Extra binding for Nor Z= 2, 8, 20, 28, 50, 82, 126 (magic numbers)

An interpretation: independent particle motion 1n a potential well
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how to construct the potential well?




Mean-field (Hartree-Fock) Theory
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interaction for a nucleon inside a nucleus:

p(r’)d'r" L

= o(r' —r)- p(rdr’

the number of nucleon
at r’

naively speaking, V(r) ~ /U(r _ T’)p(’r’)dr’




Mean-field (Hartree-Fock) Theory

o(rdr’

V() (MeV)

® O 18/,
shell model

naively speaking,

V) ~ / v(r — ) p(rdr!

Ndependent motion

- p(r) = 3 [i(r) 2




Mean-field (Hartree-Fock) Theory

h2 2 / N2 /
0= [_ V24 [o(r -1 (Z b (r") )dr —e@} i (r)
J

2m

the potential depends on the solutions

—> self-consistent solutions

[teration: {@bz} —p—>V = {Q,DZ} —> v




Mean-field (Hartree-Fock) Theory

2
0 = _2fm,V2 + V(r) — Ei] Vi (1)
: TLQ 2 / |2 /
= |5V + /’U(’r — 1) (Z%("‘ )| ) dr’ — Gz} Pi(r)
_ J

the potential depends on the solutions

—> self-consistent solutions

[teration: {1/)2} —7 P — V — {@bz} —r

p(r) = Z Wz‘("')|27 V(r) ~ /v('r — N p(r)dr’

repeat until the first and the last wave functions are the same.

“self-consistent solutions”



Skyrme-Hartree-Fock calculations for 4°Ca
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Skyrme-Hartree-Fock calculations for “°Ca
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Skyrme-Hartree-Fock calculations for 4°Ca
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Skyrme-Hartree-Fock calculations for “°Ca
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Variational Principle (Rayleigh-Ritz method)
optimization «<—> variational principle

(WIHW)
(Ww)y =797




Variational Principle (Rayleigh-Ritz method)

optimization «<—> variational principle

(VIH|W)

(VW)

H : many-body Hamiltonian

V(ry,ro, ) = Y1(r1) - ¥o(ra) - Ya(rz) - -

o (W) =2 Cnlén)
g.s. " 5
—> Ihs = &nCa Dn
¥n G

<—— many-body wave function for

independent particles

> FE

0



Variational Principle (Rayleigh-Ritz method)

optimization «<—> variational principle

(VIH|W)

(VW)

o W) =2 Cnlén)
g.s. " 5
—> Ihs = &nCa Dn
¥n CF

H : many-body Hamiltonian

V(ry,ro, ) = Y1(r1) - ¥o(ra) - Ya(rz) - -

2m

change gradually the single-particle potential

<—— many-body wave function for

C e

independent particles

[ ol =rpGdr’ = ¢;| i(r) = 0

> FE

so that the total energy becomes minimum

0



Mean-field (Hartree-Fock) Theory

electro-static potential nucleus

p(r')dr

interaction between i1dentical

test charge :
particles

V(r) ~ / v(r — ) p(r)dr’




Mean-field (Hartree-Fock) Theory

electro-static potential nucleus

p(r')dr

interaction between identical
particles
— needs anti-symmetrization

V(r) ~ / v(r — ) p(r)dr’

test charge




anti-symmetrization

nucleon: fermion

C V(xy,z0,23 ) = —W(zp, 21,23 )

Y1(x1)Pa(z2) —



anti-symmetrization

nucleon: fermion

C VL) =)

1

Y1 (x1)Y2(x2) — \/5[151(371)102(562) — YPo(x1)Y1(x2)]
< Slater determinat
0= —;Vz ~+ /“U("“ — ') (ZJ: |1/)j("°’)|2) dr' — 67;] Yi(r)

Wy ()i (r) = W s (r)



anti-symmetrization

nucleon: fermion

C V@) VG

Y1 (x1)Po(T2) — - (V1 (z1)Y2(x2) — Yo(x1)Y1(22)]

V2
< Slater determinat
2
0= TL V2 + /U(T - 7“) (Z W)j(r )|2) dr' — ez] Yi(r)
V()Y (r )i (r) = 5 ()i (r )y (r)
le 2 / N2
— V -I—/U(T—?“)(ZWJ(TN )d'l“ _Ez] Yi(r)

= [ (=" (Z w;xr’)wi(r’)) dr'ip; (r)
J

Hartree-Fock theory exchange term



anti-symmetrization

— - TL2 2 ! N2 / -
0 = _QmV +/’U("’—"“) (;Wj(?“) )d"“ —¢i| Pi(r)

- TL2 2 ! N2 / -
e AR RICET 0N DIIICOIE KSR RICS

) j |

- /’U(r —7') (Z w;'f(r')w@-(r')) dr'yp;(r)

J

y
= [—;—mVQ + V(r) — 6@] Vi(r) + /di(r,)

non-local potential



Bare nucleon-nucleon interaction

V(r)| +oo

Existence of short range
repulsive core



Bruckner’s G-matrix Nucleon-nucleon interaction in medium

Nucleon-nucleon interaction with a hard core

——> HF method: does not work

<—— Matrix elements: diverge

.....but the HF picture seems to work 1n nuclear systems

cf. magic numbers

Solution: a nucleon-nucleon interaction in medium (effective
interaction) rather than a bare interaction

i

Bruckner’s G-matrix



» two-body (multiple) scattering in vacuum

k 1 \ /
k, the interaction area

kl | k’l
ky —— K

the 1st order

k’z



» two-body (multiple) scattering in vacuum

k, \
) the interaction area
1 T i
k, k', .
1
kl k 1 N kl |
k Yk, kU U g e
knz
the 1st order the 2nd order higher

orders



» two-body (multiple) scattering in vacuum

K,
ki k') ky —— k; ky — — k'
! P A TR S L AR
) 2 > 2 ) — ' 2
2
— . .
T Lippmann-Schwinger equation

1
2 _ T = v - T
(——v +V—E)w—o _ ’U"UE_HO

J




» two-body (multiple) scattering in vacuum

k’)l
1 k') ky —— k; ki — 1
I , = v ., 7 v v
2 k' ky —— k7 ky — 2
k’)z
Teois (Lippmann-Schwinger equation\
h2 2 T=v- L7
—— V24V -E|y= — v
( 2m + ) v \_ E — Ho J
TLQ
—> (_—v2 — E) = V)
2m
> Y =2¢ - Va Hg = hQVQ (Hy— E)p =0
~ 7 Hyp-E 0= "5, Ho—Re=
1 1
—> Ho B C_> T=V VHO —
(Vi =T¢)



» two-body (multiple) scattering in vacuum

£
! S N A ST N SR AN (%
ky k' 2 2 2 — ' 2
2
T Lippmann-Schwinger equation
1
T=v+wv T

E — Hg



ZRNIZHITH%FREEER (REMR)

» two-body (multiple) scattering in medium
k”l > kF Pauli priciple
ky k') ky = k', ky — — k)

G = i + E
— Ky b K

k7> ke

(Bethe-Goldstone equation\

G:’U—|—’U@ G

\_ FE — Hy )

*scattering: suppressed
because intermediate states have to have
k> k. — 1ndependent particle picture



eHard core

G=v+v Qr G <> G= Y
E—H

< Even if v tends to infinity, G may stay finite.

¢Independent particle motion

1 .0—" . ) k = 06 kF
| -lﬁeahng distance_ B-G equation
| s e jo (kr)
I ————Free scattering
- //“
0.5 |
Bl
0.0Q
—0.5%

— use G instead of v in mean-field calculations



Vi(r) [MeV]

bare interaction

r [fm]

M. Matsuo, Phys. Rev. C73(°06)044309
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Phenomenological effective interactions

G-matrix
e ab 1nitio
e but, cumbersome to compute (especially for finite nuclei)
e qualitatively good, but quantitatively not successful

HF calculations with a phenomenological effective interaction

Philosophy: take the functional form of G, but determine the
parameters phenomenologically

» Skyrme interaction (non-rel., zero range)
»Gogny interaction (non-rel., finite range)
» Relativistic mean-field model (relativistic, “meson exchanges”)



Skyrme interaction density dependent zero-range interaction

v(r, ") = to(1 4 20Ps)o(r —1")

__%tl(l + 21 P ) (K25(r — ') + 6(r — 7)k7)
+t5(1 4+ 2P ) kS (r — 7k

—-%tg,(l + 23P:)0(r —r)p*((r 4+ 1) /2)
+iWo(o1 +02) -k xd(r —r)k

k= (Vi1—-—V5)/2i

ifxl-=0, tlztzz():
1
v(r,r') = tod(r —7") + gt30(r — r')p(r)
short—r.ange repulsion to avoid collapse
attraction

+iWo(o1+02) -k xd(r — ’I“/)k

spin-orbit interaction




Skyrme interaction density dependent zero-range interaction
v(r,r") = to(1+ zoPs)é(r — ')

o1 (L + 21 P (R25(r — ) + 60 — 7)k?)
+to(1 + 2o Py)kd(r — r')k

"ét?’(l + 23P5)5(r — r)p*((r +7)/2)
+iWo(o1 +02) -k x6(r —r)k

k= (Vi1—-—V5)/2i

(note) finite range effect <——> momentum dependence

PIVIP) = s [ dre @RIy ()

~ Vo+ Vi(p® +p"*) + Vapp' + - -
— Vod(r) + Vi(?6(r) + 6(r)p?) + Vo po(r)p




Skyrme interaction density dependent zero-range interaction
v(r,r") = to(1 4+ zobs)d(r — ')
o t1(1+ 21 P (K260 — o) + 6(r — )K?)
+to(1 4+ 222, kS (r — ')k
—-%tg,(l + 23P,)5(r — )™ ((r + 1) /2)
+iWo(o1 +02) -k x 6(r —r')k

k= (V1—V5)/2i

the exchange potential —> local

52 2 / N2 /
0 = |—o=V2+ [v(r =) [ X ()2 | dr' — | i(r)
J

~ [v(r =) (Z w;f(r'wm’)) dr'sp;(r)
J




Skyrme interactions: 10 adjustable parameters

v(r,r") = to(l+ xqPs)d(r — ')

“%tl(l + 21 P2,)(E%5(r — ') + 6(r — ¥)k?)
+t5(1 + 2o P kS(r — )k

%tg,(l + 23P5)8(r — ) p((r + 1) /2)
+iWo(o1 4 02) -k x6(r—r)k

A fitting strategy:

B.E. and . 1°0, 4°Ca, 4Ca, >°Ni, *"Zr, 2%¢Pb,.....
Infinite nuclear matter: E/A, Peg -+ -

Parameter sets:
SIII, SkM*, SGII, SLy4,.......
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Examples of HF calculations
for masses and radii
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deformation and two-neutron separation energy
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Density Functional Theory

With Skyrme interaction:
(VIH|WV) = Elp,T,J]

K2 1
/dr< T —o(l-l-—xo)f)
2m 2

1 1
—to(zo + 2)%@--)

Energy functional in terms of local densities

I

Close analog to the Density Functional Theory (DFT)
ZENBEBE



Density Functional Theory

i) Hohenberg-Kohn Theorem

H=H* Ve

Ref. W. Kohn, Nobel Lecture

(RMP 71(°99) 1253)

Lemma :

p(1) = Vext(r)] (unique)

< Density: the basic variable
ENa (LR

(%

ICETH M D)

11) Hohenberg-Kohn variational principle

The existence of a functioal E[p], which gives the exact g.s.
energy for a given g.s. density

—> Elp] > Eys
SENHRT Elp] EEANIE, ZhEBE->TEEHEN

BEIZITA S,

Elp]

= Enyelpl + Ecorrlp]



The electron denslty
of nitroglycerineg

—rag) o DE
(Nobelprize.org &Y))

(Ll

it

(Wikipedia &Y)

(@l

FEE




	スライド番号 1
	スライド番号 2
	スライド番号 3
	スライド番号 4
	スライド番号 5
	スライド番号 6
	スライド番号 7
	スライド番号 8
	スライド番号 9
	スライド番号 10
	スライド番号 11
	スライド番号 12
	スライド番号 13
	スライド番号 14
	スライド番号 15
	スライド番号 16
	スライド番号 17
	スライド番号 18
	スライド番号 19
	スライド番号 20
	スライド番号 21
	スライド番号 22
	スライド番号 23
	スライド番号 24
	スライド番号 25
	スライド番号 26
	スライド番号 27
	スライド番号 28
	スライド番号 29
	スライド番号 30
	スライド番号 31
	スライド番号 32
	スライド番号 33
	スライド番号 36
	スライド番号 37
	スライド番号 38
	スライド番号 39
	スライド番号 40
	スライド番号 41
	スライド番号 42
	スライド番号 43
	スライド番号 44
	スライド番号 45
	スライド番号 46

