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Simplified pairing interaction

; ; F g 12 the time reversed state
V=-GP'P;, P'= Za,/a; of v/
v>0

e.g. |v) = Injlm), |7) = |njl —m)

0+ 2+ 4% 6. T T T — .
y& Yy *{::::: 2 ,4 ,6

0+ 0*
delta force monopole
pairing force



HF+BCS theory

DFIZERELTERFDORELEZRTUIYILERD S
(F13y E’]Eﬂf‘z% ; L"Eiﬁ'/ﬁ&)é)

0

-10
-20

-30

V() (MeV)

-40 |

-50

ol L1

H = Zek(a};a,k + a;%a,l—c) (Z aLa; ) (Z a,ka,k)
v k>0 k>0

QBEMD EFHEEZRD DB,
ROFIEX. FZBHEEERALEOHTIRILET—DIE/MIGBELESIC
CEAE



H=)> ey(a,,ta,/ + a:ga,;) — G (Z a,ta:;) (Z a;ay)

>0 v>0

2(RDHEEEA
— MEKEEFET S

cf. HF potential
Vir(r) = [ o(r, ") pue(r)dr



Solve the pairing Hamiltonian

H=)> ey(a,,ta,/ + a:ga,;) — G (Z a,ta:;) (Z a;ay)

>0 v>0

In the mean-field approximation

e Mean-field approximation:
V=-GPP— -G (PP +PI(P) =-A(PT+ P)

<——> particle number violation



m we consider H' = H — AN  instead of H :

Hl

Z (€. — ) (a,;gak a%al—ﬂ) —GP'P

k>0

> (e — N(afag + alap) — AP+ P)
k>0

> (e — )\)(a};ak T a%%z) - Ay (aia% + agag)
k>0 k>0




ﬁ we consider H' = H — AN  instead of H :

H' = Z (€. — ) (a,;gak a%al—ﬂ) — GP'P
k>0
— Z (ek — )\)(a;ga,k —+ G%CLE) — A(ﬁT -+ P)
E>0
= ) (ep—A) (a,};a,k + a%al—c) —A ) (aLa% + azag)
>0 k>0

® Transform H’ in a form of

H' = > Ek(a};ak + Oz;%oz,;)
k>0



ﬁ we consider H' = H — AN  instead of H :

Hl — Z (Ek — )\) (a,;gak a%al—ﬂ) — GPTP
k>0
— Z (ek — )\)(a;ga,k —+ G%CLE) — A(ﬁT -+ P)
E>0
— Z (e — )\)(a};ak + a%%z) - A Z (aia% + agay)
>0 k>0

® Transform H’ in a form of

H' =Y Ey(afay, + alag)
k>0

1st excited state: |1,) = a£|BCS) at E,
.....and so on.



Boqgoliubov transformation

T T

al — uyaz — vyap, Q5 = uya; —+ vpay

(Quasi-particle operator)

T —

or gl = uya}; + vap, a; = uya:; + —vpap

4

(note)
{av,a,} =0, {ayp, oai,} = 0,/

u§—|—v§=1



Boqgoliubov transformation

T T

al — uyaz — vyap, Q5 = uya; —+ vpay

(Quasi-particle operator)

or a:ﬂ = uya}; + vvayg, a:Lj = uya:; + —uvpa

H = Z (€. — A) (a,};,a,k + a%a;—c) — A Z (a,}t:a% + azag)
. k>0 k>0



using the quasi-particle operators:

H' ~ Z (e — )\)(a};ak + a;%al—c) — A Z (ala}C + azag)

k>0 k>0
= ) [(e& — )\)(u% — v,%) + 2Aukvk](a};ak + o%oe,;)
k>0

-+ Z [2(er, — Mugvg — A(u% — v%)](a};alz 4 aEak)
k>0



using the quasi-particle operators:

H  ~ Z (e, — A)(aLak + a;%al—c) — A Z (CLLCLIE + azag)

k>0 k>0
= ) [(e& — )\)(u% — v,%) + 2Aukvk](a};ak + o%oe,;)
k>0
-+ Z [2(er, — Mugvg — A(u% — v%)](a};alz 4 aEak)
k>0

n

then  H'= Y Ep(aloy + alag)
k>0

it 2@ — Nupvp — Aug — o) =0

with  Ep = (e — )\)(u% — ’U%) + 2Aug vy



H = 3 [(e — N (ui —v2) 4+ 28uv] (afay + 0%0515)
k>0

+ 3 [2(ek — Nugvy, — AuF — v (afol + azay)
k>0

—

2(er, — Nupvg — A(u% — 'v,%)
= uj +vj

= O
|

S
TN
|
N |~
o~
|_l
|
<
—
M
N
| N
.
=
S’
NI s
_|_
>
N
~—




H = 3 [(e — N (ui —v2) 4+ 28uv] (afay + 0%0512)

k>0
+ 3 [2(ek — Nugvy, — AuF — v (afol + azay)
k>0
ug = l 1 v — A
2\ e - N2+ A2
'U,% = l 1 — v — A
2 \/(EV _ )\)2 + N2
g Ek: — (Ek — )\)(’UJ% — ’U%) —|— ZAukvk

V(e — N2+ A2



H =) Ek(a};ak + oz;%oz];)
k>0

By = (g — 22+ A2

Ground state wave function:

QfHBCS) =0

< |IBCS) —[ apa;|0)

n

v>0

= _[ Vy (uy —+ vy aial];)‘ O>

L>0

IBCS) = ] ('Uq/ + v ala})‘ O>
v>0




Ground state wave function:

aMBCS) =0
-

IBCS)y = [] (u,/ + vy a,la,l];)
v>0

0)

(note) <BCS|a,};aV|BCS> = |uy|? : occupation probability

(note) A2

Egcs = (BCS|H'|BCS) ~2 Y (ev — A)v7 — =
v>0



Gap equation

1 €, — A
2 174
= —(14
<u” 2( ! E,,)
1 A
2 = (1—6”’ ) » = /(e — \)2 + A2
2 £,

A = G(BCS|P|BCS)=G ) wuwy
v>0
G A
2 >0 by
(Gap equation)
N=2Y o2 -2



1) Trivial solution: always exists
A =0

A = G Z UpVy
>0

1 (EV é )\)

O (Gy > A)

W) = T] alallo)
>0

Occupation probability

<
x N

—

>




A
G VAN Vi A=0
A = — — ,
e
2 v>0 Ly =
<
O
=
1) Trivial solution: always exists = N
o
A p— O ;é st‘ Aol
5
Q
O

IG a/lo N —large

11) Superfluid solution

A#=0 3 |
’1)5<1 =l
&

(=)

BCS) = I] (w + vvala})|0) =
>0 G

Number fluctuation Normal-Superfulid phase transition




Quasi-particle excitations

H = ;ek(a};ak + a;r—ca}—g) - (Z a, o ) (Z akak)

k>0 k>0

INSIZTUOFEETET L

H ~ Epcs + Y Epajay
k

By = /(e — \)2 + A2
oz}; — uyai — vpay, oz:; — u,/a:g + vpay

(FRTa—RITZEHL)




Quasi-particle excitations

H~ Egcg + ZEk a,];ak
k
1 T

Q{I — 'u,ya,]; — vyap, Q5 = uydg; —+ vyay

(FRT2—7RT7ZEH#)
gE®e: |BCS)
EBTRE:  of [BCS) S HIS

2HEHI TR BE akak,\ BCS)  N+-2DFEF#
5] C IR F 1% D A2 IR S
|25 fit




Quasi-particle excitations

H~ Egcg + ZEk a,];ak
k

T T

Q{I — 'u,ya,]; — vyap, Q5 = uydg; —+ vyay
(FRI)2—RT7ZEHR)
gE®e: |BCS)
1EHFRE: of [BCS) RIS
2HEHI TR BE akak,\ BCS)  N+-2DFEF#

- B CIRF#% D Fh#S ik R
(25 it

By =V(xr—N2+A2>A  (TRLF—-Fry)
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Figure 6.1. Excitation spectra of the Sn isotopes.
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Even-odd mass difference and pairing gap

E(N+2,Z) = E(N,Z)4+ 2\
E(N+1,Z) = E(N,Z)+ X+ A
N lk
N+1 l A
N+2
(note) A <0




Even-odd mass difference and pairing gap

E(N +2,2) E(N,Z) + 2\
E(N +1,2) E(N,Z)+ )2+ A

(note) A <0

—Ap ~ [E(N 42,2) — 2E(N +1,Z) + E(N, 2)]/2
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Hartree-Fock-Bogoliubov (HFEB) Theory

HF+BCS i%k: 2XTv7J

(FI EHEZERD . RICEFER)

wk(r)a Ul VL
mem) XR:WAREIZTD

Hartree-Fock-Bogoliubov (HFB) theory:

REIRAE B REE
Up (1), Vi(r)

(=)

1BFIZK DS

cf. weakly bound systems
(T RADERE)



BCSEZERELRBETDEFE
GASEADT, FEFNRITT

L)<

(REZDEDLYIZHEFD

HRAMTES).

HFBZT-EERTERET HELVD
_ENBLELERY ANGNTLNS

A FAHREFELLLY,

DTF



Application of the HFB method

Density of 110Zr (SHFB-SLy4)

|4.87 | 4.87

1o

—14.87

—14.87
012

RS (N AR 10 14.87
A. Blazkiewicz et al.,
PRC71(’05)054231

Protan Mumber

-
L=
L=

100 L
BO L

60 L

]
=]

o]
(=]

Systematics of 3, and S,

c.
T T

.
P . ]

H‘ f

o i

H=Z 1
dﬂa %‘ i s

deformation § |

< -[.2

(1.2 + -0.1
0.1 + +0.1
+0.1 ++0.2

0.2 5 40.3

|| ® +0.3++04

HFB+THO+LN 1 oy
SLy4 T LR ——
volume § pairing - i'-' 0:2
Hlm? s T ] 2_:5,

g o N=2Z 529

S, energy i

n 1| ® 13217
HFB+THO+LN+PNP | ® - i7

0 20 40 60 80 100 120 140 160 180
Neutron Number

M.V. Stoitsov et al., PRC68(’03)054312




potential enerqy surface for fission process

258

Fm (skw*)

Proton number Z

154 | 156 | 158 | 160

A. Staszczak, A. Baran, J. Dobaczewski,
and W. Nazarewicz, PRC80 (‘09) 014309 Neutron number N
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% F (di-neutron) 8RS

JRF%PT2OOHEFIFZERRIIC
EDFIITEESNTNDHDM?

2DDHHEFHAMIZIEFL TN E
FHERADREFNREZITNNEIED
LI R AFERMLEND

!

TR EIKEE SRS H?




ARFERIETE - di-neutron A8 EH D R B IR Z
L1, °He

Iy

n 2 2
H = 21422 4y (r)+ Vo(ro)
2m

2m
(p1 + p>)?

+Van(r1,r2) +

2A:m
core | (REOEFIGROBERTER
. ESRFROESTRILY—IE, )

> COMERNIIILZTUODEEREERD . ZFENTE

HEEaNZ%

(BIZIL) V,, BEWESDRETERL. BRZRBZRDHD

2
Wys(ry,m2) = A Z Cnnllj me)qj(""la""z)

nn'lj

W?Ei)’lj(rl’er) — Z(Jm] — m|Oo>wnljm(r1)wn’lj_m(r2)

m




TR DD BIGE LGS D LB

Ui 120 MF%E (2, x,)=(3.4 fm, O)ICEWN=EZEDES—DD
hEFDH

*T*Elaflh‘m‘iﬁA [1ps]" xRN B HIHE

1.8e-05
1.6e-05
1.4e-05
1.2e-05
1e-05
8e-06
6e-06
4e-06
2e-06

x (fm)
| | | | |

z (fm) z (fm)

« MIFHEAMNGEWNE, 2 & -2 TRHIFIGE M. RADHEFN
ECITWTHLAMITENLLAELY,

« X{HEREN B D E. 2DDHFHEF(FIELICTLND, 1DDHEFD
LI EDHLHE. LILDBLED S,




WHEVREABIEN NNl (- Eli[o]aM Correlation: (AB) #* (A)(B)

Example: 80 =10 +n +n
cf. 160 + n : 3 bound states (1ds),, 2S,/,, 1ds,)

i) Without nn interaction: |nn) = |(1d5/2)2)
Distribution of the 2" neutron when the 15t neutron is at z, :

z,=1fm Z,=2fm z,=3fm Z,=4fm

HEEE

6420246 6420246 6420246 6420246
z (fm) z (fm) z (fm) z (fm)

X (fm)
DB NON DO

v Two neutrons move independently
v'No influence of the 2" neutron from the 15t neutron

(AB) = (A)(B)



What is Di-neutron correlation? Correlation: (AB) # (A)(B)

Example: 80 =10 +n +n
cf. 160 + n : 3 bound states (1ds),, 2S,/,, 1ds,)

I1) nn interaction: works only on the positive parity (bound) states
Inn) = a|(1ds;2)?) + B1(251/2)7) + 71(1d3/2)?)

z,=1fm z,=2fm z,=3fm Z,=4fm

=

6-4-20246 6420246 6420246 -6-4-2024€6
z (fm) z (fm) z (fm) z (fm)

X (fm)
DA NONDMO®

vdistribution changes according to the 15t neutron (nn correlation)
v'but, the distribution of the 2"d neutron has peaks both at z, and -z,
—> this Is NOT called the di-neutron correlation



WhHEIRIABI B gl R0 d-IEli[o)a¥M Correlation: (AB) = (A)(B)

Example: 80 =10 +n +n
cf. 160 + n : 3 bound states (1ds),, 2S,/,, 1ds,)

1) nn interaction: works also on the continuum states
Inn) = Z Onn’jl|(nn,jl)2>

n?n,7j7l
z,=1fm z,=2fm z,=3fm Z,=4fm

X (fm)
DA NON DO

6-420246 6420246 6-420246 64200246
z (fm) z (fm) z (fm) z (fm)

v’spatial correlation: the density of the 2" neutron localized close
to the 15t neutron (dineutron correlation)

v'parity mixing: essential role
parity J cf. F. Catara et al., PRC29(‘84)1091



dineutron correlation: caused by the admixture of different parity states

0 ? 10_R{m)

=) , ,

F. Catara, A. Insolia, E. Maglione,
and A. Vitturi, PRC29(°84)1091




i, 5N\ T4HGES B E dineutron 3BEEAAE LS D HV?

Wgs(zcl,:cg) = Wee(ﬂfl,ﬂ?z) + \VOO(3313332)

2 2
—— po(x1,20) = |Weelx1,22)|° + |Wool(z1,22)|
(Wee(z1,22)|° +2Wee(z1,22)Woo(z1, 72)
20 0.00035
15 0.0003 Wee(—wl,a?Q) — Wee(éﬁ‘l,xz)
10 0.00025
E° 0.0002 Woo(—z1,72) = —Wool(z1,72)
S
o~ 0.00015 (— )
10 0.0001 P2 r1,I
2 2
1 oo = |Wee(z1,22)|” + [Woo(z1, z2)|
201510-5 0 5 101520 — 2Weel(x1,22)Wool(z1, o)
X, (fm) +
- A 0.008
:F l%j IE 0.002 0.007
0.0015 0.006
0.001 0.005
£ 5 0.0005 0.004
= 0 0 0.003
s B -0.0005 0.002
_ 0.001 0.001
0.0015 0

2015105 0 5 10 ' -20-1510-5 0 5 101520
X, (fm) N\ - Xy (fm)



spatial localization of two neutrons
(dineutron correlation)
cf. Migdal, Soviet J. of Nucl. Phys. 16 (‘73) 238
Bertsch, Broglia, Riedel, NPA91(‘67)123

weakly bound systems

—easy to mix different parity states due to
the continuum couplings

6-4-202 46

z (fm .
(l ) + enhancement of pairing on the surface
parity mixing
l 180 0.04
160 11 j 0.035
140 0.03
120 0.025
S 100 0.02
80 0.015
60 0.01
40 0.005
20 0
0 -0.005

1 2 3 4 5 6 7 8 9 10

-6-4-202 46 e (fm) K.H. and H. Sagawa,

z (fm) PRC72(’05)044321



pairing gap in infinite nuclear matter

I r T I | 'I

3 B symmetric matter : :
Gogny D1 m ) :
DDDI-D1 :

I

I Gogny DIS X :
2+ DDDI-D18 -+ |
G3RS ® :
DDDI-G3RS - - |

! A\
0

1074 103 102 1o 100

M. Matsuo, PRC73(°06)044309



6-4-2 02 46
z (fm)

parity mixing

1

6-4-202 46
Z (fm)

spatial localization of two neutrons
(dineutron correlation)

cf. Migdal, Soviet J. of Nucl. Phys. 16 (‘73) 238
Bertsch, Broglia, Riedel, NPA91(‘67)123

weakly bound systems

—easy to mix different parity states due to
the continuum couplings
+ enhancement of pairing on the surface

—— dineutron correlation: enhanced

cf. - Bertsch, Esbensen, Ann. of Phys. 209(°91)327
- M. Matsuo, K. Mizuyama, Y. Serizawa,
PRC71(°05)064326

0.04
0.035
0.03
0.025
0.02
0.015
0.01
0.005

-0.005  K.H. and H. Sagawa,
0123458678 910 PRC72(°05)044321

r (fm)



EDEDOEIIZ. e &—<DIRILFT—

TEFD2DDEMDNHDHET D, TNEFN
£,=¢€ DEGLIFELICHERE | #1FH. 2j+1 E

IZHEIBLTULVDET B, RIFEMN

N =275+1=2(
THEZBNTWAEZITNIILL=ZTY

H=) ey(aiay + aj;a,j) -G (Z aia}) (Z Qljay)

>0 >0

ZBCSIT LU THEE. TNThOEMIZKHTAIEHEEEZE, LU
RT7IVIGTXvvT AERDE, =1L, BCSHEL DK [XEXEND
PFDELTHESTHELEL.G DKR/NNZEHSHT. BERITELTEZ &,

GE) X ENG AEFERTUOPIL A & A=0 £%55,



LR—hERE6 LR—FEIZES T, A1 DULAELNES
TEZD, _DEZTIZH, COEMITAET
£=0 8 &b, 2+l BICHELTLAET 54
T, COERMDIRILT—F0I1ZEDE.
INSILRZ=T N
H=-GQA'4; 9529:1, Z
c5z5h0%, VRt
(i) BIFEENELIZEZIC. COEMDEFHER V2 EFBCSIELLT
BfEth, IEFEHRTUoIRIL A Z0IZL., RIFEE V2 DREREFES, )
(ii) BCSIE LT KD EERBED TR ILF— Exs = -AYG ZEFTEE K

(i) [H, AT] = —GQAT (1 _ ]g\;) ' — ;%ay

LBl LERTOENTES, A|0) = 0, N|0) =0 &1V
KEEEFEETIEE KEE AT|0) A HOEEREIZA>TND
CEERL. ZOEAMBEERDE, (TR—ZADS)




(v) H(AT)*|0) = E,(AN)¥|0)
MEYI->TWBETBEE, e (ADFTL0) AHO
DEFIREA>TNHIEERL, ZOEHEERD L.

(v) (iii) & (iv) DEEREFALT, BIFHH N THLHIKEE
ADN/2|10) oz LE—EHBERDE,

ZDEIIZLTKROE=-IRILEF—EEFEIL. NIIILL=ZTD
BERBTHD, Thé. (i) TBCSIELZRAWNWTROE-IRILT—
B L T, BCSIALUMNE D LHTIFE IR EBIZLE S ER
yCalt
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