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Simplified pairing interaction

; ; P 17 : the time reversed state
V=-GP'P, P:Zavaﬂ of U
>0

e.g., |v) = |njlm), |v)=|njl—m)

O+,2+,4+,6+, ‘:_e\\::_‘:\ ____________________________________________________________
e oo N + + +
\ \::~\ 2 ,4 ,6

0+ 0+
delta force monopole
pairing force



Simplified pairing interaction

; ; P L : the time reversed state
V=-GP'P, P:Zavaﬂ of U
v>0
H = Zek(azak + a;%a%) -G (Z a};a;%) (Z a,;ak>
k k>0 k>0
&2 @@ @ — @
g, @@ —@— @
( 2¢1—G -G O O \
7 — —G 2e—G 0 0
- 0 0 €1 + €5 0
\ © 0 0 e1+4e)

— Wgs = C1WV1 + CoVs



HF+BCS theory

DFIBZERELTREFORERLEZRTUOUYILERD S
(ii’JE’Jm}Eé ; L\E—i?’a"&&)é)

0

-10
220 F

-30

V(r) (MeV)

40

-50

-60 1 | 1 | 1 | 1 | ]
0

H = Zek(a};ak + alifal—g) (Z aay; ) (Z akak)

k k>0 k>0

QBEMD SHHEREZRDD,
ROAIF. BRBEEEALEOTIRILF—DR/NIGEDHEIIC
-3_60



H=>" ey(alay + CL:%CL,;) — G (Z a,ta:%) (Z a,;ay)
v v>0 v>0

2IKDHEEA
— MEKEEET S

cf. HF potential
Vir(r) = [ o(r, ") pue(r)dr



Solve the pairing Hamiltonian

H=>" ey(alay + CL:%CL,;) — G (Z a,ta:%) (Z a,;ay)

>0 >0

in the mean-field approximation

e Mean-field approximation:
V=-GP'P—> -G ((PJf)P + PT(P>) = -A(PT+ P)

<{——> particle number violation



ﬁ we consider H' = H — AN  instead of H -

Hl

> (e — )\)(a;gak a%alg) —GPTP

k>0

> (e — M(afag + alap) — AP+ P)
k>0

> (e — )\)(a};ak T Gf%%) - Ay (GL"% + aga)
k>0 k>0




m we consider H' = H — AN  instead of H -

H' = > (e — )\)(a;gak a%alg) —GPTP
k>0
— > (e — )\)(a;gak + a%a%) — A(PT 4+ P)
k>0
= Y (e — N (afar + a%%) -A ) (ala,% + azag)
E>0 k>0

® Transform H ' 1n a form of

H' = > Ek(aiak + oz;go%)
k>0



ﬁ we consider H' = H — AN  instead of H -

H' = > (e — )\)(a;gak a%alg) —GPTP
k>0
— > (e — )\)(a;gak + a%a%) — A(PT 4+ P)
k>0
= Y (e — N (afar + a%%) -A ) (ala,% + azag)
E>0 k>0

® Transform H ' 1n a form of

H' = > Ek(aiak + oz;go%)
k>0

——— g.5.. Oék|BCS> =0
Ist excited state: |1;) = aL|BCS) at £,

.... and so on.



Bogoliubov transformation

T T

Jr — uyaﬂL — Vyay, O = Uya; + Vyay

(Quasi-particle operator)

.i.

or a:ﬂ = u,,a}; + vap, a; = u,/a:g + —vpap

(note)
{av,a,} =0, {ay, oai,} = 0,

2 2
uv_l_vv:




Bogoliubov transformation

T T

Jr — uyaﬂL — Vyay, O = Uya; + Vyay

(Quasi-particle operator)

.i.

or a:ﬂ = u,,a}; + vap, a; = u,/a:g + —vpap

Z (€. — M) (a,;_[cak + a%al—c) — A Z (a};a% + azag)
. k>0 k>0



using the quasi-particle operators:

H' ~ Z (e — )\)(a};ak + a;%al—e) — A Z (a};al% + azayg)

k>0 k>0
= ) [(e — )\)(u% — 'U,%) + 2Aukvk](a;r€ozk + o%azl—g)
k>0

+ Z [2(e — Murvy — A(u% — v,%)](oz};ozl% -+ aEak)
k>0



using the quasi-particle operators:

o o~ Z (€. — )\)(a};ak + a;%al—e) — A Z (a};al% + azayg)

k>0 k>0
= ) [(e — )\)(u% — 'U,%) + 2Aukvk](a;r€ozk + o%azl—g)
k>0
+ 3 [2(ex = Nugvy — Aug — vD))(afel + azey)
k>0

n

then H' =Y Ep(afay+ Oé,%oqg)
k>0

it 2(e — Nugop — A(uf —vg) =0

with  Ep = (¢ — )\)(u% — 'v%) + 2Au vy



H = Y (e — N —v2) + 28wyl (afay, + abap)

k>0
+ Y [2(e, — Nugvy, — AuF — vD](afol + agoy)
k>0
0 = 2(€p — Nugv — A(u% — v%)
1 = u%—l—v%




H = Y (e — N —v2) + 28wyl (afay, + abap)
k>0

+ 3 [2€e, — Nugvy, — Auf — v (efal + azay)
k>0
ug — l 14 v — A
21 e - N2+ A2
’05 _ l 1 _ €y — A
2 \/(EV _ )\)2 + N2
g Ek — (Ek — )\)(u% — ’U]%) —+ QAUkUk

V(e — N2+ A2



H =) Ek(a};azk + oz]i{an)
E>0

By = (o — N2+ A2

Ground state wave function:

OfHBCS) =0

< |IBCS) « || avap|0)

v>0

= _[ Vy) (u,, =+ vy aia];)‘ O>
v>0

n

IBCS) =[] (u,/ + v ala,];)
v>0

0)




Ground state wave function:

ak|BCS) =0
-

IBCS)y = [] (Uq/ + vy aia;)
v>0

0)

(note) <BC’S lala,|BCS > = |uy|? : occupation probability

(note)

Egcs = (BCS|H'|BCS) ~2 Y (ev — A)v7 — =
v>0



Gap equation

—

1 €y — A
2 7
= —(14
B 2( "R, )
1 — A
’Ug = (1—61/ ) Ey:\/(ey_A)Q_I_AQ
2 F,

~——

@ A = G(BCS|P|BCS)=G ) uyvy
v>0
G A
2 v>0 By
(Gap equation)
N=2% u7 2



1) Trivial solution: always exists

A =0

A = G Z Uy Vy
v>0

1 (Ey § )\)

O (Gy > A)

W) = T] alallo)
>0

Occupation probability




G A % A=0

>0 Y =
<
O

2 =

1) Trivial solution: always exists = N
o

A — O .g Vif‘ A0
¥

5
Q
@
IG a/o N —large

11) Superfluid solution

A #= O g |

vg <1 :%0 <L

|1BCS) = ] (u,/ + v, aia;)‘ O> : 0 m
v>0 G

Number fluctuation Normal-Superfulid phase transition



Quasi-particle excitations

H = ;ek(a};ak + a;r—ca,}—g) (Z a,a; ) (Z a,kak)

k>0 k>0

NIV TUEETET L

H ~ Epcs + . Epajay
k

B, = /(e — N2 + A2
T __

oz}; = uya,t — Vyap, O = u,/a:g + vyay

(7 ::I\\U:L—/ :7%*@)




Quasi-particle excitations

H~ Egcg—+ ZEk a};ak
k

OK;‘; — uya,t — VpQy;,

f T

;= Upag + vpay

(RI) 2 —7RTEHL)

%t

N +/- 2 DRF#
B CIRF#% D Fhfe ik RE
[ 25 it




Quasi-particle excitations

H~ Egcg—+ ZEk a};ak
k

f T

a}; — uya,t — vyap, O = Upag; + vpay

(R 2—R L)

1R TFIREE: of |BCS) 2 %I 20t

2EMTFKE: olal |BCS) N +-2 OBRFH
-FILRF RO RIR
|25 I

By =\(x—N2+A2>A  (THRLF—-FryF)
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Figure 6.1. Excitation spectra of the ;;Sn isotopes.

Ring-Schuck




Effects of pairing on moment of inertia

1 ¢
[ ] 2
Observed EI = I(I + 1)TL
. - 27
; -._,___'.‘ LLr .b‘_' '++..+ H
= 0L e ; 'f
o - T — :I;:uur: ate® ]
no pairing T
0.0]
100 120 140 160 180 200 220 240 260
Mass Number A
I
Theory
=
2 e 1
2 01 f _ i g _
LLF]I - T_ ------- ) .;ih-hr Ll
no pairing B G.F. Bertsch,
0.01 ' ' '

100 120 140 160 180 200 220 240 260 1n “Flfty years of
Mass Number A nuclear BCS”

Fig. 9. Excitation energy of the first 21 state in deformed nuclei. The line shows the
prediction assuming a rigid rotor.



Even-odd mass difference and pairing gap

E(N+2,2) = E(N,Z)+ 2\
E(N+1.2) = E(N,Z2)+ A+ A
N2
N+1 i Ao
N+2
(note) A <0

—Ap ~ [E(N 42,2) — 2B(N +1,2Z) + E(N, 2)]/2




Even-odd mass difference and pairing gap

E(N+2,72) = E(N,Z)+ 2\
E(IN+1,2) = E(N,2)+ A+ A

N+2
(note) A <0

—Ap ~ [E(N 42,2) — 2B(N +1,2Z) + E(N, 2)]/2
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AL RO 825

AN

|BCS) = H (U/y + v, alal];)
v>0

0)

AR FROKENRES->TNE  |BCS) =Y Cp,|Ng)

N,
f=t=L. FHELHFIEZELLEEESNTLS:
(BCS|N|BCS) = N
Wi FHEE. Pn|BCS) = Cy|N)
27 PP
Py=— [ dpe TNy

~ oxJo
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