SISO OIEN B(N, Z) = Bmacro(N, Z) + Bmicro(N, Z)

sof N=22 & e s eSmooth part

""" Bmacro(N, Z) = ayA — asA%/3
72 (N — 2)?
—_ aCA1/3 — asym A

85 |-

eFluctuation part

- Bmicro = Bpair + Bshell
!
Cﬁ} 80 9 r
|
z 5t
<ol Liquid drop model:
S|
7.5
' , B pm = Bmacro + Bpair
0 10 AZO 30
0 510 1(lJO 1.:10 ZEJO 2;30



Pairing Energy

Extra binding when like nucleons form a spin-zero pair

Example: Binding energy (MeV)
“O82P01 95 = “goPbye20 1646.6
#1033Bi 157 = 2%83,Pb e +n+p 1644.8
*8PD197 = 2P0 1N 1640.4
Bpair = A (for even — even)

0 (for even — odd)
— A (for odd — odd)




(MeV)

S

even-odd staggering

].4IIII|IIII|IIII|IIII|IIIIIIIIIIIIIIII
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i Ao - | AVARE
i Sn isotopes ¢ Y |

11 1 | I 1 1 1 | I 1 1 1 | I 1 1 1 | 1 1 1 | 1 1 1 | 1 1 1 | I 1 1
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A

1n separation energy: S, (A,Z) = B(A,Z) — B(A-1,2)



Shell Energy

9.0 [ I | I I
Z =28
N=28 : N=50

B/A (MeV per nucleon)
T 1T 1T 1T [ 1T T T [ T T 11
N T N TR N NN NN NN A S NN B O

7.5

| | | | |
50 100 150 200 250
Mass number A

Extra binding for N,Z = 2, 8, 20, 28, 50, 82, 126 (magic numbers)
——> \ery stable

4 16 40 48 208
,He,,°504,%%50Cayg, %050 Cagg,**%5PD1 o6

o



(note) Atomic magic numbers (Noble gas)
He (Z=2), Ne (Z=10), Ar (Z=18), Kr (Z=36), Xe (Z=54), Rn (Z=86)

Shell structure

Similar attempt in nuclear physics: independent particle motion in a

potential well
Woods-Saxon potential
V(r) =—-Vo/[1 + exp((r — Ro)/a]
W——T r 1 * 1 | 72
I —— V24 V(@) —€e|ly(r) =0
~ -lor 2m
Z aof
s r w(r),, -
(1) = Yirn (7) - Xmy
-50_ r
00— Iz | zlt | é | EI§ 10
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lg

2p

1f

2s
1d

(18)
(30)

(6)

(26)
(14)

)
(22)

(10)

(18)

(6)

(14)

2)
(10)

(6

2

Infinite

well

o Jo|fele]]

ofel|e] |o

Woods-Saxor

well

Woods-Saxon itself does not provide
the correct magic numbers (2,8,20,28,

50,82,126).

! |

Meyer and Jensen (1949):
Strong spin-orbit interaction

R2 5
_%V + V(r) e] Y(r) =0

1dV
Vis(r) ~ =2~ 5

r dr

(A > 0)



1j coupling shell model

[—VQ + V(@) —e| () =0 = Vimm,(T) =

72 uy(r)

2m r

Spin-orbit interaction

" 2m

R2 5
[ VE+V(r) + Vig(r)l-s— 6] P(r) =0

(note)j =1l +s —> l-3:(j2—l2—32)/2

n

Viim(T) = uﬂy)yﬂm(?)

Vijtm(7) > (I mg 1/2 mglj m) Yy, (7)xm,

my,Mms




1j coupling shell model

R 5
[—va +V(r) + Vis(r)l - s — e] Y(r) =0

ote) j =1+s —=—> l-s=(j2—-1%2—-5%)/2

M |
wajlm(r) — ujlrr(rr)yjlm(?)
Viim(®) = 3 (I my 1/2 ms|j m) Y, (F)xm,
mp,ms

l-s=1/2(G=1+1/2), —(+1)/2(G=1-1/2)
_(l‘l' 1)/2' <Vls>

j=1-1/2

j=iE1/2 /2 - (Vis)
j=1+1/2
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Woods-Saxon Woods-Saxon plus

well spin-orbit coupling

3dyy (4
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Intruder states
unique parity states



Single particle spectra

E (MeV)

3.63

3.11
2.81

1.60

0.89

2098i

12~

3/2”
5/2~

13/2*

72

9/2~

FIG. 3.6. Low-lying single-particle levels of 2%°Bi.

2g7n (8)
451, (2)
j1sp (16)

2g9p, (10)

3dsp

3ds),

i1

3pin

- 2f5» (6)
lij3n (14)

lhg, (10)

3psp
265

lhyyn (12)

381

2d;, (4)

eHow to construct V(r)
microscopically?

(4)
(6)
(12)

eDoes the independent particle

picture really hold?

———> Later in this lecture
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Nuclear Deformation

Deformed energy surface for a given nucleus

ET(/B) = Er,pym(B) + Espen(5)

Liquid drop

-
-
-
-

Super-
deformation

Potential energy

-
—‘-.'
=

Ground-state
deformation

~ 3
Deformation

LDM only === always spherical ground state
Shell correction == may lead to a deformed g.s.

* Spontaneous Symmetry Breaking



Nuclear Deformation -

cf. Rotational energy of a rigid body

Excitation spectra of 1>*Sm (Classical mechanics)
0.903 g* pelr2oI®
(MeV) 2 27

([ =Jw, w=
0.544 6* n

154Sm is deformed

0.267 4" (note) What is 0* state (Quantum Mechanics)?
0.082 o+ 0*: no preference of direction (spherical)
| * = Mixing of all orientations with an
1Sm equal probability
I(I + 1)R?
E; ~
I~ + + +

c.f. HF + Angular Momentum Projection



Evidences for nuclear deformation 1.084 8*

(MeV)
e The existence of rotational bands
I — 27
0.309 4+
e\ery large quadrupole moments N
(for odd-A nuclei) 0.093 5

1804
Q=c¢e ?(Wuh" Yoo|Wrr)

eStrongly enhanced quadrupole transition probabilities
eHexadecapole matrix elements <==ptf3,
eSingle-particle structure
eFission Isomers

Liquidfrop Fission from
ST _isomer state

Fission fromg.x

Deformation

Potential energy




Single-Particle Motion in a Deformed Potential

V(r) ~ /v(r,?”)p(?"’)d?’" ~ —gp(r) if o(r,r’) =—gé(r—1")

C If the density Is deformed, the mean-field potential is also deformed

(note) _
for an axially symmetric spheroid: R(0) = Ro(1 + B2Y20(0))

m Change R, by R(6) /
0

V(r) =—-Vo/[1 +exp((r — Rg)/a)] ,
In a Woods-Saxon potential z

——> Deformed Woods-Saxon potential

V(r,0) = —Vu/[14 exp((r — Rg — RoB2Y20(0))/d]

dV/
~ Vo(r) — BzRod—f Yoo(0) + - --




Single-particle motion in a deformed potential

Deformed Woods-Saxon potential
V(r,0) = —Vp/[1+exp((r — Ro — Rof2Y20(0))/al
dV/
~ Vo(r) — BaRo—— Y20(8) + - --

r

A potential without rotational symmetry

Angular momentum is not a good quantum number
(it does not conserve)

ML et us investigate the effect of the Y, term using the first order
perturbation theory



(note) first order perturbation theory

H = Hy+ H;
Suppose we know the eigenvalues and the eigenfunctions of H,:

Holpt?) = E{Y |65

H, causes the change of the eigenvalues and the eigenfunctions as:
En = B+ <¢(°)!H1|¢(°)>

m#n Eftg,o) — E?grg)

|on)



Single-particle motion in a deformed potential

Deformed Woods-Saxon potential

1%,
V(r,0) ~ Vo(r) — f2Ro~_ >

r

Y20(6) + -+

ML et us investigate the effect of the Y, term with the perturbation theory:

Eigenfunctions for =0 (spherical): Vi (1) = Ry (r) Y (F)
Eigenvalues: E,, (independent of K)

The energy change:

Ey — Egy+ (V| AV|Ygk)
0 dVO
7'2d7' ?(Rnl(f'“))Q ' <YlK|Y20|YlK>

)\ J
! |

positive %
—(BK? —1(I+ 1))




Single-particle motion in a deformed potential
Deformed Woods-Saxon potential Vi (1) = Ry (r) Y (7)

A%
V(r,0) ~ Vo(r) — B2Ro— -

r

Y20(6) + - -

B L et us investigate the effect of the Y, term with the perturbation theory:

The energy change:
En — Ep+oyBa(BK2—1(14+1))  (ay > 0)

E * The energy change depends on K

(the degeneracy Iis broken)

\ K=#0-1) . B, > 0, the lower the energy is for
- the smaller K

K ==+0 | «opposite if B, <0
| > * degeneracy between K and —K




Geometrical interpretation

’.

~|

|2

Y
N

—
Mlc_.;
nol~

sinf ~K/j

ol moled mojen

K is the projection of angular momentu on the z-axis

*nucleon moves in a plane perpendicular to the ang. mom. vector
«for prolate deformation, a nucleon with small K moves along the z-axis
therefore, it feels more attraction and the energy Is lowered

*for large K, the nucleon moves along the x-axis and feels less attraction

P
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oo,




Single-particle motion in a deformed potential

dVp
V(r,0) ~ Vo(r) — BzRod— Y20(0) + -

ML et us investigate the effect of the Y, term with the perturbation theory:
: 5) (65| H1l5>)
Now the wave function: l¢») = NP DR @ [omF

m#=n Ey

The eigenfunctions for B=0 (spherical):  VYnix(r) = Ry (1) Y i ()

(Vg | AV [ Yn1k)
Enl — Enfl/

¢an — wan + Z
n'l' K’

YK

C mixing of the states connected by <YZ’K’|Y20|YiK>

e | Is not conserved

* For axially symmetric deformation (Y, ), K does not change
(K’ =K), I.e., K Is conserved

*Y,, does not change the parity, thus paritiy is also conserved.



Single-particle motion in a deformed potential

Y20(8) + - -

* U, could be expanded on the eigen
-functions of a spherical potential:

w i (r) =) apii U ()

Y2q) + Ag|Yag) + - --

dV(
V(r,0) ~ Vo(r) — B2Ro~ >
In general
i) =3 Uy )
l
examples)
K™ =|0%) = As|Yoo) + Ag
1T) = By|Y21)+ By

)
\o—> = Cp|Y10) + C

Y1)+ -
Y30) + Ch |Ys0) + - -



Nilsson Hamiltonian

1 1
WNil = Emwi(xz + y°) + Emwgzz

+ Cl- s+ D% — (I%) )

(Anisotropic H.O. + correction + spin-orbit)
wjz_ wg(l + 26/3)
w2 = wi(l—46/3)
@ (note) wx wy wy = wS’ = const.

1 1
EmeQ_(:EQ + 42) + 5mw§z2

1
— Emwgrz — mw§Br<Ya0(6) 5\/16?
5



Es_p_ (hw)

AP oo

4] .-

RIE

-’

gﬂ(%’)ﬁ\_ - '—‘- --

Nilsson Diagram

5/2[402)

e

13/2[642)

Note: avoided level crossings

0.6

Figure 13. Nilsson diagram for protons, Z > 82 (¢, = €2/6).



Avoided level crossing Example:

Interaction between V13 6 3) and 13 5 3)

—ex V
V  ex

K=3/2 — A () = :l:\/eQ:UQ + V?

diagonalization

K=3/2

K=1/2

2

L L L R
AN EEEE L

3) (y1363|H|y323))
2 2772 27792

Two levels with the same guantum numbers never cross
(an infinitesimal interaction causes them to repel).

“avoided crossing” or “level repulsion”



Single-particle spectra of deformed odd-A nuclei

3/2{512]
\ {1/2[510]

7/2(743]
1/2[631]

B21752]

5121512}
243/2[631]
1/2[871]

Es.p. (hw)

5/2- 0.508

0/2* 0.321 Y7 Hf
712-




