, we de-
note a set of such solutions by §. In the following sections except the last part of section
5.2.5, we focus on a typical classical solution with Nx = Ny = 64 belonging to S in order

to show the common features.

5.2.1 Band-diagonal structure

The structure of the (3+1)-dimensional space-time is represented by the matrices X,.
Using the SU(NV) symmetry (2.3.4) withid = U® 1y, ,U € SU(Nx), we can choose a basis

20Note that we also find classical solutions which do not satisfy (5.1.9) — (5.1.13).
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Figure 5.2: We plot A, in the typical solution for Nx = 64. The height of each grid point
(p, q) represents the value of A,,.

in which X, is diagonal such that its eigenvalues are arranged in ascending order. In Fig.
5.1, we show the 64 eigenvalues o, (p = 1,2,..., Nx) of X for the solution. We expect
to define a continuous time in the Nx — oo limit because almost all of c,, are uniformly
distributed.

Moreover, we define the following quantity

: (5.2.1)

which tells us how the elements of X; are distributed in this basis, and plot A,, for the
solution in Fig. 5.2. We see that the spatial components X; are band-diagonal, which
means that |[X;],,| are large for |p —g| < n— 1, while very small for |p —¢| > n. Here, n is
an integer which represents the size of the band. The band-diagonal structure guarantees
locality of time, which enables us to derive time evolution as in the next section.

The almost uniform distribution of o, and the band-diagonal structure are common for
the solutions in S, and also possessed by the dominant configurations of X; in the numerical
simulation. Note that the band-diagonal structure can be interpreted as deviation from a
diagonal matrix due to &, ¢ # 0 (See footnote 17.).

5.2.2 Time evolution

Here, we discuss the time evolution. From the diagonalized matrix X, and the band-

diagonal matrices X;, we can define the time evolution as follows.
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We determine the band size n so that a collection of the elements {[X;],, | [p—¢| < n—1}
can include non-negligible elements in the band structure. The details of the determination
are explained in appendix E, where the block size for the typical solution is determined as
n = 10. We define n x n blocks X;(k) with £ =0,1,..., Nx — n as follows:

(Xik)] = Xilpipnrs (PG=1,2,...,n). (5.2.2)

rq

These Nx —n + 1 matrices are labeled by a variable ¢ which is defined as the average of

the n eigenvalues of Xy within the k-th n x n block:
1 n
t=t(k) = ﬁzlakﬂ;. (5.2.3)
p:

Here, o, is a series of the eigenvalues of Xy in ascending order. Thus, £(k) is monotonically

(strictly) increasing:
ap<a<---<ay, = t0)<t(l)<---<t(Nx—n). (5.2.4)

It is naturally considered that the m x n matrices X;(t) = X;(k) represent the space
structure at the time t. We can extract some information of the time evolution of the
3-dimensional space from X;(t). The solutions in S share common properties of the time

evolution shown in the following sections.

5.2.3 Extent of space

One of important quantities of the time evolution is the extent of space, which represents
the scale of the 3-dimensional space at the time ¢. For a given configuration X;, the extent

of space at t is defined by

R (1) =~ ot (X K1) (5.2.5)

Here, we note that ‘tr’ denotes the trace over an n x n matrix. In Fig. 5.3, we plot R*(t) for
the typical solution given in section 5.2.1. From the plot of R%(¢), one can find shrinking
and expanding behavior, which reflects the time-reversal symmetry of the model. Note
that this behavior is common for the solutions in §. We identify the minimum point of
R?(t) as the beginning of the time evolution of universe, and regard the time evolution of
our universe at t > 0 regime. Namely, the beginning and the end of expansion of R?(t)

corresponds to the earliest time and the latest time, respectively.
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Figure 5.3: The extent of space R?(t) is plotted against ¢ in the typical solution for Nx = 64.

It is time-reversal symmetric. We find that the space is expanding in the ¢ > 0 region.
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Figure 5.4: The eigenvalues of T;;(t) (i,7 = 1,2,3) denoted by \;(t) are plotted against
t in the typical solution for Nx = 64. Inverted triangles, circles, and triangles represent
A1(t), Aa(t), and A3(t), respectively.
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5.2.4 Moment of inertia tensor

Next, we define a 3 x 3 (positive definite) real symmetric tensor
1 _ _
Ty (t) = —tr (X, (t) X; (1)) - (5.2.6)
n
This is an analog of the moment of inertia tensor, and represents how the space extends

in 3 dimensions. Each eigenvalue is the extent of space for each of three directions. Note

that R*(t) is equivalent to the sum of the diagonal elements Tj;(t):

R*(t) =) Tult) . (5.2.7)

If our solution represents the present universe, SO(3) symmetry should be preserved. If the
three eigenvalues are equivalent, the configuration represents an SO(3) symmetric space.
In Fig. 5.4, three eigenvalues of T};(t), which are denoted \;(t) arranged in ascending
order A\;(t) < Aa(t) < As(t), for the typical solution are plotted. The behavior of Tj;(t) is
time-reversal symmetric as R%(t) is. Note that this is also common for the solutions in S.
We find from Fig. 5.4 that the 3-dimensional space represented by the typical solution is
SO(3) symmetric except at late time. The breaking of the SO(3) can be caused by a finite
size effect. In other words, Nx must be larger enough to fully keep SO(3) symmetry of
the model. We actually confirm that the symmetry is expected to recover in the large-Nx

limit.

5.2.5 Structure of the 3-dimensional space

We are interested in the structure of the 3-dimensional space described by the classical

solutions. In order to see it, we define the following n x n matrix Q(t):

Q) = ZXz' (t) X (t) - (5.2.8)

Since the eigenvalues of X;(¢) correspond to the spatial coordinates, the eigenvalues g;(t)
of Q(t) give the squared radial coordinates. In other words, the eigenvalues ¢;(t) represent
the distribution in the radial direction of the points which describe the 3-dimensional space.

Note that R%(t) is the average of the n eigenvalues:
R =tu0n=2Y 60 . (5.2.9)
n n b

The eigenvalues of Q(t) for the typical solution are plotted in Fig. 5.5. Since n = 10 for
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eigenvalues of Q(t)

Figure 5.5: The 10 eigenvalues of Q(t) are plotted against ¢ in the typical solution for

Nx = 64 whose block size is n = 10. All of the eigenvalues are growing almost uniformly.

the solution, there are ten lines corresponding to the ten eigenvalues gz(t) at each time.
We find that all of the eigenvalues are growing and spreading almost uniformly. It means
that the radial direction of the 3-dimensional space is uniformly expanding. This behavior

is common for the solutions in S.

5.3 Emergence of Dirac zero modes in the 6 dimen-
sions

In this section, we discuss how chiral zero modes appear from the type IIB matrix model.
A general discussion on the Dirac equation implies that it is necessary to have zero modes
in the 6-dimensional Dirac operator. In fact, we show that the block-diagonal structure
(5.1.14) of the typical solutions can be regarded as the emergence of intersecting D-branes.
Indeed we find that zero modes appear in the limit where the matrix size goes to infinity

if the dimensionality of the branes is chosen appropriately.

5.3.1 The 6-dimensional Dirac equation

From the fermionic action (2.3.3) of the type IIB matrix model, one obtains the 10-

dimensional Dirac equation
M [Ay, ¥ =0, (5.3.1)
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where ¥ satisfies the Weyl condition with the chirality operator in 10 dimensions I',:
W =40, (5.3.2)

Here, we decompose the 10-dimensional Gamma matrices I'M into the 4-dimensional ones

p* and the 6-dimensional ones v*:
M=pely, I=p 9", (5.3.3)
and the chirality operator I'y is also decomposed as
Dy = ®s (5.3.4)

where p, and -, are the chirality operators in 4 and 6 dimensions, respectively.

We require ¥ to be chiral in 4 dimensions:
(py ®1g) U =£V . (5.3.5)
Due to the chirality (5.3.2) in 10 dimensions, (5.3.5) implies
(1, ®7v,) UV =+x0. (5.3.6)

Namely, ¥ is chiral also in six dimensions. Let us next decompose (5.3.1) into two terms
as
I'H[A, U] +T°[A,, V] =0. (5.3.7)

Note that the first term and the second term have opposite chirality in 4-dimensions as
well as in 6-dimensions, which implies that each term has to vanish separately. Thus, in
order to obtain chiral fermions in 4 dimensions, we need to have Dirac zero modes in six
dimensions:

I*[A,, 0] =0. (5.3.8)

Let us now consider that A, is a classical solution with the quasi direct-product struc-
ture (5.1.3). Since A, = 1 ®Y,, the general solution to (5.3.8) can be obtained by decom-
posing ¥ as

T = D) @ 6D (5.3.9)

where the 4-dimensional and 6-dimensional gamma matrices act only on 1“9 and 6,

respectively. Thus, in order to satisfy (5.3.8), we only need to require

Y Yo, V] =0, D = £ (5.3.10)
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5.3.2 Dirac zero modes

If Y, are block-diagonal, it is expected from the following picture that zero modes, namely,
solutions to the first equation in (5.3.10) arise from off-diagonal blocks. Here, we note that
zero modes in 6 dimensions yield Dirac zero modes in 4 dimensions. Diagonal blocks of
Y, correspond to D-branes, and these D-branes can intersect each other. Open strings are
stretched between intersecting D-branes. At an intersecting point, the string whose length
is zero corresponds to the Dirac zero mode. The off-diagonal block of 1/(6Y corresponds to
those open strings.

Assuming that Y, have the block-diagonal structure, we solve (5.1.13) for each block
of Y, with a common (. In the following analysis, we set ( = 1 without loss of generality.
We concentrate on two of the diagonal blocks of Y, and the off-diagonal block of ®V:

v

w(Gd):< 90) , (5.3.12)

where the sizes of Y. and Y,? are Nﬁ(/l) and Nx(f), respectively. Then, we solve the following

eigenvalue problem:
ves Y05 — 057, P] = Apa (5.3.13)

where ¢, (o = 1,...,8) are eigenvectors, and eigenvalue A corresponds to a mass in the
(34+1) dimensions. If X is eigenvalue of ¢,, —\ is also eigenvalue of ¢, from the second
equation in (5.3.10). Here, note that A = 0 corresponds to a Dirac zero mode. In order to
see the picture of intersecting D-branes, we consider wave functions. ¢, obtained in our

numerical calculation contains the left-handed and the right-handed ones, so we extract

PLa and PRa-
L = D
2 a Ra 2 a -

Here, we choose U’ = 1y, ® U’ with U’ € SU(Ny) as U in (2.3.4) such that SU(N)

transformation preserves the quasi-direct-product structure (5.1.3). Then, M, Y, and

PLa (5.3.14)

w&ﬁd) are transformed as follows:
M =vMU", v =U0YU", % =yyplyt. (5.3.15)

In particular, by restricting U’ to

U’ oo
U = (5.3.16)
0 V"
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with U” € SU(NX(/I)) and V" € SU(NX(/Q)), which keeps the structure (5.3.11), we transform

the wave functions corresponding to the Dirac operator as
Ora = U0tV opa > UpraV"T (5.3.17)

In the following sections, we use this transformation in order to see whether the wave

function is localized.

5.3.3 Solving the Dirac equation in numerical calculation

We see from the statement below (5.3.13) that for each eigenvalue in (5.3.13) there is
another eigenvalue with the same magnitude and the different sign. In this section, we
concentrate on the lowest and the second lowest eigenvalues among (8]\@&1)]\/3(,2 ) /2) positive
eigenvalues?!. From the picture of the intersecting D-branes, we expect the emergence of
Dirac zero modes when the two branes intersect at a point. This requires generically that
the dimensionality of the branes adds up to 6. If the sum of the dimensionality is less than
6, the two branes do not intersect, and if the sum is more than 6, the two branes intersect
but not at a point. In order to specify the dimensionality of the brane, say to d, we set
6 — d components of Y, to zero. In the following, we replace a = 4,...,9 witha =1,...,6.
3d and 4d solutions are generated numerically with the algorithm described in section
5.1. On the other hand, the 2d solutions can be constructed analytically as follows. By

putting
[Yf”,yf)} —iZ, (5.3.18)

we reduce (5.1.13) with ¢ =1 to
[YQ(”,Z} =iy [Z, Yf”} =iV . (5.3.19)

Here, (5.3.18) and (5.3.19) imply that YA and Z are generators of the SU(2) algebra
Li (i=1,2,3):
yWW=r,, YW=1L,, Z=L;. (5.3.20)

) without loss of generality

We use the irreducible representation for configurations of v
because we can obtain spectra with the reducible representation from summation of those
with the irreducible representations. The above construction suggests that the 2d brane is

something like a “fuzzy disk”, which can be obtained by projecting a fuzzy sphere onto a

2INote that ¢, is the element of (8N1(,1)N)(,2))—dimensional vector space and here we count the number

of the eigenvalues including the degeneracy.
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plane. More precisely, it should be regarded as two coinciding fuzzy disks corresponding
to the two hemispheres of the fuzzy sphere.

We solve (5.3.13) for Y, obtained numerically in this section. Except in the cases where
2d solutions are used, we obtain 4 solutions for each block, so we examine 4 x 4 = 16 cases.
In the cases where 2d solutions are used, we also examine 16 cases, which are given by one
solution for Y\ and 16 solutions for Y?. For simplicity, we set N,(,l) = N‘(/Z) except in the

2d-4d ansatz.

3d-3d ansatz

We further make the following ansatz for YY and Y, ?. 3-dimensional manifolds intersect

at a point in the 6-dimensional space, so we use 3d-3d ansatz, which implies that

vV, vl A0, vV 20, vV =vV =y =0, (5.3.21)
Y1(2) _ Y2(2) _ Y3(2) =0, Y4(2) £0, Y5(2) £0, YG(Q) £0 . (5.3.22)

Since there is the ambiguity of the scale (or normalization), we take the ratio of the
average of the lowest eigenvalues, which are denoted by g, to that of the second lowest
ones, which are denoted by pu;, for each Ng) in order to fix this ambiguity. In Fig.
5.6, we plot the ratios against 1 /N}(,l), and fit them to the quadratic function of 1 /Ni(,l),
s+ t/Nx(,l) + u/(N)(,l))2 with s = —0.04(7), t = 39(6), and u = —5(1) x 10%. The constant
term, s, converges to 0 in the Ni(/l) — oo limit within error. Therefore, we can obtain Dirac
zero modes in the Ni(/l) — 00 limit.

Next, we consider the wave function corresponding to the lowest eigenvalue for one of

the 16 cases with Ni(/l) = 64. Here, we choose U” and V" in (5.3.17) such that
or > U op V" (5.3.23)

becomes the singular value decomposition (SVD). Namely, ¢gr; is a diagonal matrix,
where the diagonal elements are the singular values. In Fig. 5.7, we plot |(¢r1)p,|? and
[(p15)pel® (g = 1,...,N)(,1)). The wave functions are localized at the (1,1) element,
while other wave functions take almost 0. This is consistent with the picture that the
right-handed zero mode is localized at a point where D-branes intersect.

2d-4d ansatz

We make 2d-4d ansatz in which Y.") and Y{? take the following configurations:
Y'l(l) =1, Y'Q(l) =Ly, Y‘g(l) _ Y:L(l) _ Y'S(l) _ }/'6(1) =0, (5.3.24)
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Figure 5.6: po/p; for NS(}) = 32, 40, 48, 56, and 64 in the 3d-3d ansatz are plotted against
1/N)(,1). The dashed curve is a fit of ratios to s + t/N}(,l) + u/(N)(,l))2 with s = —0.04(7),
t = 34(6), and u = —5(1) x 102
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Figure 5.7: [(¢r1)pgl® and |(¢rs)pel® (p,a=1,..., Nx(/l)) for Ni(,l) = 64 in the 3d-3d ansatz

are plotted. The (1, 1) element of them is non-zero and the other elements are almost zero.

For other a;, all the elements are almost zero.
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Figure 5.8: 11o/p1 for N = 24, 28, 32, and 36 with N2 = (N{")2/16 in the 2d-4d ansatz
are plotted against l/Ni(,l). The dashed curve is a fit of ratios to s + t/N)(,U + u/(N)(/l))2
with s = —0.01(16), t = 13(9), and v = —1.3(1.3) x 102

M= =0 Y7 £0, Y7 #0, v #0, Y5 #0. (5.3.25)

For Yi?, we generate sixteen solutions obtained?? with N§,2) = (]\f}(,l))2 /16.

In the present case, the eigenvalues turn out to have two-fold degeneracy, which may
be understood from the fact that the 2d brane is actually something like two coinciding
fuzzy disks (see, (5.3.20) and the lines below.). We take the ratio between the average of
the 32 lowest eigenvalues and that of the 32 second lowest ones. In Fig. 5.8, we plot the
ratios against 1/N3(/1) for Ni(/l) = 24, 28, 32, and 36. We see that ratio converge to 0 when
NS) increases. Therefore, we can obtain Dirac zero modes in this ansatz.

We again consider the wave function corresponding to one of the 2 lowest eigenvalues??
for one of the 16 cases with Ni(/l) = 64. Here, we choose U” and V" in (5.3.17) such that
(5.3.23) becomes the SVD. In Fig. 5.9, we plot |(¢Rra)pl?. For a = 1, some elements
are non-zero and other elements are almost zero. For other «, all the elements are non-
zero. We also plot |[(¢La)pg|®- For @ = 5, some elements are non-zero and other elements
are almost zero. For other «, all the elements are non-zero. |(pr1)pgl® and |(¢prs)p|* are

almost localized at the (1,1) element. These results are consistent with the picture that

22The chosen matrix size Ng} ) for the 4d brane is motivated from the fact that the degrees of freedom

on a lattice with a linear extent L grow as L? and L* for 2d and 4d cases, respectively. The factor of 1/16

in N}(,Q) = (N}(,l))2 /16 is introduced to avoid having too large N§,2) to perform explicit calculations.
23The situation with the other lowest eigenvalue is qualitatively the same. The same comment applies

also to the case with the 2d-3d ansatz below.
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Figure 5.9: |(¢r1)pel? and |(¢rs)pl* 0 =1,..., N)(/l), g=1,... ,NX(E)) for Ni(/l) = 36 in the

? and | (1),
non-zero and the other elements are almost zero. For other «, all the elements are almost

2d-4d ansatz are plotted. For |(pr1) (p,p) elements (p is less than 10) are

Z€ero.

the left-handed and right-handed zero modes appear from the intersecting D-branes.

3d-4d ansatz

We make 3d-4d ansatz in which Y.") and Y{? take the following configurations:

YO 20, v 20, vV 40, vV =y =vV =0, (5.3.26)
W=y =0 v 40, P 40, P £0, YT £0. (5.3.27)

We again obtain a lowest eigenvalue and a second lowest one in each of the 16 cases.
For each Ni(/l), we take the ratio between the average of the 16 lowest eigenvalues and that
of the 16 second lowest ones. In Fig. 5.10, we plot the ratios against 1/N,(/1) for NS) = 32,
48, and 64. They do not converge to 0 in the NS) — oo limit, so we cannot obtain Dirac
zero modes in this ansatz. We again consider the wave function corresponding to the lowest
eigenvalue for one of the 16 cases with Ni(,l) = 64. Here, we choose U” and V" in (5.3.17)
such that (5.3.23) becomes the SVD.

In Fig. 5.11, we plot |(¢r1)pe|? and |(¢rs)pel?. We find that the wave functions are not
localized but have a long tail along the diagonal line. These results are consistent with the
picture that the intersection does not occur at a point. The zero modes do not appear,
and the wave functions corresponding to the lowest eigenvalue do not localize. Similar

behaviors are observed for the 4d-4d ansatz.
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Figure 5.10: p/py for Ni(,l) = 32, 48, and 64 in the 3d-4d ansatz are plotted against 1/N5(/1).
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Figure 5.11: |(pr1)pq|* and |(o15)p|* (p,q =1, ..., Ni(,l)) for Nx(,l) = 64 in the 3d-4d ansatz
are plotted. A lot of diagonal elements of them are non-zero and the other elements are

almost zero. For other «, all the elements are almost zero.
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Figure 5.12: po/py for N)(,l) = 32, 48, and 64 in the 2d-3d ansatz are plotted against 1/N3(,1).

2d-3d ansatz

We make 2d-3d ansatz in which Y,") and Y.? take the following configurations:

v 20, vV 20, vV =y =y =y® o0, (5.3.28)
Y1(2) _ Y2(2) _ Y;}(Q) -0, Y4(2) £0, Y::’(?) £0 YG(Q) £0 . (5.3.29)

We obtain 2 lowest eigenvalues and 2 second lowest ones in each of the 16 cases as
in the 2d-4d ansatz. We take the ratio between the average of the 32 lowest eigenvalues
and that of the 32 second lowest ones. In Fig. 5.12, we plot the ratios against 1 /NS(/l) for
NS) = 32, 48, and 64. we see that they do not converge to 0 in the Nf,l) — oo limit, so
that we cannot obtain Dirac zero modes in this ansatz.

We consider the wave function corresponding to one of the 2 lowest eigenvalues for one
of the 16 cases with N}(}) = 64. Here, we choose U” and V" in (5.3.17) such that (5.3.23)
becomes the SVD. In Fig. 5.13, we plot |(¢ra)pe|>. For @ = 1,2, the (1,1) element is non-
zero and the other elements are almost zero. For a = 5,6, the (1,2) element is non-zero
and the other elements are almost zero. For other «, all the elements are almost zero. We
also plot |(Yra)pg|*. For a = 1,2, the (1,2) element is non-zero and the other elements are
almost zero. For v = 5,6, the (1, 1) element is non-zero and the other elements are almost
zero. For other «, all the elements are almost zero. Therefore, in this ansatz, we cannot

see the picture that D-branes intersect.
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Figure 5.13: |(¢ra)pel? and |(¢ra)pl? (a =1,2,5,6, p,g=1,... ,Ni(/l)) for N‘f,l) = 64 in the
2d-3d ansatz are plotted. For |(pra)|? with a = 1,2, the (1, 1) element is non-zero and the
other elements are almost zero. For |(pr,)|* with a = 5,6, the (1,2) element is non-zero
and the other elements are almost zero. For other «, all the elements are almost zero. For
|(¢ra)|? with o = 1,2, the (1,2) element is non-zero and the other elements are almost
zero. For |(pra)|* with a = 5,6, the (1,1) element is non-zero and the other elements are

almost zero. For other «, all the elements are almost zero.
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Chapter 6
Conclusion and outlook

In this thesis, we have studied the three topics concerning space-times emerging from matrix
models. We have seen the mechanism of emergence of space-times from the matrix models
and properties of those emergent space-times in order to establish matrix models completely
as non-perturbative formulations of superstring theory. In the following, we summarize the
three topics studied in this thesis and show their outlook. Then, we conclude this thesis

comprehensively and show a perspective of our studies.

Renormalization in a scalar filed theory on the fuzzy sphere

In chapter 3, we studied renormalization in a scalar filed theory on the fuzzy sphere by
Monte Carlo simulation. We identified the Berezin symbol constructed from the Bloch
coherent state as the field. It was shown that the 2-point and 4-point correlation functions
are made independent of the UV cutoff, or the matrix size up to the wave function renor-
malization by tuning the mass parameter or the coupling constant. This strongly suggests
that the theory is renormalizable non-perturbatively in the ordinary sense and that the
theory is universal up to a parameter fine-tuning.

We also examined the 2-point and 4-point correlation functions on the phase boundary
beyond which the Z; symmetry is spontaneously broken. We found that the 2-point and 4-
point correlation functions at different points on the boundary agree up to the wave function
renormalization. This implies that the critical theory is universal, which is consistent with
the above universality in the disordered phase, because the phase boundary is obtained
by a parameter fine-tuning. Furthermore, it was observed that the 2-point correlation
functions behave as those in a CF'T at short distances and deviate universally from those
at long distances. The latter is considered to be due to the UV/IR anomaly.

The CFT observed at short distances seems to be different from the critical Ising model
(the scaling dimension of the spin operator A = 0.125), because the value of u in (3.3.8)
disagrees with 2A. This suggests that the universality classes of the scalar field theory on
the fuzzy sphere totally differs from those of an ordinary field theory?*.

24Tt should be noted that the scaling dimension we obtained, A ~ 0.075 = 3/40, coincides with that of
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Indeed, it was reported in [15-19] that there exists a novel phase in the theory on the
fuzzy sphere which is called the non-uniformly ordered phase, or the stripe phase [82,83].
We hope to elucidate the universality classes by studying renormalization in the whole

phase diagram.

The large-N volume independence on group manifolds

In chapter 4, we showed that a theory on a group manifold G is equivalent to the cor-
responding theory on G/H with H a subgroup of G in the large-N limit. The degrees
of freedom on G are retrieved by the degrees of freedom of matrices in a consistent way
with the dimensional reduction to G/H. An advantage of reduction to G/H with a finite
volume compared to reduction to a matrix model is that one does not need to introduce k
multiplicity and take the k — oo limit to extract only planar contribution as in the latter
case [35,36], since the UV cutoff V’/v' plays the role of extracting planar contribution.
While we showed the equivalence perturbatively, we can show it non-perturbatively based
on the continuum Schwinger-Dyson equations as in [41], by assuming the stability of the
background, which is a counterpart of the center symmetry.

An interesting application of the large- N equivalence in dimensional reduction on group
manifolds is that the SU(2]4) symmetric gauge theory on R x S? is equivalent to N = 4
super Yang-Mills theory on R x S? in the large-N limit. (For another large-N equivalence
between these two theories, see [37,84].) Both of the theories have gravity duals, so that
the above equivalence would be seen on the gravity side. It is interesting to search for

gravity duals of other large-N equivalences in dimensional reduction [85-89].

Classical solutions in the Lorentzian type IIB matrix model

In chapter 5, we solved classical equations of motion of the type IIB matrix model numer-
ically because the classical approximation is expected to be valid since the action becomes
large due to the cosmic expansion. We obtained classical solutions by assuming a quasi-
direct-product structure (5.1.3). This structure is compatible with SO(3,1) symmetry, and
favors a block-diagonal structure which can yield D-branes intersecting in extra dimen-
sions. We examined a space-time structure in (3+1) dimensions and Dirac zero modes in
extra dimensions.

First, we focused on the (3+1)-dimensional space-time structure, which is represented
by X, in (5.1.3). When X, is diagonalized, X; become band-diagonal, which ensures
the locality of the time. We defined the time ¢ from eigenvalues of X, to derive the

the spin operator in the tricritical Ising model which is the (4,5) unitary minimal model.
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time evolution of the space. Then, we found that the 3-dimensional space obtained in our
solutions is smooth and SO(3) symmetry is respected at almost all of late time®®. Breaking
of the SO(3) symmetry at the last regime is considered to be a finite matrix size effect,
so it is expected to be disappeared in the Nx — oo limit. In [61], it was shown that
the space-time structure is singular one which is represented by the Pauli matrices. This
is attributed to approximation used in the simulation. From the results in [62] obtained
by using the complex Langevin method, it is conjectured that the smooth space-time is
obtained in the N — oo limit. Our results strongly support this conjecture.

Next, we examined Dirac zero modes in extra dimensions numerically by focusing on
the structure in the extra dimensions. For simplicity, we concentrated on two of the blocks
of Y, in (5.1.3); Y and Y%, We further made ansatz for Y\ and Y.* in numerical
solutions. In the 3d-3d and 2d-4d ansatz, we found solutions that give Dirac zero modes in
the NX(,I) — oo limit. We fitted the ratios of the average of the lowest eigenvalues to that
of the second lowest ones to the quadratic function in 1 /NX(}), and found that the ratio
converges to 0 within error in the Ni(/l) — oo limit. We also found that the wave functions
corresponding to the lowest eigenvalues are localized at a point, which is consistent with
the picture of intersecting D-branes. In other ansatz, we did not obtain Dirac zero modes
and localized wave functions. What is important is that Dirac zero modes were obtained
as solutions of classical equations of motion of the type IIB matrix model. In previous
studies [69,71,73,79], matrix configurations in extra dimensions are given by hand.

It is important to obtain solutions with larger Nx and see whether 3-dimensional space
is completely uniform and SO(3) symmetric. Furthermore, from a viewpoint of cosmology,
we would like to see whether the 3-dimensional space obtained in such solutions expands
obeying a power low. We would also like to identify Higgs modes in the spectra of fluctua-
tion of Y,, and determine the Yukawa coupling from the overlap of wave functions between
Dirac zero modes and Higgs modes. By using the information of the Yukawa coupling and
the renormalization group, we see whether chiral fermions are obtained at the low energy

in (34+1) dimensions.

Conclusion and perspective

Throughout this thesis, we studied a mechanism of emergence of space-times from matrix
models and properties of those emergent space-times. We showed that it is possible that
field theories on non-commutative spaces describe the real world because renormalization

is performed as in the ordinary field theories. We drew a lesson on the emergence of the

25In [90], the emergence of 3-dimensional space obtained in our study was checked by using the same

model.
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curved space-times from the large- N volume independence on group manifolds. We took a
first step to verify a conjecture that the type IIB matrix model describes the real world by
showing that one can obtain classical solutions which give rise to the (3+1)-dimensional
expanding space-time and Dirac zero modes. It is expected that insights on field theories
on non-commutative spaces and the curve space-times in matrix models can be used to
verify the conjecture.

Superstring theory has not been established completely, and there remain a lot of
aspects to be understood. In this thesis, we tried to understand some aspects through
matrix models. We would like to not only develop the above studies but also study other
aspects by using insights gained in this thesis. In particular, we would like to continue to
study the type IIB matrix model. We hope to establish that superstring theory is indeed
the unified theory including quantum gravity by obtaining both the Big-Bang universe and
the Standard Model from the matrix model.
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Appendix A

Bloch coherent state and Berezin

symbol

In this appendix, we summarize the basic properties of the Bloch coherent state [76] and
the Berezin symbol [75].

The highest weight state |jj)® is considered to correspond to the north pole (see, Fig.

126
A.1). Thus, the state |Q2) that corresponds to a point Q = (0, ¢) is obtained by acting a

rotation operator on |jj):
|Q> _ eiG(SingaLl—COSgoLz) |j]> . (AOl)

(A.0.1) implies that
niLi[Q) = j18) (A.0.2)

where 77 = (sin 0 cos ¢, sin @ sin ¢, cos ). It is easy to show from (A.0.2) that |2) minimizes
> (AL;)? with (AL;)? being the standard deviation of L;.
It is convenient to introduce the stereographic projection, z = Rtan gew. Then, (A.0.1)
is rewritten as
|Q> — ¢?L-/Ro—Ls 1og(1+|z/R|2)€—2L+/R |jj> (A.0.3)

Y

which gives an explicit form of |Q2) as

- 1/2 , .
J 24 J+r -r
1) = Z <j —ir) (cos g) (sin g) eU=e gy (A.0.4)

m=—j

By using (A.0.4), one can easily show the following relations:

P R TR
<Ql|§22> = {COS 5 €08 5 +e sin - sin : (A.0.5)
0
(21 |Q2)] = (cos g) " with X = arccos(; - 7i3) , (A.0.6)
ds2
(27 + 1)/E Q=1 (A.0.7)

26|57) are standard basis in (2.1.41).

75



Figure A.1: Bloch coherent state.

(A.0.6) implies that the width of the Bloch coherent state is R/+/j for large j.
Denoting the Bloch coherent state |2) by |z), we rewrite (A.0.4) and (A.0.7) as

() £ (1) @ o

r=—j
27 +1 2/ d’z
AR | ———=5 =1 A.0.9

respectively.

The Berezin symbol for a matrix ® with the matrix size 25 + 1 is defined by
fo(Q) = fa(z,2) = (Q|@|Q) = (z]|®]z) . (A.0.10)
By using (A.0.4), it is easy to show that
fir.a1 () = Life(Q) . (A.0.11)

(A.0.7) implies that

1

dQ
(@) = / The(9). (A.0.12)

The definition of the star product for ® and @’ is
fox for(Q) = fo* for(z,2) = (Q@P|Q) = (2|2P'|2) . (A.0.13)

Here let us consider a quantity

(A.0.14)



which is holomorphic in z and anti-holomorphic in w. Then, one can deform this quantity

as follows:
(wl0]) s (w]o]:+ w)
(wlz) (w]z + w)
(wlw)
= e_w%eZ%(wkﬂw)
= e_w%eza%ﬁp(w,w) : (A.0.15)
Similarly, one obtains
(z|Plw) 5o co _
= ¢ Yoz e*ow f,b(w,w) . (A016)
(z]w)

By using (A.0.9), (A.0.15) and (A.0.16), one can express the star product as

f‘P * f‘P’(wv w)
= (W] 0P |w)

2l [ e () ),
S e T AT (IE)

_ 2] + 1 2 dQZ —wl 22 - —w
= /(1+]z/R\2)2 (7 e fo(w,w) ) (e

So

¢35 for(w,w) ) [{w]2)?
(A.0.17)

which indicates that the star product is non-commutative and non-local. Furthermore, one

can easily show that in the j — oo limit

2j+1  AR?

wiz ’ ( £—-w). V.

This implies that the star product coincides with the ordinary product in the j — oo limit.
Namely,

fo * for(w, W) = fo(w,w)fo (w, W) (A.0.19)

or
fox for(Q) = fo(Q) for (Q) . (A.0.20)
We see from (A.0.11), (A.0.12) and (A.0.20) that the theory (3.1.1) reduces to the one
(3.1.3) in the N — oo limit at the classical level if one identifies fo(€2) with ¢(£2). However,
the authors of [13,14] showed that the 1-loop effective action in (3.1.1) differs from that in
(3.1.3) by finite and non-local terms since the UV cutoff N is kept finite in calculating loop

corrections. This phenomenon is sometimes called the UV /IR anomaly, which is explained

in Appendix B.
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Appendix B

UV /IR anomaly

There is no UV/IR mixing in a field theory on the fuzzy sphere. However, there exist

finite differences between a theory on the fuzzy sphere and the corresponding theory on an

ordinary sphere at the quantum level even in a continuum and commutative limit. These

differences are the UV/IR anomaly [13]. In this appendix, we briefly review it.

il

From (2.1.60), ® is expanded in terms of the fuzzy spherical harmonics Y,

27 l
O=3"3" Vi b= (1"

=0 m=—1

n-point correlation functions are given by

_S Z7
/ DS gy e Gy

<¢l1m1 T ¢lnmn> = 9
\/‘D(Pe_sfuzzy
and in particular 2-point correlation functions take the form
1
m by =(—=1)" mPU —m! —) /(Smm/.
(Drm®pr ) = (=1)" (Grm v —r) = TS A
The vertex in the ¢* theory is given by
Brymy ++* PramaV (I, ma; 5 la,my)
where
A ol + 1
V(ll,ml§ cee l4,m4) - 1(2] + 1) l1+l2+l3+l4 H 2l +1 zz; Zl
" Ll 1 ls Uy l Il 1
mp M2 M mg MMy —M JoJ

*
is symmetric under cyclic permutations of (I;, m;). Here, (
x %
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(B.0.1)

(B.0.2)

(B.0.3)
(B.0.4)
™20+ 1)

o)

(B.0.5)

*> denotes 37 symbol.



Using (B.0.3), we calculate counter part of Fig. 2.1 and Fig. 2.2. The planar contribu-
L
tion (F(2) ) is

planar
@ Y 9rs6 m P
planar - - NG m7—m’(_1) I 5 (B06)
T 9K 41
r=Y" ~logj+0(1) . (B.0.7)
2
= KK +1)+p

I? exactly agrees with the corresponding term on the classical sphere in the j — oo limit.

1l
A (2) A
The non-planar contribution (Fnon_planar . is

2) W m NP
Fnon—plamar - - Aé‘l,l’ém,—m’(_l) I s (BOS)
27 . ..
(2K +1)(2 1 {
NP — } :(_1)Z+K+2j( +1)(27 + 2) J J ' (B.0.9)
K=o KK+1)+p |j j K

We rewrite INY as follows:

29 . .
2K +1 ! o 7 7 1
, = (=1)FTEF2(25 +1 . B.0.10
= Rmrp el fe=CUTE >{HK} (B.0.10)

For [ = 0, the planar contribution in the 2-point functions agree with the non-planar ones
since fr =1 (0 < K <2j). Forl =1,

K(K+1)
=1—- — B.0.11
and then we obtain
2
1 K(K+1)2K +1)
NP =7 . B.0.12
2]'(]'+1)KZ K(K+1)+ p? ( )

Summation with respect to K in the second term of RHS in (B.0.12) diverges j2, but
thanks to 1/2j(j+1), this term becomes finite. This implies that these is no IR singularity
in the non-planar contribution unlike in the case of the non-commutative plane.

For general [, we evaluate the non-planar contribution by using the approximation for

i _1)H2+K K2
S ~ LPZ 1—— (B.0.13)
i j K 2 257

with [ < j and 0 < K < 2j. Here, Pj(z) is the Legendre polynomial?’. Then, we obtain

the 65 symbol:

27 . .
2K +1 Lo g g 1
INP - IP _ -1 I+ K+2j 2 4 1 -1
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27
2K +1 K2
Pl1— —1] . B.0.14
Z K+1+u[( 212) } (B.0-14)

K=0

Because Pj(1) =1 for all [, only K > 1 contributes, and the summation is approximated

by the integral:

2 2u + 1 2 P(t) —1 1
NP—J* %/ du s [Pl (1 — “—) — 1} :/ dtLJrO (-) (B.0.15)
0 24Uy (H) 2 o It J
J J

with change of variables 1 — u?/2 =t and u < j. One can show

R() 1
dt — = —2h(l B.0.1

where A(l) is the harmonic number and h(0) = 0. A(l) is finite for small I, while h(l) ~ log!

for large [. Therefore, the 1-loop effective action is obtained as follows:

1 1 , " 1
Stioop = TR (§q> [cm —2)\h (A)} c1>) +0 (5> , (B.0.17)
where
I 2K +1
- § : B.0.1
6p” = 3A K(K + 1) + 12 (5.0-18)

is the renormalized mass squared and A is the function of the Laplacian whose eigenvalues
are [ on ffl[fn] Thus, it turns out that a non-commutative effect is analytic in 1/j. This is
a non-trivial finite quantum effect and has an /-dependence.

A field theory in the commutative limit is defined in the 7 — oo limit with fixed R, A,
and p2. In this limit, the 1-loop effective action on the fuzzy sphere differs from that on

the commutative sphere by amount

@ A

anomaly — 2] 41

Tr [cph(A)cp] . (B.0.19)

This is non-local due to h(l) = log! for large I. This effect does not appear in an ordinary
field theory, and is called the UV/IR anomaly.
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Appendix C

3nj symbol

In this appendix, we present concrete expressions for the 3j and the 65 symbols [91].

The Clebsch-Gordan coefficient is represented as

P / l l U
Cll1 ;nle —my (_1)llil2im \/m ( ' ’ />

mip —M9 MM

in terms of the 3j symbol. From (C.0.1), one can show the following relations:

ls I3 " _ (_l)l’/+m”+l37m3 013 my
m3 _m3 _m// /2l3 _|_ 1 13 —ms3 I"m )

L0\ (-
mom' 0) Va1l oo
< I b l”) _ T,

" /—2l4 i 1 ""m" l—m >

—-m —my m

l/ l4 l// _ (_1)—l4+m”—m/ Olémjl/ , ..
m' my —m” V20 +1 Prm 1 =m

One can also show the following relations:

> ORI 1 = (2l + D
ms3

m m 20, + 1
Z C’ll’% m%’ l—mcll/% mjll UV —m' = mdl,l’émﬁm/ )

AN (—1)1+2
0T , ——011r
joJ o VU +1)(25 +1)

I3 I3 0 B (—1)l3+2j

i i) Veh+1)@2i+1)’

" " . .
DD CRILACCEIEVR S S SN S A
i R I A JJ U
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Appendix D

Method of a numerical simulation

In this appendix, we describe a numerical method and an error estimation used in chapter

3.

D.1 Hybrid Monte Carlo algorithm

To study renormalization on the fuzzy sphere, we use the Hybrid Monte Carlo (HMC)
algorithm [92], which enables us to perform Monte Carlo simulations efficiently. Here, we
briefly review the HMC algorithm.

We consider a system described by a set of dynamical variables denoted ¢. Suppose
that the probability distribution is given by e~3(®). Then, the detailed balance is satisfied

if a stochastic process is generated by the following procedure.

1. Take ¢ as an initial state, and generate the conjugate momentum 7 with the following
probability:
P(r) x e ™ /2. (D.1.1)

2. Update ¢ and m by using the molecular dynamics as follows:

_ OH[g(t), m(t)]

o OH[o(t),7(t)] _  0S(s(1))
w(t) = - dé(t) = _W ; (D.1.3)
Hg(t),m(t)] = % + S(o(t)) - (D.1.4)

This expression is valid for the continuum time ¢ in the range 0 <t < 7. However,
time must be discretized to perform numerical simulations discretely. We divide 7
into N, steps. Here, we define ¢ = 7/N,.. The equations of motion for molecular
dynamics become difference equations. To discretize the time, we use a leap-frog
method. In the following, ¢(n) and m(n) denotes ¢(t = ne) and 7(t = ne), respec-
tively.
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Set initial conditions as follows:
»(0)=0, =(0)=m, (D.1.5)

then at the first step, take

7 (1> = 7(0) — g% . (D.1.6)

At main steps (n =0,1,..., N, — 2), update ¢ and =:

d(n+1)=0¢(n)+erm (n—i—%) , W(n—i—g) :ﬂ(n—l—%) a%n:{)jl.?

At the final step, ¢’ and 7/, which are new ¢ and =, are

¢ = 6(N,) = 6(N, — 1) + e <NT _ %) (D.1.8)
7 =x(N,) =n <NT - %) - %% . (D.1.9)

3. Accept ¢ and 7’ with the following probability, which is called the Metropolis test
93].

P({¢. 7} = {¢,7'}) =min {1,e 2"} with AH = H[¢/, '] — H[¢, 7], (D.1.10)
where

accept for AH < 0,
min {1,e 2"} = b (D.1.11)
accept with probability e™*# for AH > 0 .

If ¢’ and 7" are rejected by the Metropolis test, ¢ and 7 (old ones) are kept. In

practice, we use a random number for the Metropolis test in numerical simulations.

4. Return to 1.

D.2 Error estimation

Quantities calculated in numerical simulations have errors. In this appendix, we show how

to estimate errors.

For observed quantities O; (i = 1,..., N), their average and statistical error are given
as follows:
0)-L5 0., 50— {21 (D2.1)
=5 2 i = N 1 . 2.



For more complicated physical quantities, we use the following error-propagation relation:

(55010

where {O,} denotes a set of physical quantities, and f is an arbitrary function of them.

0 (f{O) =) , (D.2.2)

a

However, in general, we excessively estimate an error for complicated quantities by using
the above relation due to correlations among O,.
We can overcome the problem by using the jackknife method. We show a procedure of

the method for a bin size n.
1. Divide N data into N,,(= N/n) equal parts. Each bin contains n data.

2. Define the average except data in a bin b:

1
(O =5— > 0Ok, (D.2.3)
k¢B,

where B denotes a set of indices for data in b.

3. By using (O),, one can calculate the average and the error of f:

(f(0) == FUO),) . §(f(0) = \/(Nn — 1) ({/(0)2) = (f(0))*) . (D.2.4)
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Appendix E

Determination of the band size

We note here how we determine the band size n for the classical solutions in section 5.2.2.
Our model has a time reversal symmetry ¢ — —¢, which comes from the invariance of the
bosonic action S, under Xy — —Xj. Since A defined in (5.2.1) reflects this symmetry, it

is almost symmetric under the exchange of the left-upper and the right-lower triangle:
qu — AJ\forl—q,Nerl—p : (E-O-l)

In order to determine the band size, we evaluate an average of A and its time reversal:

- 1

Apg = ) (Apg + ANy +1-g, Nx+1-p) - (E.0.2)

A in the typical solution for Nx = 64 is plotted against “a time separation” g — @ in
Fig. E.1. Due to the (strict) monotonicity of the eigenvalues «,, the time separation is
in one-to-one correspondence to “a distance” ¢ — p from the diagonal elements. In this
plot, there are 20 series of points which correspond to p + ¢ = 4,6, ...,42. We find that
A scales only in a sufficiently large o, — oy, region. We determine the block size n so that
X;(t) can cover a region where the scaling behavior is violated. In fact, this criterion is the
same as the one adopted to determine n in the previous studies [57-60] . From Fig. E.1,

we determine n = 10 for the typical solution.
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b
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0.25

0.2
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DO DD = =t =

0.1

0.05

Figure E.1: A,, are plotted against the time separation o, — a,. Each symbol corresponds
to the label of “a slice of the band” p+q¢—1 = 3,5,...,41. The scaling behavior is violated

in the region o, — v, < 0.15
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Appendix F

Detail calculations

In this appendix, we show detail calculations in this thesis.

F.1 Appendix A

(A.0.5) is calculated as follows:

J . i+
_ 2j 01 02\’ b1 . By
<Q1‘Qg> = E | (j N 7‘) (cos 5} cos 5) (sma sin 5}

r=—j

J . i+
2 2, 05\’ ,
= E ) J COS — cos =2 elP2=e1) gip
g+ 2 2 2

)“ ¢ (| jr)

0, . 92)“
— S1Il —
2

r=—j
6, 0 0, . 6 . 2
= {cosécos;2 + sin;lsin 5262(“"2_”1)] . (F.1.1)
We consider the square of <Ql|Q2>:
[0, 6 0, . 0, . 22
‘<Q1‘Qz> }2 = _COS 51 cos 52 + sin 51 sin 5261(“’2“’1)]
[0 0 0 0 0, 6, 0 4 %
= -COSQ 51 cos? 32 + sin? 31 sin? 52 + 2 cos 51 cos 52 sin 51 sin 5262(3"2“”1)]
_ [14cosfy1+costly 1—cosbh1l—cosfy sinfsinb, 2 cos( ) 2
2 2 2 2 4 GGG
_ [1+ cos 6 cos by + sin 6y sin O, cos(pa — 1) 2
i 2
1 2 2
= (W) = (C082 %) : (F.1.2)
Thus, one obtains (A.0.6):
2j
}<Ql}§22>| = (cos %) : (F.1.3)

Here, angle x is defined as follows:

iy - 7l = (sin 0y cos @1, sin Oy sin 1, cos B1) - (8in O3 cos s, sin O sin s, cos b;)
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= sin #; cos 1 sin 6, cos py + sin f; sin ¢ sin O, sin o + cos By cos O,
= sin ¢y sin Oy (cos 1 cos o + sin ¢; sin pg) + cos by cos Oy

= sin 0 sin Oy cos(pe — 1) + cos by cos By = cos x . (F.1.4)

Here, we show (A.0.7):
s
25 +1 — Q) (©2
@+ [ i)

= d 0 d
ym /_ 1 (cos0) /0 ©

1 1 ) , ) ,
5 2] 5 0 2j+r+r ' 0 2j—r—r — ‘ .
X g <] . 7") (j N 7“’) (COS 5) sin 7 el |51 (jr']

rorl=—j
2 +1 T 02j LSO LN
- 3 = F.1.
2 /_1 deos?) ; (j+7“) (COS 2) \siwg) bmir (F.1.5)
9241 = (2j)! . A2 J J .
2B+l <~ 1 [
- 52j+1 Z (Qj)'/ dz(1+ ) 2j ljr) (jr| = Z ljr)y (Jrl =1, (F.1.7)
r=—j ’ r=—j

where we change cosf to x and integrate by parts from (F.1.5) to (F.1.6).
Finally, we show (A.0.11). First of all, we derive fiz, ¢(€2):

fizsm (@) = (2] [Ls, @] [2)
= (Q(L3® — ®L3)|Q2)

-3 (V) (%)

0 2j+r+r’ 0 2j—r—r' A
: (cos 5) <Sin 5) ellr=re <]'T|<I>}jr'>
rr'= j

- _@'% (Q2|Q) = L3f5(9) . (F.1.8)

[N

Next, fir, #(€) is derived as

f[L+,‘I>](Q)
= (Q| [L+, @] |2)

j 97 1 97 i 9 2j+r4r' 9 2j—r—r' ‘ ) _ .
E () ) () e e ani
ror/=—j

(F.1.9)

88



Here,

GriLy =/G+r)G—r+ 1) Gr=1], Lyl =VG—-r)G+r+Dir+1),

(F.1.10)
0 2]+T‘+7’,+1 ) 0 2j—T—T/—1
COS — S11 —
2 2

x elr=r' ‘p\/]—l—r J(j—r+1) <jr—1}q)‘jr>

J 2j 1 2j 1 0 2j4r+r—1 ) 2j—r—7r'+1
— Z . COS — sin —
74 7+ 2 2

rrl=—j

x "= ”“"\/j—r )G+r+1 <]T‘(I)‘]T +1)

J
] 1 1 0 2j+r+r'+1 0 2j—r—r'—1
Z Z CoSs — sin —
Jj+r + 1) \Jy + r 2 2

r=—j—1r/'=

ellr= TH‘P\/j—r)j—I—T—l—l <]7“<I>|jr>

j j+1 4 2j 1 ) 2j+r+r'—1 9 2j—r—r'+1
— Z Z . COS — sin —
J + r Jg+r—=1 2 2

r=—jr'=—j+1

so that

(F-1.9) = i | (jijr) % (j i]r)

ror!=—

[SII=

X ez‘(r_r'+1)s0\/ G+ —r +1) (Gr|@|jr)

' j—r 27 3 2j % 0 2j+r+r'+1 9 2j—r—r'—1
Z Z J+r+1<j+7“> <j+r'> <C°S§) (Sm§)

r=—j—1lr/=—

<G )

j j+1 1 i - 2 1 9 24141 +1 9 2j—r—r'—1
- Z 2 i) s sin 3
¥ + r Jg—r'+1\g+r 2 2

r=—jri=—j+1
x 0T /) — 1) (|

j—1 J 97 1 9 1 9 2j+r+r'+1 9 2j—r—r'—1
R )T
= jH4r 7]+ 2 2
x e!r= TH) <j7“‘(1)‘j7”>

- Z § 3 2j i COSQ 2j+r+r'—1 Sing 2j—r—r'+1
J + r g+ 2 2

r=—jr'=—j+1

% ei(r—r’+1)<p(j +177) <jr‘(13‘j7"> ) (F.1.11)
On the other hand, £ <Q‘®‘Q> is
L (Q|®|Q) (F.1.12)
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i 0 0
= ¢e'¥ <80 +200t98—> <Q|<I>|Q>

(0 0\ < 2j
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Thus, one obtains L <Q’<I>|Q> = fir,,#(€2). Similarly, one can show L_ <Q|<I>|Q> =
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F.2 Appendix B

First of all, let us consider

A1 A1 . .
ZQj + 1Tr Z Z ¢l1m1 '¢l4m4ZmTr (Y21m1 o 'Yi4m4> ) (F-Q-l)

and the fuzzy spherical harmonics }A/}?[i] are abbreviated as Yj,,. The vertex (B.0.5) is

calculated as

V(llaml; s ;147m4)
A1

= sz 1 (Yzlm%mmsmmm)

1o 1
l
:_ZZ l1m1 l2 m2 lsm3 l4m42j_|_1T1" <Ylmy/ ’>

LU mm’

. ll ! m
- 7 § : § :Clml lo mo 13m3 l4m4( 1) (Sl,l’é‘fm,m’
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A /
_ l
o Z Z(_ Ch m l2m2013m3 lymy
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Lm mp Mg M m3 MMy —MM J J 7 J J J

(F.2.2)

where we use (2.1.46)—(2.1.49) and (C.0.1).
In Fig. F.1, we contract ¢y, with ¢ m,, ¢}, With @pm,, and @pm, With ¢r,,. 8

possible contractions are the same contribution. (B.0.6) is obtained as follows:
6[ lém —m 5l’l 5m’m
8 —1)™ 1, 1, k2 M2
2 2. 1 Ll +1) + 2 V(1 +1) + p?

x (—1yms datadmame A gy q)Eia H\/zz +1

Is(ls + 1)+ p24
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Figure F.1: Contraction of planar diagram.
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where 1[I 1” l;;m,m',m" m; (i =1,...,4) are integers and j is half integer. To derive the
above, we use (C.0.2)-(C.0.3), (C.0.8), and (C.0.9).
In Fig. F.2, we contract ¢, with ¢pm,, @),y With @pms, and @i, with @m,. If

one of ¢y, (i =1,...,4) contracted with ¢y, is chosen, another contracted with ¢}, , is

92



<¢lm ¢;<’ m’ >
\

AN
P’
lim \
1M \
|
/
'/
¢l4 my /I ¢12m2
I' /
/ /
' / /
N / /
\\\ ¢l;;1n3 //
-~

il S—

Figure F.2: Contraction of non-planar diagram.

consequently chosen, so that there are 4 possible contractions to be the same contribution.
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y 1 1 [21 +1
I+ + 2l +1)+p2V 20+1
L 1 1 2l + 1
(02 ) JaEE (F.2.4)
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To derive the above, we use (C.0.4)—(C.0.7), and (C.0.10). (B.0.8) is derived in this way.
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