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I am a “user” of the deep learning…



!3

From the point of view of physics users…

Useful ?
Advantageous?

Sounds fancy is not enough…
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One another to infinity, so what ?



June 2, 2018 @ Osaka

“Model Independent” Analysis

!6

Input Data

Nonlinear Mapping

Output Data

EXPERIMENT

Limited Information

Easy Hard

Exp.

Not unique… 
What is the 
“most likely” 
one?

Inverse Problem



!7



June 2, 2018 @ Osaka

Neutron Star EoS

!8

common feature of models that include the appearance of ‘exotic’
hadronic matter such as hyperons4,5 or kaon condensates3 at densities
of a few times the nuclear saturation density (ns), for example models
GS1 and GM3 in Fig. 3. Almost all such EOSs are ruled out by our
results. Our mass measurement does not rule out condensed quark
matter as a component of the neutron star interior6,21, but it strongly
constrains quark matter model parameters12. For the range of allowed
EOS lines presented in Fig. 3, typical values for the physical parameters
of J1614-2230 are a central baryon density of between 2ns and 5ns and a
radius of between 11 and 15 km, which is only 2–3 times the
Schwarzschild radius for a 1.97M[ star. It has been proposed that
the Tolman VII EOS-independent analytic solution of Einstein’s
equations marks an upper limit on the ultimate density of observable
cold matter22. If this argument is correct, it follows that our mass mea-
surement sets an upper limit on this maximum density of
(3.74 6 0.15) 3 1015 g cm23, or ,10ns.

Evolutionary models resulting in companion masses .0.4M[ gen-
erally predict that the neutron star accretes only a few hundredths of a
solar mass of material, and result in a mildly recycled pulsar23, that is
one with a spin period .8 ms. A few models resulting in orbital para-
meters similar to those of J1614-223023,24 predict that the neutron star
could accrete up to 0.2M[, which is still significantly less than the
>0.6M[ needed to bring a neutron star formed at 1.4M[ up to the
observed mass of J1614-2230. A possible explanation is that some
neutron stars are formed massive (,1.9M[). Alternatively, the trans-
fer of mass from the companion may be more efficient than current
models predict. This suggests that systems with shorter initial orbital
periods and lower companion masses—those that produce the vast
majority of the fully recycled millisecond pulsar population23—may
experience even greater amounts of mass transfer. In either case, our
mass measurement for J1614-2230 suggests that many other milli-
second pulsars may also have masses much greater than 1.4M[.
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Figure 3 | Neutron star mass–radius diagram. The plot shows non-rotating
mass versus physical radius for several typical EOSs27: blue, nucleons; pink,
nucleons plus exotic matter; green, strange quark matter. The horizontal bands
show the observational constraint from our J1614-2230 mass measurement of
(1.97 6 0.04)M[, similar measurements for two other millisecond pulsars8,28

and the range of observed masses for double neutron star binaries2. Any EOS
line that does not intersect the J1614-2230 band is ruled out by this
measurement. In particular, most EOS curves involving exotic matter, such as
kaon condensates or hyperons, tend to predict maximum masses well below
2.0M[ and are therefore ruled out. Including the effect of neutron star rotation
increases the maximum possible mass for each EOS. For a 3.15-ms spin period,
this is a =2% correction29 and does not significantly alter our conclusions. The
grey regions show parameter space that is ruled out by other theoretical or
observational constraints2. GR, general relativity; P, spin period.
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parameters, with MCMC error estimates, are given in Table 1. Owing to
the high significance of this detection, our MCMC procedure and a
standard x2 fit produce similar uncertainties.

From the detected Shapiro delay, we measure a companion mass of
(0.500 60.006)M[, which implies that the companion is a helium–
carbon–oxygen white dwarf16. The Shapiro delay also shows the binary

system to be remarkably edge-on, with an inclination of 89.17u6 0.02u.
This is the most inclined pulsar binary system known at present. The
amplitude and sharpness of the Shapiro delay increase rapidly with
increasing binary inclination and the overall scaling of the signal is
linearly proportional to the mass of the companion star. Thus, the
unique combination of the high orbital inclination and massive white
dwarf companion in J1614-2230 cause a Shapiro delay amplitude
orders of magnitude larger than for most other millisecond pulsars.
In addition, the excellent timing precision achievable from the pulsar
with the GBT and GUPPI provide a very high signal-to-noise ratio
measurement of both Shapiro delay parameters within a single orbit.

The standard Keplerian orbital parameters, combined with the known
companion mass and orbital inclination, fully describe the dynamics of a
‘clean’ binary system—one comprising two stable compact objects—
under general relativity and therefore also determine the pulsar’s mass.
We measure a pulsar mass of (1.97 6 0.04)M[, which is by far the high-
est precisely measured neutron star mass determined to date. In contrast
with X-ray-based mass/radius measurements17, the Shapiro delay pro-
vides no information about the neutron star’s radius. However, unlike the
X-ray methods, our result is nearly model independent, as it depends
only on general relativity being an adequate description of gravity.
In addition, unlike statistical pulsar mass determinations based on
measurement of the advance of periastron18–20, pure Shapiro delay mass
measurements involve no assumptions about classical contributions to
periastron advance or the distribution of orbital inclinations.

The mass measurement alone of a 1.97M[ neutron star signifi-
cantly constrains the nuclear matter equation of state (EOS), as shown
in Fig. 3. Any proposed EOS whose mass–radius track does not inter-
sect the J1614-2230 mass line is ruled out by this measurement. The
EOSs that produce the lowest maximum masses tend to be those which
predict significant softening past a certain central density. This is a
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Figure 1 | Shapiro delay measurement for PSR
J1614-2230. Timing residual—the excess delay
not accounted for by the timing model—as a
function of the pulsar’s orbital phase. a, Full
magnitude of the Shapiro delay when all other
model parameters are fixed at their best-fit values.
The solid line shows the functional form of the
Shapiro delay, and the red points are the 1,752
timing measurements in our GBT–GUPPI data set.
The diagrams inset in this panel show top-down
schematics of the binary system at orbital phases of
0.25, 0.5 and 0.75 turns (from left to right). The
neutron star is shown in red, the white dwarf
companion in blue and the emitted radio beam,
pointing towards Earth, in yellow. At orbital phase
of 0.25 turns, the Earth–pulsar line of sight passes
nearest to the companion (,240,000 km),
producing the sharp peak in pulse delay. We found
no evidence for any kind of pulse intensity
variations, as from an eclipse, near conjunction.
b, Best-fit residuals obtained using an orbital model
that does not account for general-relativistic effects.
In this case, some of the Shapiro delay signal is
absorbed by covariant non-relativistic model
parameters. That these residuals deviate
significantly from a random, Gaussian distribution
of zero mean shows that the Shapiro delay must be
included to model the pulse arrival times properly,
especially at conjunction. In addition to the red
GBT–GUPPI points, the 454 grey points show the
previous ‘long-term’ data set. The drastic
improvement in data quality is apparent. c, Post-fit
residuals for the fully relativistic timing model
(including Shapiro delay), which have a root mean
squared residual of 1.1ms and a reduced x2 value of
1.4 with 2,165 degrees of freedom. Error bars, 1s.
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Figure 2 | Results of the MCMC error analysis. a, Grey-scale image shows the
two-dimensional posterior probability density function (PDF) in the M2–i
plane, computed from a histogram of MCMC trial values. The ellipses show 1s
and 3s contours based on a Gaussian approximation to the MCMC results.
b, PDF for pulsar mass derived from the MCMC trials. The vertical lines show
the 1s and 3s limits on the pulsar mass. In both cases, the results are very well
described by normal distributions owing to the extremely high signal-to-noise
ratio of our Shapiro delay detection. Unlike secular orbital effects (for example
precession of periastron), the Shapiro delay does not accumulate over time, so
the measurement uncertainty scales simply as T21/2, where T is the total
observing time. Therefore, we are unlikely to see a significant improvement on
these results with currently available telescopes and instrumentation.
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Demorest et al. (2010)

Precise determination of  
NS mass using Shapiro delay

1.928(17) Msun

(slightly changed in 2016)

(J1614-2230)

2.01(4) Msun (PSRJ0348+0432)
Antoniadis et al. (2013)
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Equation of State

M-R Relation

Pressure : p 
Mass density : r p = p(⇢)

NS mass : M 
NS radius : R

Tolman-Oppenheimer-  
-Volkoff (TOV) Eqs

Mathematically one-to-one correspondence

gravity

pressure diff(Energy density : " = ⇢c2)

M = M(⇢max)

R = R(⇢max)

Input Data

Output Data

Nonlinear Mapping
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Lindblom (1992)

Brute-force solution of the inverse problem
Test data put by hand

Solve TOV

Reconstructed

Thanks to Y. Fujimoto

RadiusDensity

Mass
Pressure

The answer exists!
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No magic box… 
Only “solvable” problem can be solved…
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R is fixed by TOV with p(R)=0   (“surface” condition)

dp/dr(r = R) = 0

d2p/dr2(r = R) / M2/R2

Determination of R is very uncertain, and on top of that, 
R itself is anyway very uncertain…

People do not care assuming that NS mass > 1.2 Msun

Very uncertain  
“by definition”
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Bayesian Analysis

P (A|B)P (B) = P (B|A)P (A)

(Bayes’ theorem)

B : M-R Observation 
A : EoS Parameters

Want to know

Normalization

Likelihood
Calculable by TOV

prior
ModelModel must be assumed. 

EoS parametrization must be introduced. 
Integration in parameter space must be defined.

If infinite observations, prior dependence should be gone.
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Fig. 2.— (Top) Inferred equation of state and mass-radius curve from a sample of mock data, assuming a uniform prior distribution
of pressures. The mock data are drawn from the nucleonic EoS SLy (Douchin & Haensel 2001) and are dithered with Gaussian noise
corresponding to �M = 0.1M�, �R = 0.5 km. The actual curves for SLy are shown in black. The magenta curve represents the most likely
EoS inferred via our Bayesian method. The 68% credibility region is shown in gray. (Middle) Identical to top panel, but with our Gaussian
regularizer included in the inversion. (Bottom) Identical data to the top two panels, but assuming a prior distribution that is uniform
in the logarithm of pressure and including a Gaussian regularizer. Assuming a uniform distribution leads to a preference towards high
pressures in the regions where there are few data to constrain the inversion, while assuming that the pressures are distributed uniformly
in the logarithm leads to a preference towards lower pressures. Including the Gaussian regularizer reduces the sensitivity to the choice of
prior.

Fig. 3.— Individual mass-radius curves contributing to the shape
of the 68% credibility region in the top panel Fig. 2. A few indi-
vidual curves are shown here to emphasize the fact that not all
curves that can be drawn through this region will actually have
likelihoods within the 68% interval.

of �R = 0.5 km and �M = 0.1 M�. EoS SLy is par-
ticularly challenging for a parametrization like ours that
is optimized for potentially more complex EoS because
it is practically a single polytrope in the density range
of interest. We, therefore, use this example to explore
the strengths and limits of the inference as well as of the
regularizer.
The black lines in Fig. 2 represent the EoS SLy, while

the magenta lines show the most-likely inferred EoS
found with our Bayesian method. The gray bands rep-
resent the 68% credibility regions. For five-dimensional
likelihoods, the 68% credibility region is defined as the
region where

Z Z Z Z Z
P (P1, ..., P5|data)dP1dP2dP3dP4dP5

= 0.68, (15)

exactly analogous to the lower-dimensional case. It
should be noted that these credibility regions show the
spread of possible solutions only, and should not be over-
interpreted. That is, there are many curves that may be

Raithel-Ozel-Psaltis (2017) Mock data (SLy + Noises)

Prior 
Dep.

Black curve 
True EoS

Magenta curve 
Guessed EoS

Gray band 
68% credibility
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Several M-R 
observation points  
with errors

Several parameters  
to characterize EoS

Nonlinear 
Mapping

{Mi, Ri} {Pi}{Pi} = F ({Mi, Ri})

~ 5 Points~ 15 Points (observations)

Too precise parametrization of EoS is useless  
(beyond the uncertainty from observations)

Bayesian Analysis 
Supervised Learning
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FIG. 1. Feedforward neural network.

an educated guess from a given output to the most likely
input. This procedure mimics how our brains work; we
learn things from our past experiences. The advantage
of the machine learning, as compared to ordinary fitting
procedures, is that we would not rely on preknowledge
about fitting functions but the multi layer structures are
capable of capturing any functions (or functionals) by
themselves.

The model function of feedforward neural networks can
generally be expressed in the following form:

yi = fi({xj}|{W (1)
ij , a(1)i , . . . ,W (L)

ij , a(L)
i }) , (1)

where {xi} and {yi} are input and output data, respec-

tively, and {W (k)
ij , a(k)i } are fitting parameters to be op-

timized through the training process, where (k) refers to
parameters on the k-th layer among all L layers. The
concrete form of fi a↵ects the learning e�ciency. For the

first layer, the input is set as x(1)
i = xi (1  i  N1) with

N1 being the size of the input data, {xi}. For the next
layers, the transformations are iteratively applied as

x(k+1)
i = �(k+1)

 
NkX

i=1

W (k+1)
ij x(k)

j + a(k+1)
i

!
(2)

for 1  i  Nk+1 with Nk+1 being the node num-

ber. The final output from the L-th layer is yi = x(L)
i

(1  i  NL) with NL being the size of the output
data, {yi}. Here, �(k)(x)’s are called “activation func-
tions” and the typical choices include the sigmoid func-
tion �(x) = 1/(ex + 1), the ReLU �(x) = max{0, x}, hy-
perbolic tangent �(x) = tanh(x), etc. The general design
structure is schematically depicted in Fig. 1, in which the
calculation proceeds from the left with the initial input
{xi} to the right with the final output {yi}.

For the actual optimization procedure we should
choose a “loss function” which is to be minimized; if the
loss function is the mean square deviation, the learning
amounts to the standard least square method.

The most important is that, if the activation functions
and their combinations are properly chosen, the neural

networks with multi layers can in principle represent any
complicated nonlinear mapping.

Generating training data: For better learning, the
quality of training data is important, as is the case for
our brains to learn something. For the training purpose
we should not bias data from physical reasonability too
much, but intuitively unnatural data should be also in-
cluded to raise a more adaptive machine. Now, let us
explain how we have prepared training data which con-
sist of randomly generated EoS and corresponding mass-
radius observation points (Mi, Ri).
First, we elucidate our scheme for EoS generation. Up

to the normal nuclear density, ⇢0, we use a conventional
nuclear EoS (i.e. SLy in the present study but this choice
makes only a small di↵erence) and we equally partition a
range [⇢0, 8⇢0] into five sections. Then, we randomly as-
sign the sound velocity c2s to these five sections according
to the uniform distribution over a range, 0 < c2s < c2, so
that we can numerically generate c2s(⇢). Then, we calcu-
late the pressure from p(⇢) =

R ⇢
0 d⇢0 c2s(⇢

0). We note that
we allow for small c2s which corresponds to a (nearly)
first-order phase transition. In the present study we gen-
erated 2000 EoSs in this way.
Next, we solve the TOV equations using the generated

p(⇢). For the TOV equations the following form is the
most convenient, in which the mass and the radius are
functions of the enthalpy density, h(p) =

R p
0 dp0/[⇢(p0) +

p0], given by

dm

dh
= �4⇡⇢(h)r3(r � 2m)

m+ 4⇡r3p(h)
, (3)

dr

dh
= � r(r � 2m)

m+ 4⇡r3p(h)
, (4)

where G = 1 in our unit. We solve these equations from
an initial condition, m = 0, r = 0, and h = hc (where a
choice of hc corresponds to a choice of the central core
density) until h hits zero. Then, we immediately identify
M = m(h = 0) and R = r(h = 0) to infer the M -R
relation [which is easier than solving the condition p(r =
R) = 0]. For each randomly generated EoS we solve
the TOV equations to find the miximum mass Mmax. If
Mmax does not reach the observed mass [which we took a
conservative estimate, i.e. 1.97M� from the lower bound
of (2.01 ± 0.04)M�], such an EoS is rejected from the
ensemble. In this work 89 out of 2000 EoSs are rejected
and we use remaining 1911 EoSs.
Then, for each set of the EoS and the correspondingM -

R relation, we sample 15 observation points of (Mi, Ri).
Here, this choice of 15 is simply for the present demon-
stration purpose, so it should be adjusted according to
the number of available neutron star observations. [So
far, how many?] For better training quality, we should
make unbiased sampling of 15 data points, and here, we
assume a uniform distribution of M over [M�, Mmax].
If there are multiple values of R corresponding to an

2
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about fitting functions but the multi layer structures are
capable of capturing any functions (or functionals) by
themselves.
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ij , a(1)i , . . . ,W (L)

ij , a(L)
i }) , (1)

where {xi} and {yi} are input and output data, respec-

tively, and {W (k)
ij , a(k)i } are fitting parameters to be op-

timized through the training process, where (k) refers to
parameters on the k-th layer among all L layers. The
concrete form of fi a↵ects the learning e�ciency. For the

first layer, the input is set as x(1)
i = xi (1  i  N1) with

N1 being the size of the input data, {xi}. For the next
layers, the transformations are iteratively applied as

x(k+1)
i = �(k+1)

 
NkX

i=1

W (k+1)
ij x(k)

j + a(k+1)
i
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for 1  i  Nk+1 with Nk+1 being the node num-

ber. The final output from the L-th layer is yi = x(L)
i

(1  i  NL) with NL being the size of the output
data, {yi}. Here, �(k)(x)’s are called “activation func-
tions” and the typical choices include the sigmoid func-
tion �(x) = 1/(ex + 1), the ReLU �(x) = max{0, x}, hy-
perbolic tangent �(x) = tanh(x), etc. The general design
structure is schematically depicted in Fig. 1, in which the
calculation proceeds from the left with the initial input
{xi} to the right with the final output {yi}.

For the actual optimization procedure we should
choose a “loss function” which is to be minimized; if the
loss function is the mean square deviation, the learning
amounts to the standard least square method.

The most important is that, if the activation functions
and their combinations are properly chosen, the neural

networks with multi layers can in principle represent any
complicated nonlinear mapping.

Generating training data: For better learning, the
quality of training data is important, as is the case for
our brains to learn something. For the training purpose
we should not bias data from physical reasonability too
much, but intuitively unnatural data should be also in-
cluded to raise a more adaptive machine. Now, let us
explain how we have prepared training data which con-
sist of randomly generated EoS and corresponding mass-
radius observation points (Mi, Ri).
First, we elucidate our scheme for EoS generation. Up

to the normal nuclear density, ⇢0, we use a conventional
nuclear EoS (i.e. SLy in the present study but this choice
makes only a small di↵erence) and we equally partition a
range [⇢0, 8⇢0] into five sections. Then, we randomly as-
sign the sound velocity c2s to these five sections according
to the uniform distribution over a range, 0 < c2s < c2, so
that we can numerically generate c2s(⇢). Then, we calcu-
late the pressure from p(⇢) =

R ⇢
0 d⇢0 c2s(⇢

0). We note that
we allow for small c2s which corresponds to a (nearly)
first-order phase transition. In the present study we gen-
erated 2000 EoSs in this way.
Next, we solve the TOV equations using the generated

p(⇢). For the TOV equations the following form is the
most convenient, in which the mass and the radius are
functions of the enthalpy density, h(p) =

R p
0 dp0/[⇢(p0) +

p0], given by

dm

dh
= �4⇡⇢(h)r3(r � 2m)

m+ 4⇡r3p(h)
, (3)

dr

dh
= � r(r � 2m)

m+ 4⇡r3p(h)
, (4)

where G = 1 in our unit. We solve these equations from
an initial condition, m = 0, r = 0, and h = hc (where a
choice of hc corresponds to a choice of the central core
density) until h hits zero. Then, we immediately identify
M = m(h = 0) and R = r(h = 0) to infer the M -R
relation [which is easier than solving the condition p(r =
R) = 0]. For each randomly generated EoS we solve
the TOV equations to find the miximum mass Mmax. If
Mmax does not reach the observed mass [which we took a
conservative estimate, i.e. 1.97M� from the lower bound
of (2.01 ± 0.04)M�], such an EoS is rejected from the
ensemble. In this work 89 out of 2000 EoSs are rejected
and we use remaining 1911 EoSs.
Then, for each set of the EoS and the correspondingM -

R relation, we sample 15 observation points of (Mi, Ri).
Here, this choice of 15 is simply for the present demon-
stration purpose, so it should be adjusted according to
the number of available neutron star observations. [So
far, how many?] For better training quality, we should
make unbiased sampling of 15 data points, and here, we
assume a uniform distribution of M over [M�, Mmax].
If there are multiple values of R corresponding to an
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FIG. 1. Feedforward neural network.

an educated guess from a given output to the most likely
input. This procedure mimics how our brains work; we
learn things from our past experiences. The advantage
of the machine learning, as compared to ordinary fitting
procedures, is that we would not rely on preknowledge
about fitting functions but the multi layer structures are
capable of capturing any functions (or functionals) by
themselves.

The model function of feedforward neural networks can
generally be expressed in the following form:

yi = fi({xj}|{W (1)
ij , a(1)i , . . . ,W (L)

ij , a(L)
i }) , (1)

where {xi} and {yi} are input and output data, respec-

tively, and {W (k)
ij , a(k)i } are fitting parameters to be op-

timized through the training process, where (k) refers to
parameters on the k-th layer among all L layers. The
concrete form of fi a↵ects the learning e�ciency. For the

first layer, the input is set as x(1)
i = xi (1  i  N1) with

N1 being the size of the input data, {xi}. For the next
layers, the transformations are iteratively applied as

x(k+1)
i = �(k+1)

 
NkX

i=1

W (k+1)
ij x(k)

j + a(k+1)
i

!
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for 1  i  Nk+1 with Nk+1 being the node num-

ber. The final output from the L-th layer is yi = x(L)
i

(1  i  NL) with NL being the size of the output
data, {yi}. Here, �(k)(x)’s are called “activation func-
tions” and the typical choices include the sigmoid func-
tion �(x) = 1/(ex + 1), the ReLU �(x) = max{0, x}, hy-
perbolic tangent �(x) = tanh(x), etc. The general design
structure is schematically depicted in Fig. 1, in which the
calculation proceeds from the left with the initial input
{xi} to the right with the final output {yi}.

For the actual optimization procedure we should
choose a “loss function” which is to be minimized; if the
loss function is the mean square deviation, the learning
amounts to the standard least square method.

The most important is that, if the activation functions
and their combinations are properly chosen, the neural

networks with multi layers can in principle represent any
complicated nonlinear mapping.

Generating training data: For better learning, the
quality of training data is important, as is the case for
our brains to learn something. For the training purpose
we should not bias data from physical reasonability too
much, but intuitively unnatural data should be also in-
cluded to raise a more adaptive machine. Now, let us
explain how we have prepared training data which con-
sist of randomly generated EoS and corresponding mass-
radius observation points (Mi, Ri).
First, we elucidate our scheme for EoS generation. Up

to the normal nuclear density, ⇢0, we use a conventional
nuclear EoS (i.e. SLy in the present study but this choice
makes only a small di↵erence) and we equally partition a
range [⇢0, 8⇢0] into five sections. Then, we randomly as-
sign the sound velocity c2s to these five sections according
to the uniform distribution over a range, 0 < c2s < c2, so
that we can numerically generate c2s(⇢). Then, we calcu-
late the pressure from p(⇢) =

R ⇢
0 d⇢0 c2s(⇢

0). We note that
we allow for small c2s which corresponds to a (nearly)
first-order phase transition. In the present study we gen-
erated 2000 EoSs in this way.
Next, we solve the TOV equations using the generated

p(⇢). For the TOV equations the following form is the
most convenient, in which the mass and the radius are
functions of the enthalpy density, h(p) =

R p
0 dp0/[⇢(p0) +

p0], given by

dm

dh
= �4⇡⇢(h)r3(r � 2m)

m+ 4⇡r3p(h)
, (3)

dr

dh
= � r(r � 2m)

m+ 4⇡r3p(h)
, (4)

where G = 1 in our unit. We solve these equations from
an initial condition, m = 0, r = 0, and h = hc (where a
choice of hc corresponds to a choice of the central core
density) until h hits zero. Then, we immediately identify
M = m(h = 0) and R = r(h = 0) to infer the M -R
relation [which is easier than solving the condition p(r =
R) = 0]. For each randomly generated EoS we solve
the TOV equations to find the miximum mass Mmax. If
Mmax does not reach the observed mass [which we took a
conservative estimate, i.e. 1.97M� from the lower bound
of (2.01 ± 0.04)M�], such an EoS is rejected from the
ensemble. In this work 89 out of 2000 EoSs are rejected
and we use remaining 1911 EoSs.
Then, for each set of the EoS and the correspondingM -

R relation, we sample 15 observation points of (Mi, Ri).
Here, this choice of 15 is simply for the present demon-
stration purpose, so it should be adjusted according to
the number of available neutron star observations. [So
far, how many?] For better training quality, we should
make unbiased sampling of 15 data points, and here, we
assume a uniform distribution of M over [M�, Mmax].
If there are multiple values of R corresponding to an

sigmoid func.
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FIG. 1. Feedforward neural network.

an educated guess from a given output to the most likely
input. This procedure mimics how our brains work; we
learn things from our past experiences. The advantage
of the machine learning, as compared to ordinary fitting
procedures, is that we would not rely on preknowledge
about fitting functions but the multi layer structures are
capable of capturing any functions (or functionals) by
themselves.

The model function of feedforward neural networks can
generally be expressed in the following form:

yi = fi({xj}|{W (1)
ij , a(1)i , . . . ,W (L)

ij , a(L)
i }) , (1)

where {xi} and {yi} are input and output data, respec-

tively, and {W (k)
ij , a(k)i } are fitting parameters to be op-

timized through the training process, where (k) refers to
parameters on the k-th layer among all L layers. The
concrete form of fi a↵ects the learning e�ciency. For the

first layer, the input is set as x(1)
i = xi (1  i  N1) with

N1 being the size of the input data, {xi}. For the next
layers, the transformations are iteratively applied as

x(k+1)
i = �(k+1)

 
NkX

i=1

W (k+1)
ij x(k)

j + a(k+1)
i

!
(2)

for 1  i  Nk+1 with Nk+1 being the node num-

ber. The final output from the L-th layer is yi = x(L)
i

(1  i  NL) with NL being the size of the output
data, {yi}. Here, �(k)(x)’s are called “activation func-
tions” and the typical choices include the sigmoid func-
tion �(x) = 1/(ex + 1), the ReLU �(x) = max{0, x}, hy-
perbolic tangent �(x) = tanh(x), etc. The general design
structure is schematically depicted in Fig. 1, in which the
calculation proceeds from the left with the initial input
{xi} to the right with the final output {yi}.

For the actual optimization procedure we should
choose a “loss function” which is to be minimized; if the
loss function is the mean square deviation, the learning
amounts to the standard least square method.

The most important is that, if the activation functions
and their combinations are properly chosen, the neural

networks with multi layers can in principle represent any
complicated nonlinear mapping.

Generating training data: For better learning, the
quality of training data is important, as is the case for
our brains to learn something. For the training purpose
we should not bias data from physical reasonability too
much, but intuitively unnatural data should be also in-
cluded to raise a more adaptive machine. Now, let us
explain how we have prepared training data which con-
sist of randomly generated EoS and corresponding mass-
radius observation points (Mi, Ri).
First, we elucidate our scheme for EoS generation. Up

to the normal nuclear density, ⇢0, we use a conventional
nuclear EoS (i.e. SLy in the present study but this choice
makes only a small di↵erence) and we equally partition a
range [⇢0, 8⇢0] into five sections. Then, we randomly as-
sign the sound velocity c2s to these five sections according
to the uniform distribution over a range, 0 < c2s < c2, so
that we can numerically generate c2s(⇢). Then, we calcu-
late the pressure from p(⇢) =

R ⇢
0 d⇢0 c2s(⇢

0). We note that
we allow for small c2s which corresponds to a (nearly)
first-order phase transition. In the present study we gen-
erated 2000 EoSs in this way.
Next, we solve the TOV equations using the generated

p(⇢). For the TOV equations the following form is the
most convenient, in which the mass and the radius are
functions of the enthalpy density, h(p) =

R p
0 dp0/[⇢(p0) +

p0], given by

dm

dh
= �4⇡⇢(h)r3(r � 2m)

m+ 4⇡r3p(h)
, (3)

dr

dh
= � r(r � 2m)

m+ 4⇡r3p(h)
, (4)

where G = 1 in our unit. We solve these equations from
an initial condition, m = 0, r = 0, and h = hc (where a
choice of hc corresponds to a choice of the central core
density) until h hits zero. Then, we immediately identify
M = m(h = 0) and R = r(h = 0) to infer the M -R
relation [which is easier than solving the condition p(r =
R) = 0]. For each randomly generated EoS we solve
the TOV equations to find the miximum mass Mmax. If
Mmax does not reach the observed mass [which we took a
conservative estimate, i.e. 1.97M� from the lower bound
of (2.01 ± 0.04)M�], such an EoS is rejected from the
ensemble. In this work 89 out of 2000 EoSs are rejected
and we use remaining 1911 EoSs.
Then, for each set of the EoS and the correspondingM -

R relation, we sample 15 observation points of (Mi, Ri).
Here, this choice of 15 is simply for the present demon-
stration purpose, so it should be adjusted according to
the number of available neutron star observations. [So
far, how many?] For better training quality, we should
make unbiased sampling of 15 data points, and here, we
assume a uniform distribution of M over [M�, Mmax].
If there are multiple values of R corresponding to an

ReLU
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FIG. 1. Feedforward neural network.

an educated guess from a given output to the most likely
input. This procedure mimics how our brains work; we
learn things from our past experiences. The advantage
of the machine learning, as compared to ordinary fitting
procedures, is that we would not rely on preknowledge
about fitting functions but the multi layer structures are
capable of capturing any functions (or functionals) by
themselves.

The model function of feedforward neural networks can
generally be expressed in the following form:

yi = fi({xj}|{W (1)
ij , a(1)i , . . . ,W (L)

ij , a(L)
i }) , (1)

where {xi} and {yi} are input and output data, respec-

tively, and {W (k)
ij , a(k)i } are fitting parameters to be op-

timized through the training process, where (k) refers to
parameters on the k-th layer among all L layers. The
concrete form of fi a↵ects the learning e�ciency. For the

first layer, the input is set as x(1)
i = xi (1  i  N1) with

N1 being the size of the input data, {xi}. For the next
layers, the transformations are iteratively applied as

x(k+1)
i = �(k+1)

 
NkX

i=1

W (k+1)
ij x(k)

j + a(k+1)
i

!
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for 1  i  Nk+1 with Nk+1 being the node num-

ber. The final output from the L-th layer is yi = x(L)
i

(1  i  NL) with NL being the size of the output
data, {yi}. Here, �(k)(x)’s are called “activation func-
tions” and the typical choices include the sigmoid func-
tion �(x) = 1/(ex + 1), the ReLU �(x) = max{0, x}, hy-
perbolic tangent �(x) = tanh(x), etc. The general design
structure is schematically depicted in Fig. 1, in which the
calculation proceeds from the left with the initial input
{xi} to the right with the final output {yi}.

For the actual optimization procedure we should
choose a “loss function” which is to be minimized; if the
loss function is the mean square deviation, the learning
amounts to the standard least square method.

The most important is that, if the activation functions
and their combinations are properly chosen, the neural

networks with multi layers can in principle represent any
complicated nonlinear mapping.

Generating training data: For better learning, the
quality of training data is important, as is the case for
our brains to learn something. For the training purpose
we should not bias data from physical reasonability too
much, but intuitively unnatural data should be also in-
cluded to raise a more adaptive machine. Now, let us
explain how we have prepared training data which con-
sist of randomly generated EoS and corresponding mass-
radius observation points (Mi, Ri).
First, we elucidate our scheme for EoS generation. Up

to the normal nuclear density, ⇢0, we use a conventional
nuclear EoS (i.e. SLy in the present study but this choice
makes only a small di↵erence) and we equally partition a
range [⇢0, 8⇢0] into five sections. Then, we randomly as-
sign the sound velocity c2s to these five sections according
to the uniform distribution over a range, 0 < c2s < c2, so
that we can numerically generate c2s(⇢). Then, we calcu-
late the pressure from p(⇢) =

R ⇢
0 d⇢0 c2s(⇢

0). We note that
we allow for small c2s which corresponds to a (nearly)
first-order phase transition. In the present study we gen-
erated 2000 EoSs in this way.
Next, we solve the TOV equations using the generated

p(⇢). For the TOV equations the following form is the
most convenient, in which the mass and the radius are
functions of the enthalpy density, h(p) =

R p
0 dp0/[⇢(p0) +

p0], given by

dm

dh
= �4⇡⇢(h)r3(r � 2m)

m+ 4⇡r3p(h)
, (3)

dr

dh
= � r(r � 2m)

m+ 4⇡r3p(h)
, (4)

where G = 1 in our unit. We solve these equations from
an initial condition, m = 0, r = 0, and h = hc (where a
choice of hc corresponds to a choice of the central core
density) until h hits zero. Then, we immediately identify
M = m(h = 0) and R = r(h = 0) to infer the M -R
relation [which is easier than solving the condition p(r =
R) = 0]. For each randomly generated EoS we solve
the TOV equations to find the miximum mass Mmax. If
Mmax does not reach the observed mass [which we took a
conservative estimate, i.e. 1.97M� from the lower bound
of (2.01 ± 0.04)M�], such an EoS is rejected from the
ensemble. In this work 89 out of 2000 EoSs are rejected
and we use remaining 1911 EoSs.
Then, for each set of the EoS and the correspondingM -

R relation, we sample 15 observation points of (Mi, Ri).
Here, this choice of 15 is simply for the present demon-
stration purpose, so it should be adjusted according to
the number of available neutron star observations. [So
far, how many?] For better training quality, we should
make unbiased sampling of 15 data points, and here, we
assume a uniform distribution of M over [M�, Mmax].
If there are multiple values of R corresponding to an

tanh
Backpropagation
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Layer index Nodes Activation

1 30 N/A

2 60 ReLU

3 40 ReLU

4 40 ReLU

5 5 tanh

TABLE I. Our neural network design in this work. In the 1st

layer 30 nodes correspond to 15 points of the mass and the

radius. In the 5th layer 5 nodes correspond to 5 parameters

of the EoS.

M , we always take larger R discarding thermodynami-
cally unstale branch. In this way we pick up 15 points

of (M (0)
i , R(0)

i ) on the M -R relation. We also want to
let the machine learn that the true observation data
contain errors, �M and �R, which makes data points
away from the genuine M -R relation. Now we randomly
generate �Mi and �Ri according to the normal distri-
bution with variances, 0.1M� and 0.5km for the mass
and the radius, respectively. This choice of variances
should be also adjusted according to the real error esti-
mate from observations. Now we get the training data

set, (Mi = M (0)
i +�Mi, Ri = R(0)

i +�Ri), which we call
an “observation” in this study. We repeat this procedure
to make 100 observations (this choice can be arbitrary if
large enough for learning) for each EoS, and after all, we
have prepared (1911 EoSs)⇥(100 observations) = 191100
training data in this present work.

Learning procedures: For numerics we make use of a
Python library called Keras with TensorFlow as a back-
end. The design of our neural networks is summarized in
Tab. I. Our purpose is to construct a machine that can
give us one EoS in the output side in response to one
observation which consists of 15 sets of (Mi, Ri) in the
input side. Thus, in the 1st layer 30 nodes should match
15 M -R points, i.e. 30 data in total. For the practical
reason we sort 30 data points by their masses in ascend-
ing order. The output nodes for the prediction target at
the layer index 5 correspond to 5 (sound velocity) pa-
rameters characterizing an EoS, and we have 3 hidden
layers between the input and the output. We find that
the learning proceeds faster if the data are normalized
appropriately; we normalize the data as Mi/Mnorm and
Ri/Rnorm with Mnorm = 3M� and Rnorm = 20 km.

We choose the activation function at the output layer
as �(5)(x) = tanh(x) since the speed of sound is automat-
ically bounded in the physical range [0, 1]. For other lay-
ers we simply choose the ReLU, i.e. �(k)(x) = max{0, x}
(k = 2, 3, 4). We specify the loss function as msle, that
is, the mean square log of prediction errors and choose
the fitting method as Adams with the batch size 1000.

We have tuned this machine design based on a num-
ber of trials and performance tests. To capture the

FIG. 2. Loss function estimated for the training data (dashed

lines) and the validation data (solid lines) as functions of the

epoch.

essence of the problem, the complexity of layers and
nodes should be su�ciently large. At the same time, to
avoid the overlearning problem (which will be discussed
soon later), and also to complete training of the neural
network within a reasonable time, the number of param-
eters should not be too large.

Performance test: The machine is optimized to fit the
training data, but it must have a predictive power for
data that is independent of the training data. To this end
we need “validation data” which can be regarded as mock
data for the neutron star observation. We generate 200
EoSs, and 188 out of 200 EoSs pass the massive neutron
star condition. Unlike the training data, we creat just
one observation for each EoS (not 100 for the training
data) to mimic real situation.

In general, the loss function monotonically decreases
with larger learning step which counts the number of
data scan and is called epoch. This decreasing behavior
is caused simply with the fitting parameters adjusted to
minimize the loss function. A small value of the loss func-
tion, however, does not necessarily guarantee the learning
quality. Figure 2 shows the loss function for the training
data (dashed lines) and the validation data (solid lines).

In Fig. 2 the red lines represent the results with the
entire training data, i.e. 191100 sets. We see that the
learning is complete within a few epochs only. This quick
learning is accelerated by 100 observations, that is, 100
random samplings for each EoS. In this sense, our pre-
scription to deal with observation errors has an extra
benefit for the learning e�ciency. Also, we choose the
batch size to be 1000, and so one epoch implicitly in-
volves 19 averaging procedures.

To confirm the above in explicit calculations, just for
the test purpose, we reduce the observation number ns

from 100 (with the batch size 1000) to 10 (with the batch

Our Neural Network Design

Probably we don’t need such many hidden layers  
and such many nodes… anyway, this is one  
working example…
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For good learning, the “textbook” choice is important…

Training data (200000 sets in total)
Randomly generate 5 sound velocities → EoS × 2000 sets
Solve TOV to identify the corresponding M-R curve
Randomly pick up 15 observation points × (ns = 100) sets

The machine learns the M-R data have error fluctuations

Validation data (200 sets)
Generate independently of the training data

(with �M = 0.1M�, �R = 0.5 km)
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With fluctuations in the training data, the learning goes quickly 

“Loss Function"  
= deviation from the  
    true answers (msle)

Monotonically decrease  
for the training data, but  
not necessarily so for  
the validation data

Once the over-fitting occurs,  
the model becomes more stupid…
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Test with the validation data 
(parameters not optimized to fit the validation data)

Fujimoto-Fukushima-Murase (2017)

 : randomly generated original EoS
 : reconstructed EoS and associated M-R

Two Typical Examples (not biased choice) 4

10-2

10-1

100

0.1 0.2 0.5 1
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/ ρ

c2

ρc2 [GeV/fm3]

FIG. 3. Two examples of the randomly generated EoSs
(dashed lines) and the machine learning outputs (solid lines)
reconstructed from one observation of 15 M -R points [see
Fig. 4 for actual (Mi, Ri)].

FIG. 4. Randomly sampled 15 data points and the M -R rela-
tions with the reconstructed EoS (solid lines) and the original
EoS (dashed lines). The red and blue colors correspond to two
EoSs shown with the same color in Fig. 3.

observation with error deviations from the genuine M -R
relation (which is shown by the dashed lines). Thus, each
set of 15 points is considered as mock data of the neutron
star observation. Since the neural network learns through
the training data that the observation contains errors, the
most likely EoS is reconstructed from one observation of
15 points with errors. The reconstructed EoSs are de-
picted by solid lines in Fig. 3. We can see that the re-
constructed EoSs agree quite well with the original EoSs
for these examples. It would also be interesting to make
a comparison of the M -R relations corresponding to the
original and reconstructed EoSs. The solid and dashed
lines in Fig. 4 represent the M -R relations calculated
with the original and reconstructed EoSs, respectively.
Since the EoSs look consistent in Fig. 3, the original and
reconstructed M -R relations are close to each other.

Mass (M�) 0.6 0.8 1.0 1.2 1.4 1.6 1.8

RMS (km) 0.16 0.12 0.10 0.099 0.11 0.11 0.12

TABLE II. Root mean square of radius deviations for fixed
masses.

For other EoSs in validation data, the corresponding
M -R curves are reconstructed well similarly to examples
discussed above. To quantify the overall reconstruction
accuracy, we calculated the root mean square (RMS) of
radius deviations using 196 validation data for several
masses as shown in Tab. II. We defined the RMS from the
deviations between not the observational data points but
the genuine and reconstructed M -R relations (i.e. dis-
tances between the solid and the dashed lines in Fig. 4),
that is, �R(M) = R(rec)(M) � R(0)(M). The RMS val-
ues in Tab. II are around ⇠ 0.1 km for all masses! This
indicates that our method works surprisingly good; re-
member that data points have random fluctuations by
�R ⇠ 0.5 km. It should be noticed that, even without
neutron stars around M = 0.6–0.8M� in our setup, the
RMS of the corresponding radii are still reconstructed
within the accuracy of the order ⇠ 0.1 km.

Finally, let us comment on the relation to Bayesian
analysis using symbolic notations. In our analysis we
parametrized the EoS by ✓ := {c2s,i}, which spans pa-
rameter space ⇥, and generated EoSs by a probability
distribution Pr(✓). Then, we sampled D = {(Mi, Ri)}
by an observational distribution, Pr(D|✓) for each EoS.
The neural network is a function f to obtain an EoS from
data points, i.e. f(D|W ) 2 ⇥, where W represents the
fitting parameters. The training is actually a process to
minimize the following loss function:

h`[f ]i =
Z

d✓dDPr(✓) Pr(D|✓)`(✓, f(D)). (3)

Here, let us translate Bayesian analysis into the above
language. In Bayesian analysis a prior distribution of
the EoS is assumed to be Pr(✓). The posterior EoS dis-
tribution is obtained by Bayesian updating; Pr(✓|D) /
Pr(✓) Pr(D|✓). To determine the most likely EoS, we can
use the MAP (maximum a posteriori) estimator,

fMAP(D) = argmax
✓

[Pr(✓) Pr(D|✓)] . (4)

This can be interpreted as an approximation of f that
minimizes Eq. (3). This means that machine learning en-
compasses Bayesian analysis as a particular limit. Hence,
an advantage of machine learning over Bayesian analysis
lies in the direct design of the loss function or optimiza-
tion target, suited for problems under consideration. We
emphasize the generality of our method which can be ap-
plied, with a little e↵ort, to any underdetermined prob-
lems; an e�cient procedure to find the most likely solu-
tion optimized with insu�cient information and limited
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FIG. 3. Two examples of the randomly generated EoSs
(dashed lines) and the machine learning outputs (solid lines)
reconstructed from one observation of 15 M -R points [see
Fig. 4 for actual (Mi, Ri)].
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FIG. 4. Randomly sampled 15 data points and the M -R rela-
tions with the reconstructed EoS (solid lines) and the original
EoS (dashed lines). The red and blue colors correspond to two
EoSs shown with the same color in Fig. 3.

observation with error deviations from the genuine M -R
relation (which is shown by the dashed lines). Thus, each
set of 15 points is considered as mock data of the neutron
star observation. Since the neural network learns through
the training data that the observation contains errors, the
most likely EoS is reconstructed from one observation of
15 points with errors. The reconstructed EoSs are de-
picted by solid lines in Fig. 3. We can see that the re-
constructed EoSs agree quite well with the original EoSs
for these examples. It would also be interesting to make
a comparison of the M -R relations corresponding to the
original and reconstructed EoSs. The solid and dashed
lines in Fig. 4 represent the M -R relations calculated
with the original and reconstructed EoSs, respectively.
Since the EoSs look consistent in Fig. 3, the original and
reconstructed M -R relations are close to each other.

Mass (M�) 0.6 0.8 1.0 1.2 1.4 1.6 1.8

RMS (km) 0.16 0.12 0.10 0.099 0.11 0.11 0.12

TABLE II. Root mean square of radius deviations for fixed
masses.

For other EoSs in validation data, the corresponding
M -R curves are reconstructed well similarly to examples
discussed above. To quantify the overall reconstruction
accuracy, we calculated the root mean square (RMS) of
radius deviations using 196 validation data for several
masses as shown in Tab. II. We defined the RMS from the
deviations between not the observational data points but
the genuine and reconstructed M -R relations (i.e. dis-
tances between the solid and the dashed lines in Fig. 4),
that is, �R(M) = R(rec)(M) � R(0)(M). The RMS val-
ues in Tab. II are around ⇠ 0.1 km for all masses! This
indicates that our method works surprisingly good; re-
member that data points have random fluctuations by
�R ⇠ 0.5 km. It should be noticed that, even without
neutron stars around M = 0.6–0.8M� in our setup, the
RMS of the corresponding radii are still reconstructed
within the accuracy of the order ⇠ 0.1 km.

Finally, let us comment on the relation to Bayesian
analysis using symbolic notations. In our analysis we
parametrized the EoS by ✓ := {c2s,i}, which spans pa-
rameter space ⇥, and generated EoSs by a probability
distribution Pr(✓). Then, we sampled D = {(Mi, Ri)}
by an observational distribution, Pr(D|✓) for each EoS.
The neural network is a function f to obtain an EoS from
data points, i.e. f(D|W ) 2 ⇥, where W represents the
fitting parameters. The training is actually a process to
minimize the following loss function:

h`[f ]i =
Z

d✓dDPr(✓) Pr(D|✓)`(✓, f(D)). (3)

Here, let us translate Bayesian analysis into the above
language. In Bayesian analysis a prior distribution of
the EoS is assumed to be Pr(✓). The posterior EoS dis-
tribution is obtained by Bayesian updating; Pr(✓|D) /
Pr(✓) Pr(D|✓). To determine the most likely EoS, we can
use the MAP (maximum a posteriori) estimator,

fMAP(D) = argmax
✓

[Pr(✓) Pr(D|✓)] . (4)

This can be interpreted as an approximation of f that
minimizes Eq. (3). This means that machine learning en-
compasses Bayesian analysis as a particular limit. Hence,
an advantage of machine learning over Bayesian analysis
lies in the direct design of the loss function or optimiza-
tion target, suited for problems under consideration. We
emphasize the generality of our method which can be ap-
plied, with a little e↵ort, to any underdetermined prob-
lems; an e�cient procedure to find the most likely solu-
tion optimized with insu�cient information and limited
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FIG. 3. Two examples of the randomly generated EoSs
(dashed lines) and the machine learning outputs (solid lines)
reconstructed from one observation of 15 M -R points [see
Fig. 4 for actual (Mi, Ri)].

FIG. 4. Randomly sampled 15 data points and the M -R rela-
tions with the reconstructed EoS (solid lines) and the original
EoS (dashed lines). The red and blue colors correspond to two
EoSs shown with the same color in Fig. 3.

observation with error deviations from the genuine M -R
relation (which is shown by the dashed lines). Thus, each
set of 15 points is considered as mock data of the neutron
star observation. Since the neural network learns through
the training data that the observation contains errors, the
most likely EoS is reconstructed from one observation of
15 points with errors. The reconstructed EoSs are de-
picted by solid lines in Fig. 3. We can see that the re-
constructed EoSs agree quite well with the original EoSs
for these examples. It would also be interesting to make
a comparison of the M -R relations corresponding to the
original and reconstructed EoSs. The solid and dashed
lines in Fig. 4 represent the M -R relations calculated
with the original and reconstructed EoSs, respectively.
Since the EoSs look consistent in Fig. 3, the original and
reconstructed M -R relations are close to each other.

Mass (M�) 0.6 0.8 1.0 1.2 1.4 1.6 1.8

RMS (km) 0.16 0.12 0.10 0.099 0.11 0.11 0.12

TABLE II. Root mean square of radius deviations for fixed
masses.

For other EoSs in validation data, the corresponding
M -R curves are reconstructed well similarly to examples
discussed above. To quantify the overall reconstruction
accuracy, we calculated the root mean square (RMS) of
radius deviations using 196 validation data for several
masses as shown in Tab. II. We defined the RMS from the
deviations between not the observational data points but
the genuine and reconstructed M -R relations (i.e. dis-
tances between the solid and the dashed lines in Fig. 4),
that is, �R(M) = R(rec)(M) � R(0)(M). The RMS val-
ues in Tab. II are around ⇠ 0.1 km for all masses! This
indicates that our method works surprisingly good; re-
member that data points have random fluctuations by
�R ⇠ 0.5 km. It should be noticed that, even without
neutron stars around M = 0.6–0.8M� in our setup, the
RMS of the corresponding radii are still reconstructed
within the accuracy of the order ⇠ 0.1 km.

Finally, let us comment on the relation to Bayesian
analysis using symbolic notations. In our analysis we
parametrized the EoS by ✓ := {c2s,i}, which spans pa-
rameter space ⇥, and generated EoSs by a probability
distribution Pr(✓). Then, we sampled D = {(Mi, Ri)}
by an observational distribution, Pr(D|✓) for each EoS.
The neural network is a function f to obtain an EoS from
data points, i.e. f(D|W ) 2 ⇥, where W represents the
fitting parameters. The training is actually a process to
minimize the following loss function:

h`[f ]i =
Z

d✓dDPr(✓) Pr(D|✓)`(✓, f(D)). (3)

Here, let us translate Bayesian analysis into the above
language. In Bayesian analysis a prior distribution of
the EoS is assumed to be Pr(✓). The posterior EoS dis-
tribution is obtained by Bayesian updating; Pr(✓|D) /
Pr(✓) Pr(D|✓). To determine the most likely EoS, we can
use the MAP (maximum a posteriori) estimator,

fMAP(D) = argmax
✓

[Pr(✓) Pr(D|✓)] . (4)

This can be interpreted as an approximation of f that
minimizes Eq. (3). This means that machine learning en-
compasses Bayesian analysis as a particular limit. Hence,
an advantage of machine learning over Bayesian analysis
lies in the direct design of the loss function or optimiza-
tion target, suited for problems under consideration. We
emphasize the generality of our method which can be ap-
plied, with a little e↵ort, to any underdetermined prob-
lems; an e�cient procedure to find the most likely solu-
tion optimized with insu�cient information and limited

(with �M = 0.1M�, �R = 0.5 km)

Very promising!
Credibility estimate has not been done for simplicity, but 
it can be included in the learning process.
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Usefulness confirmed, 
easy implementation 

but 
advantageous ?

Bayesian or NN, 
which to choose?
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FIG. 3. Two examples of the randomly generated EoSs
(dashed lines) and the machine learning outputs (solid lines)
reconstructed from one observation of 15 M -R points [see
Fig. 4 for actual (Mi, Ri)].

FIG. 4. Randomly sampled 15 data points and the M -R rela-
tions with the reconstructed EoS (solid lines) and the original
EoS (dashed lines). The red and blue colors correspond to two
EoSs shown with the same color in Fig. 3.

observation with error deviations from the genuine M -R
relation (which is shown by the dashed lines). Thus, each
set of 15 points is considered as mock data of the neutron
star observation. Since the neural network learns through
the training data that the observation contains errors, the
most likely EoS is reconstructed from one observation of
15 points with errors. The reconstructed EoSs are de-
picted by solid lines in Fig. 3. We can see that the re-
constructed EoSs agree quite well with the original EoSs
for these examples. It would also be interesting to make
a comparison of the M -R relations corresponding to the
original and reconstructed EoSs. The solid and dashed
lines in Fig. 4 represent the M -R relations calculated
with the original and reconstructed EoSs, respectively.
Since the EoSs look consistent in Fig. 3, the original and
reconstructed M -R relations are close to each other.

Mass (M�) 0.6 0.8 1.0 1.2 1.4 1.6 1.8

RMS (km) 0.16 0.12 0.10 0.099 0.11 0.11 0.12

TABLE II. Root mean square of radius deviations for fixed
masses.

For other EoSs in validation data, the corresponding
M -R curves are reconstructed well similarly to examples
discussed above. To quantify the overall reconstruction
accuracy, we calculated the root mean square (RMS) of
radius deviations using 196 validation data for several
masses as shown in Tab. II. We defined the RMS from the
deviations between not the observational data points but
the genuine and reconstructed M -R relations (i.e. dis-
tances between the solid and the dashed lines in Fig. 4),
that is, �R(M) = R(rec)(M) � R(0)(M). The RMS val-
ues in Tab. II are around ⇠ 0.1 km for all masses! This
indicates that our method works surprisingly good; re-
member that data points have random fluctuations by
�R ⇠ 0.5 km. It should be noticed that, even without
neutron stars around M = 0.6–0.8M� in our setup, the
RMS of the corresponding radii are still reconstructed
within the accuracy of the order ⇠ 0.1 km.

Finally, let us comment on the relation to Bayesian
analysis using symbolic notations. In our analysis we
parametrized the EoS by ✓ := {c2s,i}, which spans pa-
rameter space ⇥, and generated EoSs by a probability
distribution Pr(✓). Then, we sampled D = {(Mi, Ri)}
by an observational distribution, Pr(D|✓) for each EoS.
The neural network is a function f to obtain an EoS from
data points, i.e. f(D|W ) 2 ⇥, where W represents the
fitting parameters. The training is actually a process to
minimize the following loss function:

h`[f ]i =
Z

d✓dDPr(✓) Pr(D|✓)`(✓, f(D)). (3)

Here, let us translate Bayesian analysis into the above
language. In Bayesian analysis a prior distribution of
the EoS is assumed to be Pr(✓). The posterior EoS dis-
tribution is obtained by Bayesian updating; Pr(✓|D) /
Pr(✓) Pr(D|✓). To determine the most likely EoS, we can
use the MAP (maximum a posteriori) estimator,

fMAP(D) = argmax
✓

[Pr(✓) Pr(D|✓)] . (4)

This can be interpreted as an approximation of f that
minimizes Eq. (3). This means that machine learning en-
compasses Bayesian analysis as a particular limit. Hence,
an advantage of machine learning over Bayesian analysis
lies in the direct design of the loss function or optimiza-
tion target, suited for problems under consideration. We
emphasize the generality of our method which can be ap-
plied, with a little e↵ort, to any underdetermined prob-
lems; an e�cient procedure to find the most likely solu-
tion optimized with insu�cient information and limited
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FIG. 3. Two examples of the randomly generated EoSs
(dashed lines) and the machine learning outputs (solid lines)
reconstructed from one observation of 15 M -R points [see
Fig. 4 for actual (Mi, Ri)].

FIG. 4. Randomly sampled 15 data points and the M -R rela-
tions with the reconstructed EoS (solid lines) and the original
EoS (dashed lines). The red and blue colors correspond to two
EoSs shown with the same color in Fig. 3.

observation with error deviations from the genuine M -R
relation (which is shown by the dashed lines). Thus, each
set of 15 points is considered as mock data of the neutron
star observation. Since the neural network learns through
the training data that the observation contains errors, the
most likely EoS is reconstructed from one observation of
15 points with errors. The reconstructed EoSs are de-
picted by solid lines in Fig. 3. We can see that the re-
constructed EoSs agree quite well with the original EoSs
for these examples. It would also be interesting to make
a comparison of the M -R relations corresponding to the
original and reconstructed EoSs. The solid and dashed
lines in Fig. 4 represent the M -R relations calculated
with the original and reconstructed EoSs, respectively.
Since the EoSs look consistent in Fig. 3, the original and
reconstructed M -R relations are close to each other.

Mass (M�) 0.6 0.8 1.0 1.2 1.4 1.6 1.8

RMS (km) 0.16 0.12 0.10 0.099 0.11 0.11 0.12

TABLE II. Root mean square of radius deviations for fixed
masses.

For other EoSs in validation data, the corresponding
M -R curves are reconstructed well similarly to examples
discussed above. To quantify the overall reconstruction
accuracy, we calculated the root mean square (RMS) of
radius deviations using 196 validation data for several
masses as shown in Tab. II. We defined the RMS from the
deviations between not the observational data points but
the genuine and reconstructed M -R relations (i.e. dis-
tances between the solid and the dashed lines in Fig. 4),
that is, �R(M) = R(rec)(M) � R(0)(M). The RMS val-
ues in Tab. II are around ⇠ 0.1 km for all masses! This
indicates that our method works surprisingly good; re-
member that data points have random fluctuations by
�R ⇠ 0.5 km. It should be noticed that, even without
neutron stars around M = 0.6–0.8M� in our setup, the
RMS of the corresponding radii are still reconstructed
within the accuracy of the order ⇠ 0.1 km.

Finally, let us comment on the relation to Bayesian
analysis using symbolic notations. In our analysis we
parametrized the EoS by ✓ := {c2s,i}, which spans pa-
rameter space ⇥, and generated EoSs by a probability
distribution Pr(✓). Then, we sampled D = {(Mi, Ri)}
by an observational distribution, Pr(D|✓) for each EoS.
The neural network is a function f to obtain an EoS from
data points, i.e. f(D|W ) 2 ⇥, where W represents the
fitting parameters. The training is actually a process to
minimize the following loss function:

h`[f ]i =
Z

d✓dDPr(✓) Pr(D|✓)`(✓, f(D)). (3)

Here, let us translate Bayesian analysis into the above
language. In Bayesian analysis a prior distribution of
the EoS is assumed to be Pr(✓). The posterior EoS dis-
tribution is obtained by Bayesian updating; Pr(✓|D) /
Pr(✓) Pr(D|✓). To determine the most likely EoS, we can
use the MAP (maximum a posteriori) estimator,

fMAP(D) = argmax
✓

[Pr(✓) Pr(D|✓)] . (4)

This can be interpreted as an approximation of f that
minimizes Eq. (3). This means that machine learning en-
compasses Bayesian analysis as a particular limit. Hence,
an advantage of machine learning over Bayesian analysis
lies in the direct design of the loss function or optimiza-
tion target, suited for problems under consideration. We
emphasize the generality of our method which can be ap-
plied, with a little e↵ort, to any underdetermined prob-
lems; an e�cient procedure to find the most likely solu-
tion optimized with insu�cient information and limited
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FIG. 3. Two examples of the randomly generated EoSs
(dashed lines) and the machine learning outputs (solid lines)
reconstructed from one observation of 15 M -R points [see
Fig. 4 for actual (Mi, Ri)].

FIG. 4. Randomly sampled 15 data points and the M -R rela-
tions with the reconstructed EoS (solid lines) and the original
EoS (dashed lines). The red and blue colors correspond to two
EoSs shown with the same color in Fig. 3.

observation with error deviations from the genuine M -R
relation (which is shown by the dashed lines). Thus, each
set of 15 points is considered as mock data of the neutron
star observation. Since the neural network learns through
the training data that the observation contains errors, the
most likely EoS is reconstructed from one observation of
15 points with errors. The reconstructed EoSs are de-
picted by solid lines in Fig. 3. We can see that the re-
constructed EoSs agree quite well with the original EoSs
for these examples. It would also be interesting to make
a comparison of the M -R relations corresponding to the
original and reconstructed EoSs. The solid and dashed
lines in Fig. 4 represent the M -R relations calculated
with the original and reconstructed EoSs, respectively.
Since the EoSs look consistent in Fig. 3, the original and
reconstructed M -R relations are close to each other.

Mass (M�) 0.6 0.8 1.0 1.2 1.4 1.6 1.8

RMS (km) 0.16 0.12 0.10 0.099 0.11 0.11 0.12

TABLE II. Root mean square of radius deviations for fixed
masses.

For other EoSs in validation data, the corresponding
M -R curves are reconstructed well similarly to examples
discussed above. To quantify the overall reconstruction
accuracy, we calculated the root mean square (RMS) of
radius deviations using 196 validation data for several
masses as shown in Tab. II. We defined the RMS from the
deviations between not the observational data points but
the genuine and reconstructed M -R relations (i.e. dis-
tances between the solid and the dashed lines in Fig. 4),
that is, �R(M) = R(rec)(M) � R(0)(M). The RMS val-
ues in Tab. II are around ⇠ 0.1 km for all masses! This
indicates that our method works surprisingly good; re-
member that data points have random fluctuations by
�R ⇠ 0.5 km. It should be noticed that, even without
neutron stars around M = 0.6–0.8M� in our setup, the
RMS of the corresponding radii are still reconstructed
within the accuracy of the order ⇠ 0.1 km.

Finally, let us comment on the relation to Bayesian
analysis using symbolic notations. In our analysis we
parametrized the EoS by ✓ := {c2s,i}, which spans pa-
rameter space ⇥, and generated EoSs by a probability
distribution Pr(✓). Then, we sampled D = {(Mi, Ri)}
by an observational distribution, Pr(D|✓) for each EoS.
The neural network is a function f to obtain an EoS from
data points, i.e. f(D|W ) 2 ⇥, where W represents the
fitting parameters. The training is actually a process to
minimize the following loss function:

h`[f ]i =
Z

d✓dDPr(✓) Pr(D|✓)`(✓, f(D)). (3)

Here, let us translate Bayesian analysis into the above
language. In Bayesian analysis a prior distribution of
the EoS is assumed to be Pr(✓). The posterior EoS dis-
tribution is obtained by Bayesian updating; Pr(✓|D) /
Pr(✓) Pr(D|✓). To determine the most likely EoS, we can
use the MAP (maximum a posteriori) estimator,

fMAP(D) = argmax
✓

[Pr(✓) Pr(D|✓)] . (4)

This can be interpreted as an approximation of f that
minimizes Eq. (3). This means that machine learning en-
compasses Bayesian analysis as a particular limit. Hence,
an advantage of machine learning over Bayesian analysis
lies in the direct design of the loss function or optimiza-
tion target, suited for problems under consideration. We
emphasize the generality of our method which can be ap-
plied, with a little e↵ort, to any underdetermined prob-
lems; an e�cient procedure to find the most likely solu-
tion optimized with insu�cient information and limited
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FIG. 3. Two examples of the randomly generated EoSs
(dashed lines) and the machine learning outputs (solid lines)
reconstructed from one observation of 15 M -R points [see
Fig. 4 for actual (Mi, Ri)].

FIG. 4. Randomly sampled 15 data points and the M -R rela-
tions with the reconstructed EoS (solid lines) and the original
EoS (dashed lines). The red and blue colors correspond to two
EoSs shown with the same color in Fig. 3.

observation with error deviations from the genuine M -R
relation (which is shown by the dashed lines). Thus, each
set of 15 points is considered as mock data of the neutron
star observation. Since the neural network learns through
the training data that the observation contains errors, the
most likely EoS is reconstructed from one observation of
15 points with errors. The reconstructed EoSs are de-
picted by solid lines in Fig. 3. We can see that the re-
constructed EoSs agree quite well with the original EoSs
for these examples. It would also be interesting to make
a comparison of the M -R relations corresponding to the
original and reconstructed EoSs. The solid and dashed
lines in Fig. 4 represent the M -R relations calculated
with the original and reconstructed EoSs, respectively.
Since the EoSs look consistent in Fig. 3, the original and
reconstructed M -R relations are close to each other.

Mass (M�) 0.6 0.8 1.0 1.2 1.4 1.6 1.8

RMS (km) 0.16 0.12 0.10 0.099 0.11 0.11 0.12

TABLE II. Root mean square of radius deviations for fixed
masses.

For other EoSs in validation data, the corresponding
M -R curves are reconstructed well similarly to examples
discussed above. To quantify the overall reconstruction
accuracy, we calculated the root mean square (RMS) of
radius deviations using 196 validation data for several
masses as shown in Tab. II. We defined the RMS from the
deviations between not the observational data points but
the genuine and reconstructed M -R relations (i.e. dis-
tances between the solid and the dashed lines in Fig. 4),
that is, �R(M) = R(rec)(M) � R(0)(M). The RMS val-
ues in Tab. II are around ⇠ 0.1 km for all masses! This
indicates that our method works surprisingly good; re-
member that data points have random fluctuations by
�R ⇠ 0.5 km. It should be noticed that, even without
neutron stars around M = 0.6–0.8M� in our setup, the
RMS of the corresponding radii are still reconstructed
within the accuracy of the order ⇠ 0.1 km.

Finally, let us comment on the relation to Bayesian
analysis using symbolic notations. In our analysis we
parametrized the EoS by ✓ := {c2s,i}, which spans pa-
rameter space ⇥, and generated EoSs by a probability
distribution Pr(✓). Then, we sampled D = {(Mi, Ri)}
by an observational distribution, Pr(D|✓) for each EoS.
The neural network is a function f to obtain an EoS from
data points, i.e. f(D|W ) 2 ⇥, where W represents the
fitting parameters. The training is actually a process to
minimize the following loss function:

h`[f ]i =
Z

d✓dDPr(✓) Pr(D|✓)`(✓, f(D)). (3)

Here, let us translate Bayesian analysis into the above
language. In Bayesian analysis a prior distribution of
the EoS is assumed to be Pr(✓). The posterior EoS dis-
tribution is obtained by Bayesian updating; Pr(✓|D) /
Pr(✓) Pr(D|✓). To determine the most likely EoS, we can
use the MAP (maximum a posteriori) estimator,

fMAP(D) = argmax
✓

[Pr(✓) Pr(D|✓)] . (4)

This can be interpreted as an approximation of f that
minimizes Eq. (3). This means that machine learning en-
compasses Bayesian analysis as a particular limit. Hence,
an advantage of machine learning over Bayesian analysis
lies in the direct design of the loss function or optimiza-
tion target, suited for problems under consideration. We
emphasize the generality of our method which can be ap-
plied, with a little e↵ort, to any underdetermined prob-
lems; an e�cient procedure to find the most likely solu-
tion optimized with insu�cient information and limited

minimizes

Pr(✓|D)
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Approximated estimated → Baysian

NN allows for more general choice of loss functions. 
Baysian assumes parametrized likelihood functions.
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Yes, useful!
Maybe, less biased ?

Developing a toolkit for real data like
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Fig. 10.— The 68% confidence contours in mass and radius for the quiescent neutron star in ! Cen, inferred by Heinke et al. (2014; H14)
and by Guillot & Rutledge (2014; G14) using di↵erent assumptions regarding the interstellar extinction (wabs: Morrison & McCammon
1983; tbabs: Wilms et al. 2000), the presence of a power-law spectral component, and for di↵erent distances to the globular cluster (4.8 kpc
vs. 5.3 kpc) .

ω

Fig. 11.— The combined constraints at the 68% confidence level over the neutron star mass and radius obtained from (Left) all neutron
stars with thermonuclear bursts (Right) all neutron stars in low-mass X-ray binaries during quiescence.

Heinke et al. (2014) also explored the e↵ect of assuming di↵erent spectral indices in modeling the power-law com-
ponent. Even though the low counts preclude an accurate measurement of this parameter, the specific value has a
small e↵ect on the radius measurement, which can be folded in as a sytematic uncertainty. Finally, because of the
low temperature of the surface emission from qLMXBs, the spectral modeling is a↵ected significantly by the assumed
model of the interstellar medium to account for the low-energy extinction. Heinke et al. (2014) explored di↵erent
models for the interstellar extinction in their analysis of the qLMXBs in ! Cen and NGC 6397 and found statistically
consistent results, with small di↵erences in the central values but larger di↵erences in the uncertainties. In the left
panel of Figure 10, we show the e↵ect of di↵erent assumptions on the power-law index, the distance, and the interstellar
extinction model on the inference of the mass and radius of the neutron star in !Cen. In particular, one of the larger
e↵ects arises from the use of the two common interstellar extinction models they consider (the earlier Morrison &
McCammon 1983 model with solar abundances, referred to as wabs in the spectral fitting software XSPEC, and the
more recent Wilms et al. 2000 model, with ISM abundances from the same paper, referred to as tbabs with wilms in
XSPEC). The wabs model (employed by Guillot et al. 2013) leads to somewhat larger radii for the same distance.
In the present study, we repeat the analysis of Guillot et al. (2013) individually for all the sources in M13, M28,

NGC 6304, NGC 6397, M30, and !Cen. (Note that for the last two sources, the observations were reported in Guillot
& Rutledge 2014). In all of the spectral fits, we allow for a power-law component with a fixed photon index � = 1 but

not discrete data with error,  
but regions of credibility

Error analysis (credibility estimate) 
in the output side


