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The Electronic Currents in the Chiral Fluid

• For the fluid with conserved charges, one needs the constitutive
relations for the associated currents. One example is the Ohm’s law

~JV ≡ 〈ψ̄~γψ〉 = σ ~E . (1)

• For a system with charged chiral fermions, chiral anomaly induces
anomalous transport phenomena. e.g. Chiral Magnetic Effect (CME)

~JV = ξB ~B , c.f. D. Kharzeev, ’04 (2)

• Via the chiral anomaly effect, an axial current is generated along an
external magnetic field, which is the Chiral Separation Effect (CSE)

~JA ≡ 〈ψ̄~γ5ψ〉 = ξ5B
~B , c.f. D. T. Son and A. R. Zhitnitsky, ’04 (3)

• The separation of chiral charge could also be induced by an external
electric field, which is called Chiral Electric Separation Effect (CESE)

~JA = σ5e
~E , c.f. X. G. Huang and J. F. Liao, ’13 (4)
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Ohmic and CESE Conductivities

Table: Ohmic and CESE Conductivities in The High Temperature Regime

Pre-factors QED Plasma [’13] QGP (u, d) [’14] S-S Model [’14] U(1)V × U(1)A [’18]

χ
V
≡ σe/T 15.7

e3 ln(1/e)
13.0

Trf QeQV
g4
c ln(1/gc )

0.025
8N2

c g
2
YM

81
π/q2

V

χ
A
≡ σ5e/(T µ̄µ̄5) 20.5

e3 ln(1/e)
14.5

Trf QeQA
g4
c ln(1/gc )

0.002
8N2

c g
2
YM

81
−π/q2

A

’13, Huang-Liao, Axial Current Generation from Electric Field: Chiral Electric Separation Effect
’14, Jiang-Huang-Liao, Chiral electric separation effect in the quark-gluon plasma
’14, Pu-Wu-Yang, Holographic Chiral Electric Separation Effect
’18, Bu-Cai-Yang-Zhang, Holographic Charged Fluid with Chiral Electric Separation Effect

• In this table, e, gc , gYM are the gauge couplings of QED, QCD, the
dual SU(Nc) gauge theory, respectively. For the calculations in QGP
with two light quarks (u, d), Qe = Diag(2/3,−1/3), QV and QA are
the vector and axial charge matrices in flavor space.

• For the holographic U(1)V × U(1)A model, we have restored the bulk
gauge couplings q2

V
and q2

A
, which are related to parameters of

boundary theory by 1/q2
V
∼ 1/q2

A
∝ NcNf /(4π2) .
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Relativistic currents in the chiral fluid

• In the Landau-Lifshitz frame where uµJ
µ
V = −ρ and uµJ

µ
A = −ρ5,

JµV = ρ uµ + σe

[
Eµ − TPµν∂ν

( µ
T

)]
− σ̃5eTP

µν∂ν
(µ5

T

)
+ (ξωµ + ξBB

µ) ,

JµA = ρ5 u
µ + σ5e

[
Eµ−TPµν∂ν

( µ
T

)]
−σ̃eTP

µν∂ν
(µ5

T

)
+ (ξ5ω

µ + ξ5BB
µ) ,

• ρ, ρ5 are vector and axial charge densities. The external
electromagnetic fields Eµ,Bµ and the fluid’s vorticity ωµ are

Eµ ≡ Fµνuν , Bµ ≡ 1

2
εµναβuνFαβ, ωµ ≡ 1

2
εµναβuν∂αuβ. (5)

• The σ̃5e- and σ̃e-terms are relevant to chiral charge diffusions, while
ξ5-term is an axial analogue of CVE. Dynamical equations

∂µTµν = JαVFνα, ∂µJ
µ
V = 0, ∂µJ

µ
A = CEµBµ, (6)

where the axial current is not conserved due to chiral anomaly effect
and C denotes the anomaly coefficient.
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The stress-energy tensor for relativistic fluid

• For relativistic fluid, the stress-energy tensor is parameterized as

Tµν = Euµuν + PPµν + πµν , (7)

where uµ, E ,P are the velocity, energy density and pressure of the
fluid, and Pµν = uµuν + ηµν is the projection tensor.

• Up to the first order in the derivative expansion, the viscous
component πµν takes the form,

πµν = −ηPαµPβν
(
∂αuβ + ∂βuα −

2

3
Pαβ∂σu

σ
)
− ζPµν∂αuα, (8)

where η, ζ are the shear viscosity and bulk viscosity, respectively. We
will take the Landau-Lifshitz frame so that uµπµν = 0.
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Holographic U(1)V × U(1)A model

• We consider (4 + 1)-dimensional AdS bulk

SM =
1

16πG5

∫
M

d5x
√
−g (R − 2Λ) + SF + Sct + SK, (9)

with the U(1)V × U(1)A gauge fields

SF = −
∫
M

d5x
√
−g
(

1

4q2
V

FMNF
MN +

1

4q2
A

F̃MN F̃
MN

)
, (10)

where FMN ≡ ∂MAN − ∂NAM and F̃MN ≡ ∂M ÃN − ∂N ÃM . AM and
ÃM denote the vector and axial bulk gauge fields, which are dual to
vector and axial currents JµV , J

µ
A of the boundary theory, respectively.

• According to AdS/CFT correspondence, the holographic stress-energy
tensor and currents on the boundary theory are

Tµν ≡ lim
r→∞

−2r2

√
−γ

δSM
δγµν

, Jµ ≡ lim
r→∞

δSM
δAµ

, Jµ5 ≡ lim
r→∞

δSM
δÃµ

. (11)
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AdS5 black brane with two charges

• The homogeneous solution of the bulk theory is,

ds2
(0) = g

(0)
MNdx

MdxN = 2dtdr − r 2f (r)dt2 + r 2δijdx
idx j ,

f (r) ≡ 1− M

r 4
+

Q2 + Q̃2

r 6
=

(
r 2 − r 2

h

) (
r 2 − r 2

−
) (

r 2 + r 2
h + r 2

−
)

r 6
,

A(0) = −
√

3Q

r 2
dt, Ã(0) = −

√
3Q̃

r 2
dt,

(12)

where M,Q, Q̃ are constant parameters of the bulk theory, rh is the
largest root for f (r) = 0, defining the location of event horizon.

• The Hawking temperature, identified as the temperature of dual
boundary field theory, is

T0 =
∂r
(
r 2f (r)

)
4π

∣∣∣
r=rh

=
rh
π

(
1− Q2 + Q̃2

2r 6
h

)
, (13)
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The holographic hydrodynamics of chiral fluid

• The dual stress-energy tensor and currents of the boundary theory are

Tµν
(0) = 3M δµt δ

ν
t + M δµi δ

ν
j , Jµ(0) = 2

√
3Q δµt , Jµ5(0) = 2

√
3Q̃ δµt , (14)

we can read out the energy density, pressure and charge densities,

E = 3M, P = M, ρ = 2
√

3Q, ρ5 = 2
√

3Q̃, (15)

• c.f. the holographic stress energy density and currents

Tµν = − 1

8πG5
lim
r→∞

r 2
[(
Kµν −Kγµν + 3γµν −

1

2
Gµν
)

+ T F
µν

]
, (16)

Jµ = − 1

q2
V

lim
r→∞

r 2(nMFMµ + DνF
νµ log r

)
, (17)

Jµ5 = − 1

q2
A

lim
r→∞

r 2(nM F̃Mµ + Dν F̃
νµ log r

)
, (18)
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Transports from Fluid/Gravity Correspondences

• The shear and bulk viscosities take universal values of holographic
conformal fluids with entropy density s,

η =
1

4π
s, ζ = 0, (19)

(c.f. Tµν = Euµuν + PPµν − 2ησµν − ζθPµν )

• The dissipative transport coefficients in the currents

σe =
σQµ

2 + σ0µ
2
5

µ2 + µ2
5

, σ5e = σ̃5e = µµ5
σQ − σ0

µ2 + µ2
5

, σ̃e =
σQµ

2
5 + σ0µ

2

µ2 + µ2
5

, (20)

where σQ and σ0 are given by

σQ ≡
σ0 (Ts)2

(Ts + µρ+ µ5ρ5)2 =
σ0 (Ts)2

(E + P)2 , σ0 ≡
πT

2

(
1 +

√
1 +

2

3

µ2 + µ2
5

π2T 2

)
.

c.f.

J
µ
V

= ρ uµ + σe

[
Eµ − TPµν∂ν

( µ
T

)]
− σ̃5eTP

µν
∂ν

(µ5

T

)
+
(
ξω
µ + ξBBµ

)
,

J
µ
A

= ρ5 uµ + σ5e

[
Eµ−TPµν∂ν

( µ
T

)]
−σ̃eTPµν∂ν

(µ5

T

)
+
(
ξ5ω

µ + ξ5BBµ
)
,
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CESE conductivities from fluid/gravity duality

• From the dual fluid’s point of view, it is more natural to re-express
the conductivities in terms of chemical potentials and temperature.

σe = πT
2γ + (3γ − 1)µ̄2

5

2(3γ − 2)2
≡ TχV , σ5e = −πT µ̄µ̄5

3γ − 1

2(3γ − 2)2
≡ T µ̄µ̄5χA ,

where

γ(µ̄, µ̄5) =
1

2

(
1 +

√
1 +

2

3
(µ̄2 + µ̄2

5)

)
, µ̄ =

µ

πT
, µ̄5 =

µ5

πT
. (21)

• In the high temperature (small chemical potential) limit or low
temperature (large chemical potential) limit, the conductivities

σe ' πT , σ5e ' −πT µ̄µ̄5, µ̄, µ̄5 � 1,

σe '
πT µ̄2

5√
6(µ̄2 + µ̄2

5)
, σ5e ' −

πT µ̄µ̄5√
6(µ̄2 + µ̄2

5)
, µ̄, µ̄5 � 1.

(22)
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Temperature Dependence of the conductivities

Figure: The conductivities σe/(πT ) and −σ5e/(πT ) as functions of µ̄ and µ̄5.
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Figure: Density plots for χ
V

and χ
A

as functions of µ̄ and µ̄5.
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Currents in the linear response form

• Below we would like to rewrite the currents in a linear response form,
in which the electric field Ei and thermal gradient ∇iT are taken as
external sources.

JµV = ρ uµ + σe

[
Eµ − TPµν∂ν

( µ
T

)]
− σ̃5eTP

µν∂ν
(µ5

T

)
+ (ξωµ + ξBB

µ) ,

JµA = ρ5 u
µ + σ5e

[
Eµ−TPµν∂ν

( µ
T

)]
−σ̃eTP

µν∂ν
(µ5

T

)
+ (ξ5ω

µ + ξ5BB
µ) ,

• In other words, the fluid velocity ui will be eliminated using the
current conservation law. Here, the chemical potentials µ, µ5 will be
taken as constant. Consequently,

ui = ui =
1

iω

(
s∇iT −

ρ

E + P
Ei

)
, (23)

where ∂t → −iω is used. Then, the currents turn into

JtV = ρ, J iV = σ(ω)Ei − α(ω)∇iT , (24)

JtA = ρ5, J iA = σ5(ω)Ei − α5(ω)∇iT , (25)

where

σ(ω) =
i

ω

ρ2

E + P
+ σe , σ5(ω) =

i

ω

ρρ5

E + P
+ σ5e , (26)

α(ω)T =
i

ω
ρ−

(
µσ(ω) + µ5 σ5(ω)

)
, α5(ω)T =

i

ω
ρ5 −

(
µ5 σ̃(ω) + µσ5(ω)

)
.

(27)
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Kubo formulas and hydrodynamic constitutive relations

• σ(ω) is the low-frequency limit of the Ohmic electrical conductivity, and σ5(ω)

measures the CESE. α(ω) and α5(ω) are the thermoelectric conductivities for vector
and axial currents.

σ(ω) =
i

ω

ρ2

E + P + σe , σ5(ω) =
i

ω

ρρ5

E + P + σ5e , (28)

α(ω)T =
i

ω
ρ−

(
µσ(ω) + µ5 σ5(ω)

)
, α5(ω)T =

i

ω
ρ5 −

(
µ5 σ̃(ω) + µσ5(ω)

)
. (29)

• The heat current is

Qi ≡ T ti − µJ i − µ5J
i
5 = ᾱ(ω)TEi − κ̄(ω)∇iT , (30)

where the transport coefficients are

ᾱ(ω) = α(ω), κ̄(ω)T =
i

ω
(E + P − 2ρµ− 2ρ5µ5) +

(
µ2 σ(ω) + µ2

5 σ̃(ω) + 2µµ5σ5(ω)

)
.

and κ̄(ω) is the low-frequency limit of thermal conductivity.
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Constraint from the second law of thermodynamics

• The second law of thermodynamics (non-negativeness of divergence
for the entropy current), could not fix the values of dissipative
transport coefficients, it does set constraints for them,

σe ≥ 0, σ̃e ≥ 0, σe σ̃e ≥ σ2
5e , (31)

• Ohmic and CESE Conductivities in The High Temperature Regime

Pre-factors QED Plasma [’13] QGP (u, d) [’14] S-S Model [’14] U(1)V × U(1)A [’18]

χ
V
≡ σe/T 15.7

e3 ln(1/e)
13.0

Trf QeQV
g4
c ln(1/gc )

0.025
8N2

c g
2
YM

81
π/q2

V

χ
A
≡ σ5e/(T µ̄µ̄5) 20.5

e3 ln(1/e)
14.5

Trf QeQA
g4
c ln(1/gc )

0.002
8N2

c g
2
YM

81
−π/q2

A

• We found the negative CESE coefficient in the Holographic U(1)V ×U(1)A model.

σe =
σQµ

2 + σ0µ
2
5

µ2 + µ2
5

, σ5e = σ̃5e = µµ5
σQ − σ0

µ2 + µ2
5

, σ̃e =
σQµ

2
5 + σ0µ

2

µ2 + µ2
5

, (32)
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Summary and Outlook

• In this work, we explored transport properties of the holographic
U(1)V × U(1)A models in the asymptotic AdS5 black brane.

• Our main finding is the nonzero CESE conductivity when the
gravitational back-reaction effect is taken into account.

JµV = ρ uµ + σe

[
Eµ − TPµν∂ν

( µ
T

)]
− σ5eTP

µν∂ν
(µ5

T

)
+ (ξωµ + ξBB

µ) ,

JµA = ρ5 u
µ + σ5e

[
Eµ−TPµν∂ν

( µ
T

)]
−σ̃eTP

µν∂ν
(µ5

T

)
+ (ξ5ω

µ + ξ5BB
µ) ,

• We confirmed our results with two complementary methods —
Fluid/Gravity Duality v.s. Linear Response Analysis.

• Applications of CESE in Semi-Metals & Experimental Test.

Thanks for all your attention!
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