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自己紹介

2/June/2018 Deep Learning and Physics 2018

前回は機械学習を用いた測定、今回は機械学習を用いた配位生成

CCNU(中国の真ん中らへん、武漢) のポスドク 
2015年 大阪大学 素粒子論研究室でPhD(田中くんと同期)。 
専門: 格子QCD(数値計算で原子核などの性質を調べる) 
相転移が好きで超伝導→テクニカラー→有限温度QCD、エンタングルメントエントロピー等…

A. Tomiya
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※

関連するトーク 
※柴さん、青木さん、大槻さんのトーク 
※※永井さんのトーク

AdS/DL (橋本さんのトーク) 
arXiv:1802.08313

※※

イジング模型の相転移の推定 
JPSJ86, 063001 (2017)

配位生成の高速化(このトーク) 
arXiv:1712.03893
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まとめ：問題設定と結果
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提案したアルゴリズムで自己相関は短縮。相転移点で不具合

問題: 格子QCDでの配位生成を効率化したい！ 
効率化できれば、モンテカルロ法(HMC)からくる統計誤差を 
短時間で減らすことが出来る。

結果: 対称相、破れ相で、1点関数, 2点関数は無矛盾 
臨界点で、不具合がある

手法: 機械学習をHMCに組み込む 
機械学習は、それっぽい画像を作れる 
　→ 応用できないか？ 
性質が良く分かってる3次元φ4理論で 
試してみた

A. Tomiya

Radford et al. (2015)
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背景: クォークとグルーオンの統計系の相構造を調べたい
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原子核等は、一兆度でとけてクォークとグルーオンへ(～相転移)

A. Tomiya

2011年8月18.19日＠夏の学校 25

予想されるQCD相図

 

Fukushima-Hatsuda (2010)

2011年8月18.19日＠夏の学校 20

Large Hadron Collider (LHC)

 

温度

密度
※福嶋さんトーク

1兆度

QCD相図
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背景: クォークとグルーオンの統計系の相構造を調べたい
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クォークとグルーオンの量子系は、摂動できない& 非摂動効果が重要

A. Tomiya

Z =

Z Y

x

dq̄(x)dq(x)dA(x) exp

⇥
� 1

~

Z
1/(kT )

0

d⌧

Z
d

3

x

�
L
gluons

(A) + L
quarks

(q, q̄) + L
interactions

(A, q, q̄)

�⇤

クォーク場q(x)

q̄(x)

Aµ(x)
反クォーク場
グルーオン場

↑を見てみると、統計力学の分配関数と似てる…

- 結合定数が大きいので基本的に摂動できない 
- 非摂動効果が重要であることが知られている

量子色力学(クォークとグルーオンの力学)の経路積分量子化
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背景: クォークとグルーオンの統計系の相構造を調べたい
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離散時空上のクォークとグルーオンの統計力学は、モンテカルロできる

A. Tomiya
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形式的に古典統計力学と似てるがxは、連続なので微妙に違う 
→ xを離散化すれば 原子ラベルと同じ→基本的に統計力学の手法が使える 
→ 離散化した時空上の量子色力学(格子QCD)は、モンテカルロで計算できる

クォーク場q(x)

q̄(x)

Aµ(x)
反クォーク場
グルーオン場

量子色力学の経路積分量子化(クォークとグルーオンの量子統計力学)

K. Wilson(1974)	
M. Creutz(1980)

※

※柏さんのトーク
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格子QCD=離散時空上のクォーク・グルーオンの量子多体系
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今まで成功してきた。

A. Tomiya

arXiv:1203.1204

21st Century Lattice QCD 7

lightest scalar glueball (26). The pseudoscalar, tensor, and first radially excited
scalar glueballs are all 800–900 MeV higher than the lowest scalar (24).

Lattice QCD has been used to verify the mass spectrum of quark-model hadrons
within a few percent. Figure 2 shows four broad efforts on the spectrum of
the isopsin-1 light mesons and the isospin-12 and -32 baryons (27, 28, 29, 30, 31).
All these simulations include 2 + 1 flavors of sea quarks, and the error bars in
References 27, 28, 30 reflect thorough analyses of the systematic uncertainties.
A satisfying feature of Figure 2 is that the results do not depend in a systematic
way on the fermion formulation chosen for the quarks. Even the latest results for
the difficult η-η′ splitting are encouraging (32,33,34).

Figure 2 includes predictions for mesons with quark content b̄c (38, 36, 39).
The prediction for the pseudoscalar Bc has been (subsequently) confirmed by
experiment (40,41), whereas the prediction for the vector B∗

c awaits confirmation.
These predictions build on successful calculations of the bb̄ and cc̄ spectra (37,
42,43,44,45), which reproduce the experimental results well.

The most striking aspect of the spectrum is how well it agrees with nature.
The nucleons provide almost all the mass in everyday objects, and their masses
have been verified within 3.5%. Their mass mostly comes, via m = E/c2, from
the kinetic energy of the quarks and the energy stored in the sausage-like flux
tube(s) holding the quarks together.
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Figure 2: Hadron spectrum from lattice QCD. Comprehensive results for
mesons and baryons are from MILC (27, 28), PACS-CS (29), BMW (30), and
QCDSF (31). Results for η and η′ are from RBC & UKQCD (32), Hadron Spec-
trum (33) (also the only ω mass), and UKQCD (34). Results for heavy-light
hadrons from Fermilab-MILC (35), HPQCD (36), and Mohler & Woloshyn (37).
Circles, squares, and diamonds stand for staggered, Wilson, and chiral sea quarks,
respectively. Asterisks represent anisotropic lattices. Open symbols denote the
masses used to fix parameters. Filled symbols (and asterisks) denote results.
Red, orange, yellow, green, and blue stand for increasing numbers of ensembles
(i.e., lattice spacing and sea quark mass). Horizontal bars (gray boxes) denote
experimentally measured masses (widths). b-flavored meson masses are offset by
−4000 MeV.

格子QCDへ3, 4つのインプット->あう。
ハドロン 
質量

ハドロン 
の種類

線が実験で決定したハドロンの質量 
シンボルが格子QCDで決定したハドロンの質量
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ハイブリッドモンテカルロ法(HMC)
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グルーオン場配位を連鎖的に作り出し、経路積分の結果を推定

重み = ボルツマンweight ~ exp(-∫L)=exp(-S) 
→作用S の値が大きいとき、結果への寄与は小さい

量子系 ～ 運動方程式  +  ランダム運動量
Sが小さい所 量子性

HMCの気持ち:

作用が小さい所の周りを重点的に計算 
= ハイブリッドモンテカルロ法(HMC)

経路積分(状態和) = すべての可能な状態の重み付け和(積分)

A. Tomiya
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HMC(ハイブリッド(ハミルトン)モンテカルロ)とは
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ランダム運動量を入れた運動方程式で場を更新し、経路積分をミミックする

HMC(スカラー場版):
0. 場の配位φold=φ(x)を一つ選ぶ
1. ランダム運動量(場) p(x)を確率~exp(-p2/2)で生成
2. H=p2/2 + S[φ] に対するハミルトン方程式を使い 
　 場φと運動量pを発展 = 数値的に運動方程式を解く
3. メトロポリス法で数値誤差を消去、φnewを得る

1～３を繰り返す
場の配位の列φ1, φ2, …  の平均 = 期待値 
無限回やれば厳密に経路積分に一致することが知られている

Simon Duane, A.D. Kennedy, Brian J. Pendleton, and 	
Duncan Roweth. Hybrid monte carlo. Physics Letters B, 	
195(2):216 – 222, 1987. 

A. Tomiya

 (MD)
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自己相関時間
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ランダム運動量を入れた運動方程式で場を更新し、経路積分をミミックする

HMC(ハイブリッドモンテカルロ)を使うと、 
場の配位の列φ1, φ2, … が得られる。

A. Tomiya

φ1 φ2 φ3

黒の数

場のラベル

4 5 4

…

φN

7
…
…

黒のセルの数が近いので、独立な配位とみなせない 
→ 似ている範囲を自己相関時間と呼ぶ(短い方が良い)
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自己相関を短くして、高効率なサンプリングを
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似たような場の配位のサンプル → 有効的な統計数の減少

量子系 ～ 運動方程式  +  ランダム運動量
Sが小さい所 量子性

HMCの気持ち:

→ (仮想)時間での発展が有効的に遅くなるときを考える 
　 =  同じ計算時間でも似た場の配位のみが出てくる 
　 → ランダムサンプリングとして効率の低下

なんとかしたい！

A. Tomiya
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目次

2/June/2018 Deep Learning and Physics 2018

1.動機と導入 

2.ボルツマンマシン 

3.先行研究 

4.やったこと 

5.結果

A. Tomiya
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生成模型、ボルツマンマシン
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生成モデルは、経験確率に基づき、模倣したデータを生成できる

生成模型とは…

？
ブラックボックス(情報源)から情報が出て来るとして、 
情報源をモデル化、模倣する機械学習の枠組みの1つ. 
情報は、適当な確率分布に従って生成されてると考える

ボルツマンマシンは、生成模型の1つ 
情報源から出てくる確率と模型の確率を似せる(最尤法)

P
! !!! " #

" ! #

A. Tomiya
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制限ボルツマンマシン
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生成モデルの一種で、経験に基づき、模倣データを生成できる

E[v, h] =
X

n

bnvn +
X

i

cihi +
X

nj

vnwnjhj

学習パラメータ: b, c, w 
v, h は、スピン自由度(に対応)

P(v, h) =
1

Z
e�E[v,h]

ボルツマンマシン ≒ イジング模型、2種のスピン自由度v, h(両方2値)：

制限ボルツマンマシン: v同士、h同士には結合のない生成模型

v に値を入力→hに関する確率分布 
h に値を入力→vに関する確率分布

通常 v(可視層)には、画像データを入力し、画像の分布を模倣する 
学習パラメータは、勾配法でPを最大化するように学ばれる

A. Tomiya

※大関さん、柴さんのトーク
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ガウシアン制限ボルツマンマシンGRBM
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vのスピン自由度を連続変数にしたもの. hは2値

E[v, h] =
X

n

bnvn +
X

i

cihi +
X

nj

vnwnjhj

ガウシアン制限ボルツマンマシン = 可視層の変数を連続なモノにしたversion

3

Figure 2: Our proposal for update (BHMC). Gaussian-
Bernoulli RBM (GRBM) is added to the original HMC after
training.

symmetry and psudofemion formalism in the case of lat-
tice QCD and this leads long autocorrelation. Toward
solving this problem, we introduce a Gaussian-Bernoulli
Restricted Boltzmann Machine (GRBM) into the algo-
rithm (Bottom half of Figure. 2).

GRBM can be regarded as a physical system composed
by dynamical field φ and auxiliary binary field h with the
following Hamiltonian:

HGRBM
θ [φ, h] =

!

n

(φn − an)2

2σ2
n

−
!

j

bjhj −
!

n,j

φn

σn
wnjhj ,

(6)

where θ = (an,σn, bj , wnj). In contrast to usual statisti-
cal physics problem which discuss property of the system
with fixed θ, we will determine appropriate θ by the fol-
lowing steps.

• Preparing a teacher data D ∼ e−S[φ]/Zlat which we
would like to mimic (top half of Figure. 2).

• Updating parameters θ in (6) via contrastive diver-
gence method [26, 27] (See appendix C for a brief
review.).

Throughout this paper, we prepare teacher data D by the
original HMC. In this sense our algorithm is not com-
pletely independent to the original HMC, but once we
finish the training, we can use GRBM as a sampler of φ
via block Gibbs sampling (32).

Thanks to the intermediate hidden states in block
Gibbs sampling, i.e. states of h, the integrated autocor-
relation time for the block Gibbs sampling is expected to

Figure 3: Two point function G(t) for generated samples in
the symmetric phase. Left: HMC, Right: BHMC

Figure 4: Histograms for generated samples in the symmetric
phase. Left: vev for HMC(red) and trained BHMC (black),
Right: the action density for HMC(red) and trained BHMC
(black).

be short. However, it sounds dangerous just relying on
block Gibbs sampling, so we apply the molecular dynam-
ics and the Metropolis test for sampled configurations. In
summary our proposal for improvement is replacing 2. in
HMC algorithm to

2. Generating new φGRBM via block Gibbs sampling
by HGRBM

θ from the given φ, and giving pair
(φ′,π′) from the molecular dynamics development
by HHMC with (φGRBM,π).

This is schematically shown in the bottom Figure 2.

EXPERIMENT AND RESULT

Preparation of teacher data D: We prepare Nconf =
104 teacher configurations for training on N = (8, 8, 8)
lattice by running HMC with cold start. We choose
∆τ = 0.2 for the integration step size in the molecular
dynamics. Here earlier 103 configurations are discarded
and after that we start storing the teacher configurations.
Training details: The learning rate in (33) are taken

as ϵ = 10−3, η = 10−4. an and bj are initialized as zero
vectors, and σn is set to one. wnj is sampled from Gaus-
sian distribution N (0|0.01) as recommended in [28]. We
train our model by minibatch learning in following way.

(i) We randomly divide teacher data as direct sumD =

∪bD(b)
mini where each D(b)

mini includes 10
2 samples.

a, σ, b, w が学習パラメータ

通常 v(可視層)には、画像データを入力し、画像の分布を模倣する 
学習パラメータは、勾配法でPを最大化するように学ばれる

A. Tomiya
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Self-Learning Monte-Carlo(SLMC)
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有効模型の係数を実際のシミュレーション結果から決める

アイデア: 自己相関が長い系の厳密なハミルトニアンが分かってるとする。 
係数をパラメータにした有効ハミルトニアンを用意し、シミュレーションと 
回帰で係数を決める。有効系でシミュレーションし、自己相関を切る。 
メトロポリステストで、厳密なハミルトニアンに対する分布に補正する。

永井さんのトーク：

J.Liu et al arXiv: 1610.03137 など

A. Tomiya

上手いこといってる
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RBMを用いたイジングの配位生成
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RBMのみでイジングの配位を生成する

Li Huang and Lei Wang. PRB, 95(3):035105, 2017.

LI HUANG AND LEI WANG PHYSICAL REVIEW B 95, 035105 (2017)

FIG. 4. Two strategies of proposing Monte Carlo updates using
the RBM. (a) The blocked Gibbs sampling. Given the visible variables
x, we sample the hidden variable h under the conditional probability
p(h|x), Eq. (7), then sample the visible variables under the conditional
probability p(x′|h), Eq. (8). (b) The blocked Gibbs sampling with an
additional Metropolis step in between. It updates the hidden variable
h → h′ according to the log probability of the hidden variables,
Eq. (9).

physics model. Importantly, flipping a hidden variable with the
local Gibbs sampling may have nonlocal effects on the physical
variables. This is because the hidden neuron may control an
extended region of visible variables, as shown in Fig. 3. To
further encourage this effect, one can perform additional sam-
pling of the hidden variables in between the Gibbs sampling
steps, shown in Fig. 4(b). We suggest changing the hidden
variables h → h′ and accepting the update with probability
min [1, p(h′)

p(h) ], where p(h) =
!

x p(x,h) = e−F (h)/Z is the free
energy of the hidden variables

−F (h) =
M"

j=1

bjhj +
N"

i=1

ln(1 + eai+
!M

j=1 Wij hj ). (9)

Notice that the visible variables have been traced out in
Eq. (9), and sampling according to p(h) captures the generic
distribution of the hidden features and is unaffected by the
current visible variables. This further improves the sampling
of RBM by avoiding the visible and hidden variables to lock
each others’ feature.

We demonstrate the improvement of using RBM in the
Monte Carlo simulation in Fig. 5. The acceptance ratio of the

FIG. 5. (a) The acceptance ratio and (b) the total energy autocor-
relation time of the Falicov-Kimball model on a N = 82 square lattice.
Blue squares denote results of local bit-flip updates. The yellow
and red dots are using the RBM update schemes of Figs. 4(a) and
4(b), respectively. The critical temperature is at T/t ≈ 0.15 [33–35].
The estimated physical observables agree within error bars for all
sampling approaches.

single bit-flip update simulation of the Falicov-Kimball model
(1) decreases monotonously with decreasing temperature,
shown in Fig. 5(a). This is because when the system enters
into the CDW phase it is harder to add or remove fermions. In
contrast, the acceptance ratio of RBM updates remains high
in the whole temperature range across the phase transition.
This is because the RBM correctly captures the distribution of
the physical system. As a better measure of the improvement,
Fig. 5(b) shows the autocorrelation time measured in units of
Monte Carlo steps per lattice site [1]. The RBM updates reduce
the autocorrelation time by at least a factor of 2. The scheme
of Fig. 4(b) with four additional bit-flip attempts of the hidden
units further reduces the autocorrelation time. The overhead
of performing the sampling using the RBM is O(MN ), which
is negligible compared to the cost of computing Eq. (2) via
diagonalizing the fermionic Hamiltonian.

The proposed approach is general. Besides the Falikov-
Kimball model and its relatives mentioned after Eq. (2), it is
straightforward to use the RBM in Monte Carlo simulations
with binary degree of freedoms, such as the Ising and Z2
gauge fields models, variational [58] and determinantal [40]
Monte Carlo simulations of the Hubbard models, and the Fermi
bag approach of lattice field theories [59]. For models with
continuous variables, one can use the RBM with Gaussian
variables [53]. The RBM sampling approach can also be used
in combination with the other efficient sampling approaches
developed for statistical mechanics problems [11–16,44–47].

To make the presentation cleaner, we divided the compu-
tational tasks into three phases: collecting the training data,
fitting the RBM, and the actual Monte Carlo simulations.
In the future, one can use online learning to optimize the
RBM progressively with newly collected configurations. After
training the RBM in the equilibration phase of the Monte
Carlo simulation, one can use it to generate new samples with
improved efficiency. One also needs to check the scalability
of the proposed approach for larger and more complicated
physical systems.

Another future extension is to explore deep Boltzmann
machines [60] and deep belief nets [51] for Monte Carlo
simulations. Deeper hierarchical structures may allow even
higher level abstractions of the physical degree of freedoms.
There were observations indicating that a deep structure
improves the mixing time of the Monte Carlo sampling [61].
To further exploit the translational symmetry of the physical
problems, one may consider using a shift invariant RBM
[22,62] or a convolutional RBM [63–65].

Last but not least, in this paper we view the RBM as a
generative model and use it to accelerate the Monte Carlo
simulation of physical systems. On the other hand, along the
lines of Ref. [18], it is also interesting to view the RBM as an
unsupervised feature detector and explore the patterns in the
weights and the latent variables for the discovery of physical
knowledge.

Recently we noted a related work [66].

L.W. is supported by the Ministry of Science and Tech-
nology of China under Grant No. 2016YFA0302400 and
the startup grant of IOP-CAS. L.H. is supported by the
Natural Science Foundation of China Grant No. 11504340.
We acknowledge Jun-Wei Liu, Ye-Hua Liu, Zi-Yang Meng,
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FIG. 4. Two strategies of proposing Monte Carlo updates using
the RBM. (a) The blocked Gibbs sampling. Given the visible variables
x, we sample the hidden variable h under the conditional probability
p(h|x), Eq. (7), then sample the visible variables under the conditional
probability p(x′|h), Eq. (8). (b) The blocked Gibbs sampling with an
additional Metropolis step in between. It updates the hidden variable
h → h′ according to the log probability of the hidden variables,
Eq. (9).

physics model. Importantly, flipping a hidden variable with the
local Gibbs sampling may have nonlocal effects on the physical
variables. This is because the hidden neuron may control an
extended region of visible variables, as shown in Fig. 3. To
further encourage this effect, one can perform additional sam-
pling of the hidden variables in between the Gibbs sampling
steps, shown in Fig. 4(b). We suggest changing the hidden
variables h → h′ and accepting the update with probability
min [1, p(h′)

p(h) ], where p(h) =
!

x p(x,h) = e−F (h)/Z is the free
energy of the hidden variables

−F (h) =
M"
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bjhj +
N"
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j=1 Wij hj ). (9)

Notice that the visible variables have been traced out in
Eq. (9), and sampling according to p(h) captures the generic
distribution of the hidden features and is unaffected by the
current visible variables. This further improves the sampling
of RBM by avoiding the visible and hidden variables to lock
each others’ feature.

We demonstrate the improvement of using RBM in the
Monte Carlo simulation in Fig. 5. The acceptance ratio of the

FIG. 5. (a) The acceptance ratio and (b) the total energy autocor-
relation time of the Falicov-Kimball model on a N = 82 square lattice.
Blue squares denote results of local bit-flip updates. The yellow
and red dots are using the RBM update schemes of Figs. 4(a) and
4(b), respectively. The critical temperature is at T/t ≈ 0.15 [33–35].
The estimated physical observables agree within error bars for all
sampling approaches.

single bit-flip update simulation of the Falicov-Kimball model
(1) decreases monotonously with decreasing temperature,
shown in Fig. 5(a). This is because when the system enters
into the CDW phase it is harder to add or remove fermions. In
contrast, the acceptance ratio of RBM updates remains high
in the whole temperature range across the phase transition.
This is because the RBM correctly captures the distribution of
the physical system. As a better measure of the improvement,
Fig. 5(b) shows the autocorrelation time measured in units of
Monte Carlo steps per lattice site [1]. The RBM updates reduce
the autocorrelation time by at least a factor of 2. The scheme
of Fig. 4(b) with four additional bit-flip attempts of the hidden
units further reduces the autocorrelation time. The overhead
of performing the sampling using the RBM is O(MN ), which
is negligible compared to the cost of computing Eq. (2) via
diagonalizing the fermionic Hamiltonian.

The proposed approach is general. Besides the Falikov-
Kimball model and its relatives mentioned after Eq. (2), it is
straightforward to use the RBM in Monte Carlo simulations
with binary degree of freedoms, such as the Ising and Z2
gauge fields models, variational [58] and determinantal [40]
Monte Carlo simulations of the Hubbard models, and the Fermi
bag approach of lattice field theories [59]. For models with
continuous variables, one can use the RBM with Gaussian
variables [53]. The RBM sampling approach can also be used
in combination with the other efficient sampling approaches
developed for statistical mechanics problems [11–16,44–47].

To make the presentation cleaner, we divided the compu-
tational tasks into three phases: collecting the training data,
fitting the RBM, and the actual Monte Carlo simulations.
In the future, one can use online learning to optimize the
RBM progressively with newly collected configurations. After
training the RBM in the equilibration phase of the Monte
Carlo simulation, one can use it to generate new samples with
improved efficiency. One also needs to check the scalability
of the proposed approach for larger and more complicated
physical systems.

Another future extension is to explore deep Boltzmann
machines [60] and deep belief nets [51] for Monte Carlo
simulations. Deeper hierarchical structures may allow even
higher level abstractions of the physical degree of freedoms.
There were observations indicating that a deep structure
improves the mixing time of the Monte Carlo sampling [61].
To further exploit the translational symmetry of the physical
problems, one may consider using a shift invariant RBM
[22,62] or a convolutional RBM [63–65].

Last but not least, in this paper we view the RBM as a
generative model and use it to accelerate the Monte Carlo
simulation of physical systems. On the other hand, along the
lines of Ref. [18], it is also interesting to view the RBM as an
unsupervised feature detector and explore the patterns in the
weights and the latent variables for the discovery of physical
knowledge.

Recently we noted a related work [66].
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Despite their exceptional flexibility and popularity, Monte Carlo methods often suffer from slow mixing times
for challenging statistical physics problems. We present a general strategy to overcome this difficulty by adopting
ideas and techniques from the machine learning community. We fit the unnormalized probability of the physical
model to a feed-forward neural network and reinterpret the architecture as a restricted Boltzmann machine. Then,
exploiting its feature detection ability, we utilize the restricted Boltzmann machine to propose efficient Monte
Carlo updates to speed up the simulation of the original physical system. We implement these ideas for the
Falicov-Kimball model and demonstrate an improved acceptance ratio and autocorrelation time near the phase
transition point.
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The Monte Carlo method is one of the most flexible and
powerful methods for studying many-body systems [1,2]. Its
application ranges from the physical sciences [3] including
condensed matter physics [4,5], nuclear matter [6], and particle
physics [7], all the way to the biological and social sciences
[8–10]. Monte Carlo methods randomly sample configurations
and obtain the answer as a statistical average. However,
because the configuration spaces are exceptionally large for
many-body systems, it is typically impossible to perform direct
sampling, therefore one resorts to the Markov chain random
walk approach to explore the configuration space. In this
case, one only needs to know the relative ratio between the
probabilities of two configurations.

Designing efficient strategies to explore the configuration
space efficiently is at the heart of Markov chain Monte Carlo
algorithms. This is, however, a challenging endeavor. Not
even mentioning the fundamentally difficult case of glassy
energy landscapes, naive Monte Carlo samplings are usually
painfully slow close to the phase transitions. These drawbacks
motivated noteworthy algorithmic developments in the past
decades [11–16]. In essence, those algorithms exploit various
physical aspects of the problem for efficient Monte Carlo
updates. It is, however, difficult to devise a general strategy
to guide optimal Monte Carlo algorithm design.

We address these difficulties in a general setting with
insights from machine learning. Recently, there has been a
rising interest in applying machine learning approaches to
many-body physics problems. This includes classifying phases
of matter [17–21], using the neural networks as variational
wave functions [22,23], fitting the density functionals [24–26],
and solving inverse problems in quantum many-body physics
[27,28].

In this paper, we propose a general way to accelerate Monte
Carlo simulations of statistical physics problems. We present
two algorithmic innovations: a simple supervised learning
approach to train the restricted Boltzmann machine (RBM)
[29,30] as a proxy of the physical distributions, and an efficient
Monte Carlo sampling strategy that exploits the latent structure
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of the RBM. The RBM is a building block for deep learning and
plays an important role in its the recent renaissance [31]. The
significance of using the RBM in Monte Carlo simulations
is that it automatically identifies relevant features (such as
correlations and collective modes) in the physics model
and proposes updates with correspondingly high acceptance
rates and low autocorrelations. This approach makes better
use of the sampled Monte Carlo data because, in addition
to estimating the physical observables, the RBM builds an
adaptive model for the physical probability distribution and
guides better explorations.

We illustrate these general ideas using the Falicov-Kimball
model [32] as an example. The model describes mobile
fermions and localized fermions interacting with on-site
interactions. The Hamiltonian reads

ĤFK =
!

i,j

ĉ
†
iKij ĉj + U

N!

i=1

"
n̂i − 1

2

#"
xi − 1

2

#
, (1)

where xi ∈ {0,1} is a classical binary variable representing the
occupation number of the localized fermion at site i. ĉi is the
fermion annihilation operator and n̂i ≡ ĉ

†
i ĉi is the occupation

number operator of the mobile fermion. K is the kinetic energy
matrix of the mobile fermions. In the following, we consider
the model on a periodic square lattice with N sites. Thus,Kij =
−t for nearest neighbors and is zero otherwise. The −1/2
offsets in Eq. (1) ensure that both the mobile and localized
fermions are half filled on average. Previous studies show that
at U/t = 4 and temperature T/t ≈ 0.15 the system undergoes
a phase transition to the checkerboard density-wave (CDW)
state [33–35].

Tracing out the mobile fermions, the occupation number
of the localized fermions x ∈ {0,1}N follows the probability
distribution pFK(x) = e−FFK(x)/ZFK, where ZFK is a normal-
ization factor. The negative “free energy” reads (omitting an
unimportant constant βUN/4)

−FFK(x) = βU

2

N!

i=1

xi + ln det(1 + e−βH), (2)

where β = 1/T is the inverse temperature and Hij =
Kij + δijU (xi − 1/2). One can diagonalize H to obtain its
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FIG. 4. Two strategies of proposing Monte Carlo updates using
the RBM. (a) The blocked Gibbs sampling. Given the visible variables
x, we sample the hidden variable h under the conditional probability
p(h|x), Eq. (7), then sample the visible variables under the conditional
probability p(x′|h), Eq. (8). (b) The blocked Gibbs sampling with an
additional Metropolis step in between. It updates the hidden variable
h → h′ according to the log probability of the hidden variables,
Eq. (9).

physics model. Importantly, flipping a hidden variable with the
local Gibbs sampling may have nonlocal effects on the physical
variables. This is because the hidden neuron may control an
extended region of visible variables, as shown in Fig. 3. To
further encourage this effect, one can perform additional sam-
pling of the hidden variables in between the Gibbs sampling
steps, shown in Fig. 4(b). We suggest changing the hidden
variables h → h′ and accepting the update with probability
min [1, p(h′)

p(h) ], where p(h) =
!

x p(x,h) = e−F (h)/Z is the free
energy of the hidden variables

−F (h) =
M"

j=1

bjhj +
N"

i=1

ln(1 + eai+
!M

j=1 Wij hj ). (9)

Notice that the visible variables have been traced out in
Eq. (9), and sampling according to p(h) captures the generic
distribution of the hidden features and is unaffected by the
current visible variables. This further improves the sampling
of RBM by avoiding the visible and hidden variables to lock
each others’ feature.

We demonstrate the improvement of using RBM in the
Monte Carlo simulation in Fig. 5. The acceptance ratio of the

FIG. 5. (a) The acceptance ratio and (b) the total energy autocor-
relation time of the Falicov-Kimball model on a N = 82 square lattice.
Blue squares denote results of local bit-flip updates. The yellow
and red dots are using the RBM update schemes of Figs. 4(a) and
4(b), respectively. The critical temperature is at T/t ≈ 0.15 [33–35].
The estimated physical observables agree within error bars for all
sampling approaches.

single bit-flip update simulation of the Falicov-Kimball model
(1) decreases monotonously with decreasing temperature,
shown in Fig. 5(a). This is because when the system enters
into the CDW phase it is harder to add or remove fermions. In
contrast, the acceptance ratio of RBM updates remains high
in the whole temperature range across the phase transition.
This is because the RBM correctly captures the distribution of
the physical system. As a better measure of the improvement,
Fig. 5(b) shows the autocorrelation time measured in units of
Monte Carlo steps per lattice site [1]. The RBM updates reduce
the autocorrelation time by at least a factor of 2. The scheme
of Fig. 4(b) with four additional bit-flip attempts of the hidden
units further reduces the autocorrelation time. The overhead
of performing the sampling using the RBM is O(MN ), which
is negligible compared to the cost of computing Eq. (2) via
diagonalizing the fermionic Hamiltonian.

The proposed approach is general. Besides the Falikov-
Kimball model and its relatives mentioned after Eq. (2), it is
straightforward to use the RBM in Monte Carlo simulations
with binary degree of freedoms, such as the Ising and Z2
gauge fields models, variational [58] and determinantal [40]
Monte Carlo simulations of the Hubbard models, and the Fermi
bag approach of lattice field theories [59]. For models with
continuous variables, one can use the RBM with Gaussian
variables [53]. The RBM sampling approach can also be used
in combination with the other efficient sampling approaches
developed for statistical mechanics problems [11–16,44–47].

To make the presentation cleaner, we divided the compu-
tational tasks into three phases: collecting the training data,
fitting the RBM, and the actual Monte Carlo simulations.
In the future, one can use online learning to optimize the
RBM progressively with newly collected configurations. After
training the RBM in the equilibration phase of the Monte
Carlo simulation, one can use it to generate new samples with
improved efficiency. One also needs to check the scalability
of the proposed approach for larger and more complicated
physical systems.

Another future extension is to explore deep Boltzmann
machines [60] and deep belief nets [51] for Monte Carlo
simulations. Deeper hierarchical structures may allow even
higher level abstractions of the physical degree of freedoms.
There were observations indicating that a deep structure
improves the mixing time of the Monte Carlo sampling [61].
To further exploit the translational symmetry of the physical
problems, one may consider using a shift invariant RBM
[22,62] or a convolutional RBM [63–65].

Last but not least, in this paper we view the RBM as a
generative model and use it to accelerate the Monte Carlo
simulation of physical systems. On the other hand, along the
lines of Ref. [18], it is also interesting to view the RBM as an
unsupervised feature detector and explore the patterns in the
weights and the latent variables for the discovery of physical
knowledge.

Recently we noted a related work [66].
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有効ハミルトニアンを使わずに、配位を生成

A. Tomiya

上手いこといってるらしい。



やったこと
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機械学習で場の理論の配位を生成した

2/June/2018 Deep Learning and Physics 2018

初の試みなので、多面的にチェックが必要

ボルツマンマシン+HMCで配位生成をし、 
自己相関の短縮を試みた。 
!

場の理論の配位生成への初の応用なので 
何が起こるかわからない… 
!

格子上の3次元φ4でやってみた。 
→ よく理解されている模型なので 
問題があればすぐにわかる。

A. Tomiya
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HMC(ハイブリッドモンテカルロ)とは

2/June/2018 Deep Learning and Physics 2018

ランダム運動量を入れた運動方程式で場を更新し、経路積分をミミックする

HMC(スカラー場版):
0. 場の配位φold=φ(x)を一つ選ぶ
1. ランダム運動量(場) p(x)を確率~exp(-p2/2)で生成
2. H=p2/2 + S[φ] に対するハミルトン方程式を使い 
　 場φと運動量pを発展 = 数値的に運動方程式を解く
3. メトロポリス法で数値誤差を消去、φnewを得る

1～３を繰り返す

再掲

A. Tomiya

場の配位の列φ1, φ2, … が得られるので、期待値を求める
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提案したアルゴリズム

2/June/2018 Deep Learning and Physics 2018

配位の更新を運動方程式のみでなく、経験分布もつかう

Boltzmann machine + HMC(スカラー場版):
0. 場の配位φold=φ(x)を一つ選ぶ
1. ランダム運動量(場) p(x)を確率~exp(-p2/2)で生成
2. H=p2/2 + S[φ] に対するハミルトン方程式を使い 
　 場φと運動量pを発展 = 数値的に運動方程式を解く
3. メトロポリス法で数値誤差を消去、φnewを得る

1～３を繰り返す

1.5. 学習済のボルツマンマシンに配位φをいれ、新配位φを生成Added

A. Tomiya

場の配位の列φ1, φ2, … が得られるので、期待値を求める
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実際の運用のながれ

2/June/2018 Deep Learning and Physics 2018

最初は、HMCのみで配位を生成。学習が進めば、ボルツマンマシンを挿入。 3

Figure 2: Our proposal for update (BHMC). Gaussian-
Bernoulli RBM (GRBM) is added to the original HMC after
training.

symmetry and psudofemion formalism in the case of lat-
tice QCD and this leads long autocorrelation. Toward
solving this problem, we introduce a Gaussian-Bernoulli
Restricted Boltzmann Machine (GRBM) into the algo-
rithm (Bottom half of Figure. 2).

GRBM can be regarded as a physical system composed
by dynamical field φ and auxiliary binary field h with the
following Hamiltonian:

HGRBM
θ [φ, h] =

!

n

(φn − an)2

2σ2
n

−
!

j

bjhj −
!

n,j

φn

σn
wnjhj ,

(6)

where θ = (an,σn, bj , wnj). In contrast to usual statisti-
cal physics problem which discuss property of the system
with fixed θ, we will determine appropriate θ by the fol-
lowing steps.

• Preparing a teacher data D ∼ e−S[φ]/Zlat which we
would like to mimic (top half of Figure. 2).

• Updating parameters θ in (6) via contrastive diver-
gence method [26, 27] (See appendix C for a brief
review.).

Throughout this paper, we prepare teacher data D by the
original HMC. In this sense our algorithm is not com-
pletely independent to the original HMC, but once we
finish the training, we can use GRBM as a sampler of φ
via block Gibbs sampling (32).

Thanks to the intermediate hidden states in block
Gibbs sampling, i.e. states of h, the integrated autocor-
relation time for the block Gibbs sampling is expected to

Figure 3: Two point function G(t) for generated samples in
the symmetric phase. Left: HMC, Right: BHMC

Figure 4: Histograms for generated samples in the symmetric
phase. Left: vev for HMC(red) and trained BHMC (black),
Right: the action density for HMC(red) and trained BHMC
(black).

be short. However, it sounds dangerous just relying on
block Gibbs sampling, so we apply the molecular dynam-
ics and the Metropolis test for sampled configurations. In
summary our proposal for improvement is replacing 2. in
HMC algorithm to

2. Generating new φGRBM via block Gibbs sampling
by HGRBM

θ from the given φ, and giving pair
(φ′,π′) from the molecular dynamics development
by HHMC with (φGRBM,π).

This is schematically shown in the bottom Figure 2.

EXPERIMENT AND RESULT

Preparation of teacher data D: We prepare Nconf =
104 teacher configurations for training on N = (8, 8, 8)
lattice by running HMC with cold start. We choose
∆τ = 0.2 for the integration step size in the molecular
dynamics. Here earlier 103 configurations are discarded
and after that we start storing the teacher configurations.
Training details: The learning rate in (33) are taken

as ϵ = 10−3, η = 10−4. an and bj are initialized as zero
vectors, and σn is set to one. wnj is sampled from Gaus-
sian distribution N (0|0.01) as recommended in [28]. We
train our model by minibatch learning in following way.

(i) We randomly divide teacher data as direct sumD =

∪bD(b)
mini where each D(b)

mini includes 10
2 samples.

A. Tomiya
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φ4理論

2/June/2018 Deep Learning and Physics 2018

3次元格子上のφ4理論の計算を行った

2

Alg. Phase Nconf ⟨φ⟩ /V ⟨S⟩ /V τint

HMC Symmetric 104 0.00±0.05 0.48±0.03 4.4±0.3

Broken 104 -3.94±0.04 -2.70±0.03 2.8±0.2

BHMC Symmetric 104 0.00±0.04 0.50±0.04 2.0±0.1

Broken 104 -3.95±0.03 -2.73±0.04 2.5±0.2

Table I: BHMC in the Alg. column is our proposing algo-
rithm (HMC+GRBM). V is the system volume 83 and Nconf

is the number of configurations. The integrated autocorre-
lation time τint is defined by the expectation value for the
spacetime averaged one-point Green’s function. Here the ini-
tial configuration both for HMC and BHMC is prepared from
a configuration which is well thermalized configuration from
HMC.

fact, it is reported that BRBM can sample the Ising con-
figurations approximately [23] even near the criticality.
So, replacing effective Hamiltonian in SLMC to certain
generative model may be a good idea to solve critical
slowing down in lattice QCD.

Towards this goal, we modify HMC by introducing
real-valued RBM called Gaussian-Bernoulli Restricted
Boltzmann Machines (GRBM). We call it BHMC (Boltz-
mann machine assisted HMC) in short. To examine our
proposal’s validity, we employ interacting real scalar field
theory in three dimensional discretized spacetime. The
theory is described by the action,

S[φ] =
N!

n

"
−1

2
φn∆φn +

m2

2
φ2
n +

λ

4!
φ4
n

#
. (1)

Our notation and setup are summarized in appendix A.
In order to confirm validity of BHMC, we compare fol-

lowing quantities calculated by configurations generated
by both of the original HMC and BHMC. First is the
expectation value of the action density for (1), ⟨S⟩ /V ,

S/V =
1

V

1

Nconf

Nconf!

c=1

S[φ(c)], (2)

where V = NxNyNt is the spacetime volume, Nconf is
the number of configurations and φ(c) is c-th configura-
tion. Second is the vacuum expectation value of one-
point Green’s function (vev) ⟨φ⟩ /V ,

φ/V =
1

Nconf

Nconf!

c=1

1

V

N!

n

φ(c)
n , (3)

where φ(c)
n is a field value at point n for c-th configuration.

Third quantity is the two-point Green’s function with
zero momentum projection,

G(t) =

Nx,Ny!

dx,dy=1

1

Nconf

Nconf!

c=1

1

V

N!

n

φ(c)
t+nt,dx+nx,dy+ny

φ(c)
n ,

(4)

In this paper, we call G(t) the two-point function. In
the broken phase for this model, there are no Nambu-
Goldstone modes, thus we employ the connected part of
the two-point function,

Gcon(t) = G(t)−NxNy|φ/V |2, (5)

in stead of G(t) itself and examine Gcon(t) = 0. These
quantities are the important to examine the proposed
algorithm whether it provides “physically legal” configu-
rations or not.
Besides these quantities, we calculate the approxi-

mated normalized autocorrelation function ρ(τ) [24, 25]
(See appendix B). Particularly we focus on the autocor-
relation of vev. In addition, we calculate the integrated
autocorrelation τint from ρ(τ).

This paper is organized as follows. In next section,
we introduce our HMC based algorithm which is assisted
by GRBM. After that, we compare numerical results cal-
culated by the original HMC and our algorithm in two
phases. Table I shows a part of results, and looks consis-
tent. But for skeptical readers, we go further and show
discrepancies with HMC also. In the final section, we
summarize and discuss these discrepancies and its im-
provement. In addition, we address on a issue of our
algorithm near the criticality.

BOLTZMANN MACHINE ASSISTED HYBRID
MONTE CARLO (BHMC) ALGORITHM

In order to introduce our proposal, let us briefly review
procedures of the original HMC [4] (see appendix B for
details). HMC consists of three steps:

1. Momentum refreshment: Generate a set of πn for
every points n from the Gaussian distribution.

2. The molecular dynamics: Fields (φ,π) are evolved
to (φ′,π′) using the canonical equations of motion
for HHMC[φ,π] = S[φ] + 1

2π
2.

3. The Metropolis test: Chooses a next pair from can-
didates (φ′,π′) and (φ,π) using HHMC[φ,π].

This algorithm is schematically shown in the top half of
Figure 2. In step 2, a candidate configuration is gener-
ated by solving equations of motion for HHMC[φ,π]. Step
3 ensures generated configurations obey the distribution
with the Boltzmann weight e−HHMC[φ,π].
In total, we can generate a sequence of configurations

φ which obeys the distribution e−S[φ] by repeating above
three steps. However updates of configurations are es-
sentially done by evolution according to the equation of
motion for HHMC only (step 2). Namely, local updates
for the field but this seems unavoidable from the gauge

古典的には、 
m2 < 0: Z2対称性が自発的にやぶれた相に。そうでなければ、対称相

対称相、破れ相そして臨界点で計算をおこなった

5

Figure 7: Histogram for vev near the criticality. Red: HMC,
Black: BHMC.

SUMMARY AND DISCUSSION

In this paper we have introduced an algorithm based
on HMC with GRBM. We have observed reduction of the
autocorreation time both in the symmetric and broken
phase.

Let us leave here some comments. First, we can con-
clude that our new algorithm provides well approximated
configurations because the action density and vev are
consistent with ones by HMC (Table I) without fitting
the Hamiltonian/action itself. However, observables have
different distributions. In fact, similar phenomena are re-
ported by [23] in Ising model. This discrepancy has to
be solved for practical use. Second, to attack the critical
slowing down problem in lattice QCD, we need to over-
come the long autocorrelation problem near the critical-
ity, but our new algorithm is poor to sample from such
phase boundary. The reason is simple because the Hamil-
tonian (6) approximates the data by the Gaussian distri-
butions for each spacetime point. In symmetric/broken
phase, the actual distribution for vev ⟨φ⟩ /V has single
peak and it is reasonable to use (6) to approximate it. On
the other hand, near the criticality, it has double peaked
distribution, which is not suitable for our formalism (Fig-
ure 7).

In order to represent rich distributions by this kind of
frame work without breaking short autocorrelation, one
naive idea is adding more hidden layers to our GRBM.
In fact, it is known that the three-layered Boltzmann
machines exceed RBM [29]. It may work, but we need
another heavy MCMC to sample from deep Boltzmann
machines. Alternative idea is using neural networks.
Neural network itself is a deterministic architecture, and
one may suspect its effectiveness to approximate prob-
ability density. Recently, however, generative models
based on neural networks [30, 31] exceed conventional
energy-based models like RBMs. It uses simple fixed
noise z ∼ p(z), and train the networks Gθ(z) regard-
ing itself as sampling of target configuration φ. After the
training of Gθ, it is proved that the resulting distribution
on φ = Gθ(z) is identical to the true distribution. Here
MCMC is not needed, thus no autocorrelation problem
at all.

If we want to use generative models as lattice QCD
sampler, we must guarantee the gauge symmetry of a
probability distribution for the model. This is because,
configurations which are generated by a algorithm must
obey a conclusion of Elitzur’s theorem [32], namely ex-
pectation values of gauge variant quantities must be
zero. For example, Boltzmann machines do not have such
mechanism. In this sense, we may need to develop gener-
ative models for gauge field configurations, namely it can
generate gauge field with appropriate redundancy. Of
course, if we fix the gauge, conventional generative mod-
els might work. However, from a viewpoint of efficiency,
we believe that such models are needed.
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Appendix A. φ4 theory: Physics and Notation

In this appendix, we explain physical aspects and
Monte-Carlo calculation of φ4 theory to introduce our
notation. It is described by a discretized action (1),

S[φ] =
N!

n

"
−1

2
φn∆φn +

m2

2
φ2
n +

λ

4!
φ4
n

#
,

where n = (nt, nx, ny). N = (Nt, Nx, Ny) represents
the size of the system and nµ is an integer in a range
[0, Nµ). ∆ is Laplacian on the discrete spacetime without
any improvement. m2 and λ are real parameters and
m2 can be negative. In general, interacting scalar filed
theories in three dimension are allowed to contain φ6 term
in the action by the renormalizability but we just omit
it for simplicity. φn is enjoined the periodic boundary
condition for each direction.
The expectation value of an operator O is defined by

the euclidean path integral,

⟨O⟩ = 1

Zlat

$
Dφ O[φ] e−S[φ], (8)

where Dφ =
%N

n dφn and Zlat =
&
Dφ e−S[φ]. In the

other words, realization probability for a certain config-
uration φ is given by,

plat[φ] =
e−S[φ]

Zlat
. (9)
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測定した物理量
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作用密度、1点関数、2点関数

2

Alg. Phase Nconf ⟨φ⟩ /V ⟨S⟩ /V τint

HMC Symmetric 104 0.00±0.05 0.48±0.03 4.4±0.3

Broken 104 -3.94±0.04 -2.70±0.03 2.8±0.2

BHMC Symmetric 104 0.00±0.04 0.50±0.04 2.0±0.1

Broken 104 -3.95±0.03 -2.73±0.04 2.5±0.2

Table I: BHMC in the Alg. column is our proposing algo-
rithm (HMC+GRBM). V is the system volume 83 and Nconf

is the number of configurations. The integrated autocorre-
lation time τint is defined by the expectation value for the
spacetime averaged one-point Green’s function. Here the ini-
tial configuration both for HMC and BHMC is prepared from
a configuration which is well thermalized configuration from
HMC.

fact, it is reported that BRBM can sample the Ising con-
figurations approximately [23] even near the criticality.
So, replacing effective Hamiltonian in SLMC to certain
generative model may be a good idea to solve critical
slowing down in lattice QCD.

Towards this goal, we modify HMC by introducing
real-valued RBM called Gaussian-Bernoulli Restricted
Boltzmann Machines (GRBM). We call it BHMC (Boltz-
mann machine assisted HMC) in short. To examine our
proposal’s validity, we employ interacting real scalar field
theory in three dimensional discretized spacetime. The
theory is described by the action,

S[φ] =
N!

n

"
−1

2
φn∆φn +

m2

2
φ2
n +

λ

4!
φ4
n

#
. (1)

Our notation and setup are summarized in appendix A.
In order to confirm validity of BHMC, we compare fol-

lowing quantities calculated by configurations generated
by both of the original HMC and BHMC. First is the
expectation value of the action density for (1), ⟨S⟩ /V ,

S/V =
1

V

1

Nconf

Nconf!

c=1

S[φ(c)], (2)

where V = NxNyNt is the spacetime volume, Nconf is
the number of configurations and φ(c) is c-th configura-
tion. Second is the vacuum expectation value of one-
point Green’s function (vev) ⟨φ⟩ /V ,

φ/V =
1

Nconf

Nconf!

c=1

1

V

N!

n

φ(c)
n , (3)

where φ(c)
n is a field value at point n for c-th configuration.

Third quantity is the two-point Green’s function with
zero momentum projection,

G(t) =

Nx,Ny!

dx,dy=1

1

Nconf

Nconf!

c=1

1

V

N!

n

φ(c)
t+nt,dx+nx,dy+ny

φ(c)
n ,

(4)

In this paper, we call G(t) the two-point function. In
the broken phase for this model, there are no Nambu-
Goldstone modes, thus we employ the connected part of
the two-point function,

Gcon(t) = G(t)−NxNy|φ/V |2, (5)

in stead of G(t) itself and examine Gcon(t) = 0. These
quantities are the important to examine the proposed
algorithm whether it provides “physically legal” configu-
rations or not.
Besides these quantities, we calculate the approxi-

mated normalized autocorrelation function ρ(τ) [24, 25]
(See appendix B). Particularly we focus on the autocor-
relation of vev. In addition, we calculate the integrated
autocorrelation τint from ρ(τ).

This paper is organized as follows. In next section,
we introduce our HMC based algorithm which is assisted
by GRBM. After that, we compare numerical results cal-
culated by the original HMC and our algorithm in two
phases. Table I shows a part of results, and looks consis-
tent. But for skeptical readers, we go further and show
discrepancies with HMC also. In the final section, we
summarize and discuss these discrepancies and its im-
provement. In addition, we address on a issue of our
algorithm near the criticality.

BOLTZMANN MACHINE ASSISTED HYBRID
MONTE CARLO (BHMC) ALGORITHM

In order to introduce our proposal, let us briefly review
procedures of the original HMC [4] (see appendix B for
details). HMC consists of three steps:

1. Momentum refreshment: Generate a set of πn for
every points n from the Gaussian distribution.

2. The molecular dynamics: Fields (φ,π) are evolved
to (φ′,π′) using the canonical equations of motion
for HHMC[φ,π] = S[φ] + 1

2π
2.

3. The Metropolis test: Chooses a next pair from can-
didates (φ′,π′) and (φ,π) using HHMC[φ,π].

This algorithm is schematically shown in the top half of
Figure 2. In step 2, a candidate configuration is gener-
ated by solving equations of motion for HHMC[φ,π]. Step
3 ensures generated configurations obey the distribution
with the Boltzmann weight e−HHMC[φ,π].
In total, we can generate a sequence of configurations

φ which obeys the distribution e−S[φ] by repeating above
three steps. However updates of configurations are es-
sentially done by evolution according to the equation of
motion for HHMC only (step 2). Namely, local updates
for the field but this seems unavoidable from the gauge

2

Alg. Phase Nconf ⟨φ⟩ /V ⟨S⟩ /V τint

HMC Symmetric 104 0.00±0.05 0.48±0.03 4.4±0.3

Broken 104 -3.94±0.04 -2.70±0.03 2.8±0.2

BHMC Symmetric 104 0.00±0.04 0.50±0.04 2.0±0.1

Broken 104 -3.95±0.03 -2.73±0.04 2.5±0.2

Table I: BHMC in the Alg. column is our proposing algo-
rithm (HMC+GRBM). V is the system volume 83 and Nconf

is the number of configurations. The integrated autocorre-
lation time τint is defined by the expectation value for the
spacetime averaged one-point Green’s function. Here the ini-
tial configuration both for HMC and BHMC is prepared from
a configuration which is well thermalized configuration from
HMC.

fact, it is reported that BRBM can sample the Ising con-
figurations approximately [23] even near the criticality.
So, replacing effective Hamiltonian in SLMC to certain
generative model may be a good idea to solve critical
slowing down in lattice QCD.

Towards this goal, we modify HMC by introducing
real-valued RBM called Gaussian-Bernoulli Restricted
Boltzmann Machines (GRBM). We call it BHMC (Boltz-
mann machine assisted HMC) in short. To examine our
proposal’s validity, we employ interacting real scalar field
theory in three dimensional discretized spacetime. The
theory is described by the action,

S[φ] =
N!

n
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n +
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Our notation and setup are summarized in appendix A.
In order to confirm validity of BHMC, we compare fol-

lowing quantities calculated by configurations generated
by both of the original HMC and BHMC. First is the
expectation value of the action density for (1), ⟨S⟩ /V ,

S/V =
1

V

1

Nconf

Nconf!

c=1

S[φ(c)], (2)

where V = NxNyNt is the spacetime volume, Nconf is
the number of configurations and φ(c) is c-th configura-
tion. Second is the vacuum expectation value of one-
point Green’s function (vev) ⟨φ⟩ /V ,

φ/V =
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Nconf

Nconf!

c=1

1

V
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n , (3)

where φ(c)
n is a field value at point n for c-th configuration.

Third quantity is the two-point Green’s function with
zero momentum projection,

G(t) =

Nx,Ny!

dx,dy=1

1

Nconf

Nconf!

c=1

1

V
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n

φ(c)
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In this paper, we call G(t) the two-point function. In
the broken phase for this model, there are no Nambu-
Goldstone modes, thus we employ the connected part of
the two-point function,

Gcon(t) = G(t)−NxNy|φ/V |2, (5)

in stead of G(t) itself and examine Gcon(t) = 0. These
quantities are the important to examine the proposed
algorithm whether it provides “physically legal” configu-
rations or not.
Besides these quantities, we calculate the approxi-

mated normalized autocorrelation function ρ(τ) [24, 25]
(See appendix B). Particularly we focus on the autocor-
relation of vev. In addition, we calculate the integrated
autocorrelation τint from ρ(τ).

This paper is organized as follows. In next section,
we introduce our HMC based algorithm which is assisted
by GRBM. After that, we compare numerical results cal-
culated by the original HMC and our algorithm in two
phases. Table I shows a part of results, and looks consis-
tent. But for skeptical readers, we go further and show
discrepancies with HMC also. In the final section, we
summarize and discuss these discrepancies and its im-
provement. In addition, we address on a issue of our
algorithm near the criticality.

BOLTZMANN MACHINE ASSISTED HYBRID
MONTE CARLO (BHMC) ALGORITHM

In order to introduce our proposal, let us briefly review
procedures of the original HMC [4] (see appendix B for
details). HMC consists of three steps:

1. Momentum refreshment: Generate a set of πn for
every points n from the Gaussian distribution.

2. The molecular dynamics: Fields (φ,π) are evolved
to (φ′,π′) using the canonical equations of motion
for HHMC[φ,π] = S[φ] + 1

2π
2.

3. The Metropolis test: Chooses a next pair from can-
didates (φ′,π′) and (φ,π) using HHMC[φ,π].

This algorithm is schematically shown in the top half of
Figure 2. In step 2, a candidate configuration is gener-
ated by solving equations of motion for HHMC[φ,π]. Step
3 ensures generated configurations obey the distribution
with the Boltzmann weight e−HHMC[φ,π].
In total, we can generate a sequence of configurations

φ which obeys the distribution e−S[φ] by repeating above
three steps. However updates of configurations are es-
sentially done by evolution according to the equation of
motion for HHMC only (step 2). Namely, local updates
for the field but this seems unavoidable from the gauge
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Alg. Phase Nconf ⟨φ⟩ /V ⟨S⟩ /V τint

HMC Symmetric 104 0.00±0.05 0.48±0.03 4.4±0.3

Broken 104 -3.94±0.04 -2.70±0.03 2.8±0.2

BHMC Symmetric 104 0.00±0.04 0.50±0.04 2.0±0.1

Broken 104 -3.95±0.03 -2.73±0.04 2.5±0.2

Table I: BHMC in the Alg. column is our proposing algo-
rithm (HMC+GRBM). V is the system volume 83 and Nconf

is the number of configurations. The integrated autocorre-
lation time τint is defined by the expectation value for the
spacetime averaged one-point Green’s function. Here the ini-
tial configuration both for HMC and BHMC is prepared from
a configuration which is well thermalized configuration from
HMC.

fact, it is reported that BRBM can sample the Ising con-
figurations approximately [23] even near the criticality.
So, replacing effective Hamiltonian in SLMC to certain
generative model may be a good idea to solve critical
slowing down in lattice QCD.

Towards this goal, we modify HMC by introducing
real-valued RBM called Gaussian-Bernoulli Restricted
Boltzmann Machines (GRBM). We call it BHMC (Boltz-
mann machine assisted HMC) in short. To examine our
proposal’s validity, we employ interacting real scalar field
theory in three dimensional discretized spacetime. The
theory is described by the action,

S[φ] =
N!
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m2

2
φ2
n +
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Our notation and setup are summarized in appendix A.
In order to confirm validity of BHMC, we compare fol-

lowing quantities calculated by configurations generated
by both of the original HMC and BHMC. First is the
expectation value of the action density for (1), ⟨S⟩ /V ,

S/V =
1

V

1

Nconf

Nconf!

c=1

S[φ(c)], (2)

where V = NxNyNt is the spacetime volume, Nconf is
the number of configurations and φ(c) is c-th configura-
tion. Second is the vacuum expectation value of one-
point Green’s function (vev) ⟨φ⟩ /V ,

φ/V =
1

Nconf

Nconf!

c=1

1

V

N!

n

φ(c)
n , (3)

where φ(c)
n is a field value at point n for c-th configuration.

Third quantity is the two-point Green’s function with
zero momentum projection,

G(t) =

Nx,Ny!

dx,dy=1

1

Nconf

Nconf!

c=1

1

V

N!

n

φ(c)
t+nt,dx+nx,dy+ny

φ(c)
n ,
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In this paper, we call G(t) the two-point function. In
the broken phase for this model, there are no Nambu-
Goldstone modes, thus we employ the connected part of
the two-point function,

Gcon(t) = G(t)−NxNy|φ/V |2, (5)

in stead of G(t) itself and examine Gcon(t) = 0. These
quantities are the important to examine the proposed
algorithm whether it provides “physically legal” configu-
rations or not.
Besides these quantities, we calculate the approxi-

mated normalized autocorrelation function ρ(τ) [24, 25]
(See appendix B). Particularly we focus on the autocor-
relation of vev. In addition, we calculate the integrated
autocorrelation τint from ρ(τ).

This paper is organized as follows. In next section,
we introduce our HMC based algorithm which is assisted
by GRBM. After that, we compare numerical results cal-
culated by the original HMC and our algorithm in two
phases. Table I shows a part of results, and looks consis-
tent. But for skeptical readers, we go further and show
discrepancies with HMC also. In the final section, we
summarize and discuss these discrepancies and its im-
provement. In addition, we address on a issue of our
algorithm near the criticality.

BOLTZMANN MACHINE ASSISTED HYBRID
MONTE CARLO (BHMC) ALGORITHM

In order to introduce our proposal, let us briefly review
procedures of the original HMC [4] (see appendix B for
details). HMC consists of three steps:

1. Momentum refreshment: Generate a set of πn for
every points n from the Gaussian distribution.

2. The molecular dynamics: Fields (φ,π) are evolved
to (φ′,π′) using the canonical equations of motion
for HHMC[φ,π] = S[φ] + 1

2π
2.

3. The Metropolis test: Chooses a next pair from can-
didates (φ′,π′) and (φ,π) using HHMC[φ,π].

This algorithm is schematically shown in the top half of
Figure 2. In step 2, a candidate configuration is gener-
ated by solving equations of motion for HHMC[φ,π]. Step
3 ensures generated configurations obey the distribution
with the Boltzmann weight e−HHMC[φ,π].
In total, we can generate a sequence of configurations

φ which obeys the distribution e−S[φ] by repeating above
three steps. However updates of configurations are es-
sentially done by evolution according to the equation of
motion for HHMC only (step 2). Namely, local updates
for the field but this seems unavoidable from the gauge(破れ相では、con. part)

代表的な物理量である作用密度、1点関数、2点関数を 
しらべた。作用密度と1点関数はヒストグラムも計算。 
1点関数の自己相関を2つのアルゴリズムで比較した
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数字だけ見ると良さそうに見える
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Alg. Phase Nconf ⟨φ⟩ /V ⟨S⟩ /V τint

HMC Symmetric 104 0.00±0.05 0.48±0.03 4.4±0.3

Broken 104 -3.94±0.04 -2.70±0.03 2.8±0.2

BHMC Symmetric 104 0.00±0.04 0.50±0.04 2.0±0.1

Broken 104 -3.95±0.03 -2.73±0.04 2.5±0.2

Table I: BHMC in the Alg. column is our proposing algo-
rithm (HMC+GRBM). V is the system volume 83 and Nconf

is the number of configurations. The integrated autocorre-
lation time τint is defined by the expectation value for the
spacetime averaged one-point Green’s function. Here the ini-
tial configuration both for HMC and BHMC is prepared from
a configuration which is well thermalized configuration from
HMC.

fact, it is reported that BRBM can sample the Ising con-
figurations approximately [23] even near the criticality.
So, replacing effective Hamiltonian in SLMC to certain
generative model may be a good idea to solve critical
slowing down in lattice QCD.

Towards this goal, we modify HMC by introducing
real-valued RBM called Gaussian-Bernoulli Restricted
Boltzmann Machines (GRBM). We call it BHMC (Boltz-
mann machine assisted HMC) in short. To examine our
proposal’s validity, we employ interacting real scalar field
theory in three dimensional discretized spacetime. The
theory is described by the action,

S[φ] =
N!
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n +

λ

4!
φ4
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Our notation and setup are summarized in appendix A.
In order to confirm validity of BHMC, we compare fol-

lowing quantities calculated by configurations generated
by both of the original HMC and BHMC. First is the
expectation value of the action density for (1), ⟨S⟩ /V ,

S/V =
1

V

1

Nconf

Nconf!

c=1

S[φ(c)], (2)

where V = NxNyNt is the spacetime volume, Nconf is
the number of configurations and φ(c) is c-th configura-
tion. Second is the vacuum expectation value of one-
point Green’s function (vev) ⟨φ⟩ /V ,

φ/V =
1

Nconf

Nconf!

c=1

1

V

N!

n

φ(c)
n , (3)

where φ(c)
n is a field value at point n for c-th configuration.

Third quantity is the two-point Green’s function with
zero momentum projection,

G(t) =

Nx,Ny!

dx,dy=1

1

Nconf

Nconf!

c=1

1

V

N!

n

φ(c)
t+nt,dx+nx,dy+ny

φ(c)
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(4)

In this paper, we call G(t) the two-point function. In
the broken phase for this model, there are no Nambu-
Goldstone modes, thus we employ the connected part of
the two-point function,

Gcon(t) = G(t)−NxNy|φ/V |2, (5)

in stead of G(t) itself and examine Gcon(t) = 0. These
quantities are the important to examine the proposed
algorithm whether it provides “physically legal” configu-
rations or not.
Besides these quantities, we calculate the approxi-

mated normalized autocorrelation function ρ(τ) [24, 25]
(See appendix B). Particularly we focus on the autocor-
relation of vev. In addition, we calculate the integrated
autocorrelation τint from ρ(τ).

This paper is organized as follows. In next section,
we introduce our HMC based algorithm which is assisted
by GRBM. After that, we compare numerical results cal-
culated by the original HMC and our algorithm in two
phases. Table I shows a part of results, and looks consis-
tent. But for skeptical readers, we go further and show
discrepancies with HMC also. In the final section, we
summarize and discuss these discrepancies and its im-
provement. In addition, we address on a issue of our
algorithm near the criticality.

BOLTZMANN MACHINE ASSISTED HYBRID
MONTE CARLO (BHMC) ALGORITHM

In order to introduce our proposal, let us briefly review
procedures of the original HMC [4] (see appendix B for
details). HMC consists of three steps:

1. Momentum refreshment: Generate a set of πn for
every points n from the Gaussian distribution.

2. The molecular dynamics: Fields (φ,π) are evolved
to (φ′,π′) using the canonical equations of motion
for HHMC[φ,π] = S[φ] + 1

2π
2.

3. The Metropolis test: Chooses a next pair from can-
didates (φ′,π′) and (φ,π) using HHMC[φ,π].

This algorithm is schematically shown in the top half of
Figure 2. In step 2, a candidate configuration is gener-
ated by solving equations of motion for HHMC[φ,π]. Step
3 ensures generated configurations obey the distribution
with the Boltzmann weight e−HHMC[φ,π].
In total, we can generate a sequence of configurations

φ which obeys the distribution e−S[φ] by repeating above
three steps. However updates of configurations are es-
sentially done by evolution according to the equation of
motion for HHMC only (step 2). Namely, local updates
for the field but this seems unavoidable from the gauge

一見良さそうに見えるが…？
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In this paper we propose new algorithm to reduce autocorrelation in Markov chain Monte-Carlo
algorithms for euclidean field theories on the lattice. Our proposing algorithm is the Hybrid Monte-
Carlo algorithm (HMC) with restricted Boltzmann machine. We examine the validity of the algo-
rithm by employing the phi-fourth theory in three dimension. We observe reduction of the autocor-
relation both in symmetric and broken phase as well. Our proposing algorithm provides consistent
central values of expectation values of the action density and one-point Green’s function with ones
from the original HMC in both the symmetric phase and broken phase within the statistical error.
On the other hand, two-point Green’s functions have slight difference between one calculated by the
HMC and one by our proposing algorithm in the symmetric phase. Furthermore, near the criticality,
the distribution of the one-point Green’s function differs from the one from HMC. We discuss the
origin of discrepancies and its improvement.

PACS numbers:

INTRODUCTION

The dynamics of gluons and quarks is described by
Quantum Chromo-Dynamics (QCD) but it has not been
solved analytically. Since QCD is regularized by intro-
ducing an ultraviolet cutoff to the spacetime [1–3] (lattice
QCD), thus, we can evaluate physical observables using
one of Markov Chain Monte-Carlo (MCMC) called the
Hybrid Monte-Carlo algorithm (HMC) [4]. Lattice QCD
with HMC has been succeeded to reproduce important
features of QCD: the chiral symmetry breaking [5], nu-
clear potentials [6] and QCD phase structure ([7, 8] and
references therein).

A sequence of generated configurations by HMC are
suffered from autocorrelation. Long correlations between
generated configurations reduce the effective number of
configurations and it causes inefficiency of HMC. As a
related topic, the critical slowing down is becoming a
problem in current lattice QCD calculations with HMC
[9, 10] because it actually induces long autocorrelation.
The autocorrelation in HMC is a vexing problem since
HMC is based on the local update. The long autocor-
relation problem reminds us the Berlin wall problem in
lattice QCD in the last decade [11]. It was solved by in-
troducing multi-time step integrator [12] and the Hasen-
busch mass preconditioning [13] to HMC. For the current
issue, we believe it is solved by introducing new idea also
[14–16].

Recently, striking idea, Self Learning Monte-Carlo
(SLMC) algorithms, are suggested [17–20] for several
models of condensed matter physics. They assume effec-
tive Hamiltonian with some couplings as free parameters

Figure 1: Left: Autocorrelation function for the condensate
in the symmetric phase. Right: The same plot but in the
broken phase. Black lines represent autocorrelations for our
Boltzmann machine supported HMC.

and determine the couplings through linear regression
with the original Hamiltonian. After the regression, they
use the trained effective Hamiltonian to generate con-
figurations and they obtain a sequence of configurations
with shorter autocorrelation. Similar but more radical
approach can be found in [21] which replaces the effec-
tive Hamiltonian with the Binary Restricted Boltzmann
machine (BRBM) which is one of the well known archi-
tectures called generative models in the machine learning
community. Compared to the previous effective Hamilto-
nian approach, using generative models might be better
in a following sense. In SLMC, first we need to prepare
the most generic form of the effective Hamiltonian, and
after some experiments, we can determine the important
couplings to fit the actual Hamiltonian. On the other
hand, we do not need to perform such experiments in
generative models. It is general-purpose architecture to
fit arbitrary probability density (Ch. 20 in [22]), and in

3

Figure 2: Our proposal for update (BHMC). Gaussian-
Bernoulli RBM (GRBM) is added to the original HMC after
training.

symmetry and psudofemion formalism in the case of lat-
tice QCD and this leads long autocorrelation. Toward
solving this problem, we introduce a Gaussian-Bernoulli
Restricted Boltzmann Machine (GRBM) into the algo-
rithm (Bottom half of Figure. 2).

GRBM can be regarded as a physical system composed
by dynamical field φ and auxiliary binary field h with the
following Hamiltonian:

HGRBM
θ [φ, h] =

!

n

(φn − an)2

2σ2
n

−
!

j

bjhj −
!

n,j

φn

σn
wnjhj ,

(6)

where θ = (an,σn, bj , wnj). In contrast to usual statisti-
cal physics problem which discuss property of the system
with fixed θ, we will determine appropriate θ by the fol-
lowing steps.

• Preparing a teacher data D ∼ e−S[φ]/Zlat which we
would like to mimic (top half of Figure. 2).

• Updating parameters θ in (6) via contrastive diver-
gence method [26, 27] (See appendix C for a brief
review.).

Throughout this paper, we prepare teacher data D by the
original HMC. In this sense our algorithm is not com-
pletely independent to the original HMC, but once we
finish the training, we can use GRBM as a sampler of φ
via block Gibbs sampling (32).

Thanks to the intermediate hidden states in block
Gibbs sampling, i.e. states of h, the integrated autocor-
relation time for the block Gibbs sampling is expected to

Figure 3: Two point function G(t) for generated samples in
the symmetric phase. Left: HMC, Right: BHMC

Figure 4: Histograms for generated samples in the symmetric
phase. Left: vev for HMC(red) and trained BHMC (black),
Right: the action density for HMC(red) and trained BHMC
(black).

be short. However, it sounds dangerous just relying on
block Gibbs sampling, so we apply the molecular dynam-
ics and the Metropolis test for sampled configurations. In
summary our proposal for improvement is replacing 2. in
HMC algorithm to

2. Generating new φGRBM via block Gibbs sampling
by HGRBM

θ from the given φ, and giving pair
(φ′,π′) from the molecular dynamics development
by HHMC with (φGRBM,π).

This is schematically shown in the bottom Figure 2.

EXPERIMENT AND RESULT

Preparation of teacher data D: We prepare Nconf =
104 teacher configurations for training on N = (8, 8, 8)
lattice by running HMC with cold start. We choose
∆τ = 0.2 for the integration step size in the molecular
dynamics. Here earlier 103 configurations are discarded
and after that we start storing the teacher configurations.
Training details: The learning rate in (33) are taken

as ϵ = 10−3, η = 10−4. an and bj are initialized as zero
vectors, and σn is set to one. wnj is sampled from Gaus-
sian distribution N (0|0.01) as recommended in [28]. We
train our model by minibatch learning in following way.

(i) We randomly divide teacher data as direct sumD =
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mini where each D(b)
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Figure 2: Our proposal for update (BHMC). Gaussian-
Bernoulli RBM (GRBM) is added to the original HMC after
training.

symmetry and psudofemion formalism in the case of lat-
tice QCD and this leads long autocorrelation. Toward
solving this problem, we introduce a Gaussian-Bernoulli
Restricted Boltzmann Machine (GRBM) into the algo-
rithm (Bottom half of Figure. 2).

GRBM can be regarded as a physical system composed
by dynamical field φ and auxiliary binary field h with the
following Hamiltonian:

HGRBM
θ [φ, h] =
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(φn − an)2

2σ2
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−
!

j

bjhj −
!

n,j

φn

σn
wnjhj ,

(6)

where θ = (an,σn, bj , wnj). In contrast to usual statisti-
cal physics problem which discuss property of the system
with fixed θ, we will determine appropriate θ by the fol-
lowing steps.

• Preparing a teacher data D ∼ e−S[φ]/Zlat which we
would like to mimic (top half of Figure. 2).

• Updating parameters θ in (6) via contrastive diver-
gence method [26, 27] (See appendix C for a brief
review.).

Throughout this paper, we prepare teacher data D by the
original HMC. In this sense our algorithm is not com-
pletely independent to the original HMC, but once we
finish the training, we can use GRBM as a sampler of φ
via block Gibbs sampling (32).

Thanks to the intermediate hidden states in block
Gibbs sampling, i.e. states of h, the integrated autocor-
relation time for the block Gibbs sampling is expected to

Figure 3: Two point function G(t) for generated samples in
the symmetric phase. Left: HMC, Right: BHMC

Figure 4: Histograms for generated samples in the symmetric
phase. Left: vev for HMC(red) and trained BHMC (black),
Right: the action density for HMC(red) and trained BHMC
(black).

be short. However, it sounds dangerous just relying on
block Gibbs sampling, so we apply the molecular dynam-
ics and the Metropolis test for sampled configurations. In
summary our proposal for improvement is replacing 2. in
HMC algorithm to

2. Generating new φGRBM via block Gibbs sampling
by HGRBM

θ from the given φ, and giving pair
(φ′,π′) from the molecular dynamics development
by HHMC with (φGRBM,π).

This is schematically shown in the bottom Figure 2.

EXPERIMENT AND RESULT

Preparation of teacher data D: We prepare Nconf =
104 teacher configurations for training on N = (8, 8, 8)
lattice by running HMC with cold start. We choose
∆τ = 0.2 for the integration step size in the molecular
dynamics. Here earlier 103 configurations are discarded
and after that we start storing the teacher configurations.
Training details: The learning rate in (33) are taken

as ϵ = 10−3, η = 10−4. an and bj are initialized as zero
vectors, and σn is set to one. wnj is sampled from Gaus-
sian distribution N (0|0.01) as recommended in [28]. We
train our model by minibatch learning in following way.

(i) We randomly divide teacher data as direct sumD =

∪bD(b)
mini where each D(b)

mini includes 10
2 samples.
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In this paper we propose new algorithm to reduce autocorrelation in Markov chain Monte-Carlo
algorithms for euclidean field theories on the lattice. Our proposing algorithm is the Hybrid Monte-
Carlo algorithm (HMC) with restricted Boltzmann machine. We examine the validity of the algo-
rithm by employing the phi-fourth theory in three dimension. We observe reduction of the autocor-
relation both in symmetric and broken phase as well. Our proposing algorithm provides consistent
central values of expectation values of the action density and one-point Green’s function with ones
from the original HMC in both the symmetric phase and broken phase within the statistical error.
On the other hand, two-point Green’s functions have slight difference between one calculated by the
HMC and one by our proposing algorithm in the symmetric phase. Furthermore, near the criticality,
the distribution of the one-point Green’s function differs from the one from HMC. We discuss the
origin of discrepancies and its improvement.

PACS numbers:

INTRODUCTION

The dynamics of gluons and quarks is described by
Quantum Chromo-Dynamics (QCD) but it has not been
solved analytically. Since QCD is regularized by intro-
ducing an ultraviolet cutoff to the spacetime [1–3] (lattice
QCD), thus, we can evaluate physical observables using
one of Markov Chain Monte-Carlo (MCMC) called the
Hybrid Monte-Carlo algorithm (HMC) [4]. Lattice QCD
with HMC has been succeeded to reproduce important
features of QCD: the chiral symmetry breaking [5], nu-
clear potentials [6] and QCD phase structure ([7, 8] and
references therein).

A sequence of generated configurations by HMC are
suffered from autocorrelation. Long correlations between
generated configurations reduce the effective number of
configurations and it causes inefficiency of HMC. As a
related topic, the critical slowing down is becoming a
problem in current lattice QCD calculations with HMC
[9, 10] because it actually induces long autocorrelation.
The autocorrelation in HMC is a vexing problem since
HMC is based on the local update. The long autocor-
relation problem reminds us the Berlin wall problem in
lattice QCD in the last decade [11]. It was solved by in-
troducing multi-time step integrator [12] and the Hasen-
busch mass preconditioning [13] to HMC. For the current
issue, we believe it is solved by introducing new idea also
[14–16].

Recently, striking idea, Self Learning Monte-Carlo
(SLMC) algorithms, are suggested [17–20] for several
models of condensed matter physics. They assume effec-
tive Hamiltonian with some couplings as free parameters

Figure 1: Left: Autocorrelation function for the condensate
in the symmetric phase. Right: The same plot but in the
broken phase. Black lines represent autocorrelations for our
Boltzmann machine supported HMC.

and determine the couplings through linear regression
with the original Hamiltonian. After the regression, they
use the trained effective Hamiltonian to generate con-
figurations and they obtain a sequence of configurations
with shorter autocorrelation. Similar but more radical
approach can be found in [21] which replaces the effec-
tive Hamiltonian with the Binary Restricted Boltzmann
machine (BRBM) which is one of the well known archi-
tectures called generative models in the machine learning
community. Compared to the previous effective Hamilto-
nian approach, using generative models might be better
in a following sense. In SLMC, first we need to prepare
the most generic form of the effective Hamiltonian, and
after some experiments, we can determine the important
couplings to fit the actual Hamiltonian. On the other
hand, we do not need to perform such experiments in
generative models. It is general-purpose architecture to
fit arbitrary probability density (Ch. 20 in [22]), and in
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(ii) We repeat updating process for b. Each update is

performed by using mean values on D(b)
mini of δθ.

We call the pair of procedure (i) and (ii) as epoch. We
train GRBM with 40 epochs.

Test details: After training, we run BHMC to gener-
ate 104 configurations. In addition, we perform the orig-
inal HMC to generate 104 configurations for a reference.
We use ∆τ = 0.2 in both molecular dynamics. Both of
algorithms start with the same initial thermalized con-
figuration. By using each configuration, we compute vev
(3), the action density (2), two-point function (4), and
examine BHMC can generate sane configurations or not.
In addition we calculate autocorrelation function (25),
integrated autocorrelation (26), and examine BHMC can
provide small autocorrelation time or not.

We perform experiments in two phases of the φ4-
theory, namely the symmetric phase and broken phase
as follows.

The symmetric phase

We take m2 = 0.8, λ = 0. Acceptance rate for each
MCMC is,

BHMC(0 epoch): 0.0%,

BHMC(20 epoch): 38.97%,

BHMC(40 epoch): 84.49%,

HMC : 71.66%.

As easily noticed, values of acceptance rate for BHMC in-
creases with increasing epochs, i.e. the number of train-
ing iterations. This is a signal of success on training
GRBM.

The integrated autocorrelation times τint, vev and the
action density are summarized in Table I. They are all
fit in the ones in legal configuration, and BHMC pro-
vides configurations having shorter autocorrelation as ex-
pected. This can be seen from the behavior of the auto-
correlation functions (Left panel in Figure 1).

We plot the two-point function G(t) for the original
HMC and BHMC in Figure 3 and (7).

G(0) G(1) G(2) G(3) G(4)

HMC 0.52(3) 0.22(8) 0.09(9) 0.04(4) 0.02(3)

BHMC 0.42(6) 0.16(6) 0.04(5) 0.01(8) 0.01(8)

(7)

In the right panel of Figure 3, the darker line corresponds
calculated based on more trained GRBM. The magnitude
of G(t) for BHMC is slightly smaller than the one for the
HMC for all t.

In addition, we plot histograms of vev and the action
density in Figure 4. The histogram of vev seems sanity.
On the other hand, the distribution of the action density
of BHMC have slight discrepancy between the ones of
HMC conservatively.

Figure 5: Two point function Gcon(t) for generated samples
in the broken phase. Left: HMC, Right: BHMC.

Figure 6: Histograms for generated samples in the broken
phase. Left: vev for HMC (red) and trained BHMC (black),
Right: the action density for HMC (red) and trained BHMC
(black).

The broken phase

We take m2 = −0.8, λ = 0.3. Acceptance rate for each
MCMC is,

BHMC(0 epoch): 0.0%,

BHMC(20 epoch): 13.36%,

BHMC(40 epoch): 69.37%,

HMC : 71.19%.

Comparing to BHMC in the symmetric phase, the accep-
tance rate does not large.

The integrated autocorrelation time τint, vev and the
action density are summarized in Table I. τint for BHMC
is also shorter than one for HMC as well as the sym-
metric phase. This can be seen from the behavior of the
autocorrelation functions (Right panel in Figure 1).

The connected part of two-point function is showed in
Figure 5. The two-point function by BHMC is consistent
with the one by the original HMC, i.e. it is zero for all
t, within the statistical error.

The histogram for vev is showed in the left panel in
Figure 6, which looks consistent with one by the HMC.
On the other hand, the histogram for the action den-
sity is showed in the right panel in Figure 6, which has
discrepancy to one for the HMC.
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ate 104 configurations. In addition, we perform the orig-
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as follows.

The symmetric phase

We take m2 = 0.8, λ = 0. Acceptance rate for each
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As easily noticed, values of acceptance rate for BHMC in-
creases with increasing epochs, i.e. the number of train-
ing iterations. This is a signal of success on training
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The integrated autocorrelation times τint, vev and the
action density are summarized in Table I. They are all
fit in the ones in legal configuration, and BHMC pro-
vides configurations having shorter autocorrelation as ex-
pected. This can be seen from the behavior of the auto-
correlation functions (Left panel in Figure 1).

We plot the two-point function G(t) for the original
HMC and BHMC in Figure 3 and (7).
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HMC 0.52(3) 0.22(8) 0.09(9) 0.04(4) 0.02(3)

BHMC 0.42(6) 0.16(6) 0.04(5) 0.01(8) 0.01(8)
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In the right panel of Figure 3, the darker line corresponds
calculated based on more trained GRBM. The magnitude
of G(t) for BHMC is slightly smaller than the one for the
HMC for all t.

In addition, we plot histograms of vev and the action
density in Figure 4. The histogram of vev seems sanity.
On the other hand, the distribution of the action density
of BHMC have slight discrepancy between the ones of
HMC conservatively.

Figure 5: Two point function Gcon(t) for generated samples
in the broken phase. Left: HMC, Right: BHMC.

Figure 6: Histograms for generated samples in the broken
phase. Left: vev for HMC (red) and trained BHMC (black),
Right: the action density for HMC (red) and trained BHMC
(black).

The broken phase

We take m2 = −0.8, λ = 0.3. Acceptance rate for each
MCMC is,

BHMC(0 epoch): 0.0%,

BHMC(20 epoch): 13.36%,

BHMC(40 epoch): 69.37%,

HMC : 71.19%.

Comparing to BHMC in the symmetric phase, the accep-
tance rate does not large.

The integrated autocorrelation time τint, vev and the
action density are summarized in Table I. τint for BHMC
is also shorter than one for HMC as well as the sym-
metric phase. This can be seen from the behavior of the
autocorrelation functions (Right panel in Figure 1).

The connected part of two-point function is showed in
Figure 5. The two-point function by BHMC is consistent
with the one by the original HMC, i.e. it is zero for all
t, within the statistical error.

The histogram for vev is showed in the left panel in
Figure 6, which looks consistent with one by the HMC.
On the other hand, the histogram for the action den-
sity is showed in the right panel in Figure 6, which has
discrepancy to one for the HMC.

- 自己相関は、(少し)短くなる 
- 1点関数、2点関数はコンシステント 
- 作用密度が少しズレている
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臨界点での結果

5

Figure 7: Histogram for vev near the criticality. Red: HMC,
Black: BHMC.

SUMMARY AND DISCUSSION

In this paper we have introduced an algorithm based
on HMC with GRBM. We have observed reduction of the
autocorreation time both in the symmetric and broken
phase.

Let us leave here some comments. First, we can con-
clude that our new algorithm provides well approximated
configurations because the action density and vev are
consistent with ones by HMC (Table I) without fitting
the Hamiltonian/action itself. However, observables have
different distributions. In fact, similar phenomena are re-
ported by [23] in Ising model. This discrepancy has to
be solved for practical use. Second, to attack the critical
slowing down problem in lattice QCD, we need to over-
come the long autocorrelation problem near the critical-
ity, but our new algorithm is poor to sample from such
phase boundary. The reason is simple because the Hamil-
tonian (6) approximates the data by the Gaussian distri-
butions for each spacetime point. In symmetric/broken
phase, the actual distribution for vev ⟨φ⟩ /V has single
peak and it is reasonable to use (6) to approximate it. On
the other hand, near the criticality, it has double peaked
distribution, which is not suitable for our formalism (Fig-
ure 7).

In order to represent rich distributions by this kind of
frame work without breaking short autocorrelation, one
naive idea is adding more hidden layers to our GRBM.
In fact, it is known that the three-layered Boltzmann
machines exceed RBM [29]. It may work, but we need
another heavy MCMC to sample from deep Boltzmann
machines. Alternative idea is using neural networks.
Neural network itself is a deterministic architecture, and
one may suspect its effectiveness to approximate prob-
ability density. Recently, however, generative models
based on neural networks [30, 31] exceed conventional
energy-based models like RBMs. It uses simple fixed
noise z ∼ p(z), and train the networks Gθ(z) regard-
ing itself as sampling of target configuration φ. After the
training of Gθ, it is proved that the resulting distribution
on φ = Gθ(z) is identical to the true distribution. Here
MCMC is not needed, thus no autocorrelation problem
at all.

If we want to use generative models as lattice QCD
sampler, we must guarantee the gauge symmetry of a
probability distribution for the model. This is because,
configurations which are generated by a algorithm must
obey a conclusion of Elitzur’s theorem [32], namely ex-
pectation values of gauge variant quantities must be
zero. For example, Boltzmann machines do not have such
mechanism. In this sense, we may need to develop gener-
ative models for gauge field configurations, namely it can
generate gauge field with appropriate redundancy. Of
course, if we fix the gauge, conventional generative mod-
els might work. However, from a viewpoint of efficiency,
we believe that such models are needed.
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Appendix A. φ4 theory: Physics and Notation

In this appendix, we explain physical aspects and
Monte-Carlo calculation of φ4 theory to introduce our
notation. It is described by a discretized action (1),

S[φ] =
N!

n

"
−1

2
φn∆φn +

m2

2
φ2
n +

λ

4!
φ4
n

#
,

where n = (nt, nx, ny). N = (Nt, Nx, Ny) represents
the size of the system and nµ is an integer in a range
[0, Nµ). ∆ is Laplacian on the discrete spacetime without
any improvement. m2 and λ are real parameters and
m2 can be negative. In general, interacting scalar filed
theories in three dimension are allowed to contain φ6 term
in the action by the renormalizability but we just omit
it for simplicity. φn is enjoined the periodic boundary
condition for each direction.
The expectation value of an operator O is defined by

the euclidean path integral,

⟨O⟩ = 1

Zlat

$
Dφ O[φ] e−S[φ], (8)

where Dφ =
%N

n dφn and Zlat =
&
Dφ e−S[φ]. In the

other words, realization probability for a certain config-
uration φ is given by,

plat[φ] =
e−S[φ]

Zlat
. (9)

- 1点関数すら合わない 
!
ボルツマンマシンの限界？ 
機械学習のモデルを変えればうまくいく?
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Figure 2: Our proposal for update (BHMC). Gaussian-
Bernoulli RBM (GRBM) is added to the original HMC after
training.

symmetry and psudofemion formalism in the case of lat-
tice QCD and this leads long autocorrelation. Toward
solving this problem, we introduce a Gaussian-Bernoulli
Restricted Boltzmann Machine (GRBM) into the algo-
rithm (Bottom half of Figure. 2).

GRBM can be regarded as a physical system composed
by dynamical field φ and auxiliary binary field h with the
following Hamiltonian:

HGRBM
θ [φ, h] =

!

n

(φn − an)2

2σ2
n

−
!

j

bjhj −
!

n,j

φn

σn
wnjhj ,

(6)

where θ = (an,σn, bj , wnj). In contrast to usual statisti-
cal physics problem which discuss property of the system
with fixed θ, we will determine appropriate θ by the fol-
lowing steps.

• Preparing a teacher data D ∼ e−S[φ]/Zlat which we
would like to mimic (top half of Figure. 2).

• Updating parameters θ in (6) via contrastive diver-
gence method [26, 27] (See appendix C for a brief
review.).

Throughout this paper, we prepare teacher data D by the
original HMC. In this sense our algorithm is not com-
pletely independent to the original HMC, but once we
finish the training, we can use GRBM as a sampler of φ
via block Gibbs sampling (32).

Thanks to the intermediate hidden states in block
Gibbs sampling, i.e. states of h, the integrated autocor-
relation time for the block Gibbs sampling is expected to

Figure 3: Two point function G(t) for generated samples in
the symmetric phase. Left: HMC, Right: BHMC

Figure 4: Histograms for generated samples in the symmetric
phase. Left: vev for HMC(red) and trained BHMC (black),
Right: the action density for HMC(red) and trained BHMC
(black).

be short. However, it sounds dangerous just relying on
block Gibbs sampling, so we apply the molecular dynam-
ics and the Metropolis test for sampled configurations. In
summary our proposal for improvement is replacing 2. in
HMC algorithm to

2. Generating new φGRBM via block Gibbs sampling
by HGRBM

θ from the given φ, and giving pair
(φ′,π′) from the molecular dynamics development
by HHMC with (φGRBM,π).

This is schematically shown in the bottom Figure 2.

EXPERIMENT AND RESULT

Preparation of teacher data D: We prepare Nconf =
104 teacher configurations for training on N = (8, 8, 8)
lattice by running HMC with cold start. We choose
∆τ = 0.2 for the integration step size in the molecular
dynamics. Here earlier 103 configurations are discarded
and after that we start storing the teacher configurations.
Training details: The learning rate in (33) are taken

as ϵ = 10−3, η = 10−4. an and bj are initialized as zero
vectors, and σn is set to one. wnj is sampled from Gaus-
sian distribution N (0|0.01) as recommended in [28]. We
train our model by minibatch learning in following way.

(i) We randomly divide teacher data as direct sumD =

∪bD(b)
mini where each D(b)

mini includes 10
2 samples.

7

The leapfrog integrator is the simplest symplectic inte-
grator with reversibility. This is a integrator for solving
equations of motion and they can well preserve the value
of the Hamiltonian of the system. First we introduce
integrators for φn and πn by,

T̂Q(τ) : φn(0) = φn → φ′
n = φn(τ), (21)

T̂P (τ) : πn(0) = πn → π′
n = πn(τ), (22)

where τ is a fictitious time of the evolution. Each in-
tegration is done by the Euler’s integration. This time
evolution is determined by solving the canonical equa-
tions of motion for HHMC,

dφn

dτ
=

∂HHMC

∂πn
,

dπn

dτ
= −∂HHMC

∂φn
. (23)

The leapfrog integrator is,

T̂Leapfrog
QPQ (τ) =

!
T̂Q(∆τ/2)T̂P (∆τ)T̂Q(∆τ/2)

"τ/∆τ
,

(24)

where τ/∆τ is a positive integer and conventionally τ is
chosen to 1. By performing the integrator T̂Leapfrog

QPQ (τ),
we obtain a candidate configuration (φ,π)(τ = 1) from
(φ,π)(τ = 0). However, even if we use a symplectic in-
tegrator, the value of HHMC cannot be exactly preserved
during the fictitious time evolution. NamelyHHMC varies
to HHMC + O(∆τ2) during the evolution (see for exam-
ple [33]). This is due to violation of the low of energy
conservation of a numerical solution. Thus we need to
perform the Metropolis test in step 3 to obtain correct
distribution of e−HHMC[φ,π]. By repeating step 1 to 3,
we obtain a sequence of configurations φ which obeys
e−HHMC[φ,π] ∼ e−S[φ].

As we have mentioned, a sequence of configurations are
affected by the autocorrelation, which is evaluated by the
autocorrelation function. The approximated autocorre-
lation function [24, 25] is defined by,

Γ(τ) =
1

Nconf − τ

Nconf#

c

(Oc −O)(Oc+τ −O), (25)

where Oc = O[φ(c)] is the value of operator O for c-th
configuration φ(c) and τ is the fictitious time of HMC.
Nconf is the number of configurations. We use normalized
one, ρ(τ) = Γ(τ)/Γ(0).

The integrated autocorrelation time τint quantifies ef-
fects of autocorrelation, which is given by,

τint =
1

2
+

W#

τ=1

ρ(τ). (26)

Here a window W is set to the first time for a lag τ where

ρ(τ) ≤
$
δρ(τ)2

%1/2
, (27)

as in [34]. The error of integrated autocorrelation time
is estimated by the Madras–Sokal formula [25, 34],

$
δτ2int

%
≃ 4W + 2

Nconf
τ2int. (28)

Appendix C. GRBM

In this appendix, we explain Gaussian-Bernoulli Re-
stricted Boltzmann Machines (GRBM) and their update.
In contrast to binary Boltzmann machines, GRBM can
treat real-valued inputs. It consists of visible continu-
ous variables, φ = {φn}, and hidden binary variables,
h = {hi}. Basically, GRBM is defined as a statistical
physics system controlled by joint probability,

pθ[φ, h] =
e−HGRBM

θ [φ,h]

Zθ
, (29)

where Zθ =
&
Dφ

'
h e

−HGRBM
θ [φ,h] with the “Hamilto-

nian” for this system (6),

HGRBM
θ [φ, h] =

#

n

(φn − an)2

2σ2
n

−
#

j

bjhj −
#

n,j

φn

σn
wnjhj ,

where θ = (an,σn, bj , wnj) represents parameters to be
updated in the learning/training process. Once we fix
parameters θ, one can easily calculate conditioned prob-
abilities as

p(φ|h) =
(

n

N
!
an + σn

#

j

wnjhj

)))σ2
n

"
, (30)

p(hj = 1|φ) = σ
!'

n
φn

σn
wnj + bj

"
,

p(hj = 0|φ) = 1− σ
!'

n
φn

σn
wnj + bj

"
,

(31)

and p(h|φ) =
*

j p(hj |φ). N (µ|σ2) is Gaussian distribu-

tion and σ(x) = 1/(1 + e−x). By using these conditioned
probabilities, one can define the following sampling pro-
cedure called block Gibbs sampling:

φGRBM p(φGRBM|h)←− h
p(h|φ)←− φ. (32)

For a given sampled data φ, we update θ by

an ← an + ϵ
σ2
n
(φn − φGRBM

n ),

bj ← bj + ϵ
+
p(hj = 1|φ)− p(hj = 1|φGRBM)

,
,

wnj ← wnj

+ ϵ
σi

+
φnp(hj = 1|φ)− φGRBM

n p(hj = 1|φGRBM)
,
,

σn ← (1− η)σn

− ϵφn

4

'
j wnj

+
p(hj = 1|φ)− p(hj = 1|φGRBM)

,
.

,

(33)

where ϵ and η are small values. It is known that, after
iterating the above parameter updates using configura-
tions from HMC {φ}, the sampling (32) with updated

機械学習のモデルを変えればうまくいく?

ボルツマンマシンは、本質的にガウス分布。 
混合ガウス分布にする？ 
GAN(Generative Adversarial Networks) などより表現力の高い模型？ 
理論的に経路積分に収束する模型？(あるのか？)

A. Tomiya
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まとめ：問題設定と結果

2/June/2018 Deep Learning and Physics 2018

提案したアルゴリズムで自己相関は短縮。相転移点で不具合

問題: 格子QCDでの配位生成を効率化したい！ 
効率化できれば、モンテカルロ法(HMC)からくる統計誤差を 
短時間で減らすことが出来る。

結果: 対称相、破れ相で、1点関数, 2点関数は無矛盾 
臨界点で、不具合がある

手法: 機械学習をHMCに組み込む 
機械学習は、それっぽい画像を作れる 
　→ 応用できないか？ 
性質が良く分かってる3次元φ4理論で 
試してみた

A. Tomiya

Radford et al. (2015)
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自己相関
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MCMCでつくられる配位間の類似性

A. Tomiya

7

The leapfrog integrator is the simplest symplectic inte-
grator with reversibility. This is a integrator for solving
equations of motion and they can well preserve the value
of the Hamiltonian of the system. First we introduce
integrators for �n and ⇡n by,

T̂Q(⌧) : �n(0) = �n ! �0
n = �n(⌧), (21)

T̂P (⌧) : ⇡n(0) = ⇡n ! ⇡0
n = ⇡n(⌧), (22)

where ⌧ is a fictitious time of the evolution. Each in-
tegration is done by the Euler’s integration. This time
evolution is determined by solving the canonical equa-
tions of motion for HHMC,

d�n

d⌧
=

@HHMC

@⇡n
,

d⇡n

d⌧
= �@HHMC

@�n
. (23)

The leapfrog integrator is,

T̂Leapfrog
QPQ (⌧) =

⇣
T̂Q(�⌧/2)T̂P (�⌧)T̂Q(�⌧/2)

⌘⌧/�⌧

,

(24)

where ⌧/�⌧ is a positive integer and conventionally ⌧ is
chosen to 1. By performing the integrator T̂Leapfrog

QPQ (⌧),
we obtain a candidate configuration (�,⇡)(⌧ = 1) from
(�,⇡)(⌧ = 0). However, even if we use a symplectic in-
tegrator, the value of HHMC cannot be exactly preserved
during the fictitious time evolution. NamelyHHMC varies
to HHMC + O(�⌧2) during the evolution (see for exam-
ple [33]). This is due to violation of the low of energy
conservation of a numerical solution. Thus we need to
perform the Metropolis test in step 3 to obtain correct
distribution of e�HHMC[�,⇡]. By repeating step 1 to 3,
we obtain a sequence of configurations � which obeys
e�HHMC[�,⇡] ⇠ e�S[�].

As we have mentioned, a sequence of configurations are
a↵ected by the autocorrelation, which is evaluated by the
autocorrelation function. The approximated autocorre-
lation function [24, 25] is defined by,

�(⌧) =
1

Nconf � ⌧

NconfX

c

(Oc �O)(Oc+⌧ �O), (25)

where Oc = O[�(c)] is the value of operator O for c-th
configuration �(c) and ⌧ is the fictitious time of HMC.
Nconf is the number of configurations. We use normalized
one, ⇢(⌧) = �(⌧)/�(0).

The integrated autocorrelation time ⌧int quantifies ef-
fects of autocorrelation, which is given by,

⌧int =
1

2
+

WX

⌧=1

⇢(⌧). (26)

Here s window W is set to the first time for large ⌧ where

⇢(⌧) 
⌦
�⇢(⌧)2

↵1/2
, (27)

as in [34]. The error of integrated autocorrelation time
is estimated by the Madras–Sokal formula [25, 34],

⌦
�⌧2int

↵
' 4W + 2

Nconf
⌧2int. (28)

Appendix C. GRBM

In this appendix, we explain Gaussian-Bernoulli Re-
stricted Boltzmann Machines (GRBM) and their update.
In contrast to binary Boltzmann machines, GRBM can
treat real-valued inputs. It consists of visible continu-
ous variables, � = {�n}, and hidden binary variables,
h = {hi}. Basically, GRBM is defined as a statistical
physics system controlled by joint probability,

p✓[�, h] =
e�HGRBM

✓

[�,h]

Z✓
, (29)

where Z✓ =
R
D�

P
h e

�HGRBM
✓

[�,h] with the “Hamilto-
nian” for this system (6),

HGRBM
✓ [�, h] =

X

n

(�n � an)2

2�2
n

�
X

j

bjhj �
X

n,j

�n

�n
wnjhj ,

where ✓ = (an,�n, bj , wnj) represents parameters to be
updated in the learning/training process. Once we fix
parameters ✓, one can easily calculate conditioned prob-
abilities as

p(�|h) =
Y

n

N
⇣
an + �n

X

j

wnjhj

����2
n

⌘
, (30)

p(hj = 1|�) = �
⇣P

n
�
n

�
n

wnj + bj
⌘
,

p(hj = 0|�) = 1� �
⇣P

n
�
n

�
n

wnj + bj
⌘
,

(31)

and p(h|�) =
Q

j p(hj |�). N (µ|�2) is Gaussian distribu-

tion and �(x) = 1/(1 + e�x). By using these conditioned
probabilities, one can define the following sampling pro-
cedure called block Gibbs sampling:

�GRBM p(�GRBM|h) � h
p(h|�) � �. (32)

For a given sampled data �, we update ✓ by

an  an + ✏
�2
n

(�n � �GRBM
n ),

bj  bj + ✏
h
p(hj = 1|�)� p(hj = 1|�GRBM)

i
,

wnj  wnj

+ ✏
�
i

h
�np(hj = 1|�)� �GRBM

n p(hj = 1|�GRBM)
i
,

�n  (1� ⌘)�n

� ✏�
n

4

P
j wnj

h
p(hj = 1|�)� p(hj = 1|�GRBM)

i
.

,

(33)

where ✏ and ⌘ are small values. It is known that, after
iterating the above parameter updates using configura-
tions from HMC {�}, the sampling (32) with updated
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ニューラルネットワークとボルツマンマシン
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ニューラルネットワーク=一方向, ボルツマンマシン=双方向

決定論的

ニューラルネット ボルツマンマシン

確率論的
正解と出力を合わせる 分布を近づける

A. Tomiya


