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KPZ Exact Soln-
SS,ACQ,CLDR,D
(2010)
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Kiyomizu-dera, Kyoto
“Kiyomizu no butai kara tobi oriru tsumori de”



Outline:
i) 1+1 KPZ

exps, amplitudes, LD
TW-GOE, TW-GUE, Baik-Rains Fo

ii) 2+1 KPZ Class
-Simple Height Distributions (HD)
-SLRD & EVS (local)
-Universal Limit Distribution 

(2+1 analogs: TW & BR)

-Universal Spatial (Airy1)

& Temporal Covariance 
(KPZ Ageing)
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PNG=LIS
(Ulam Problem)
&….. 
SS/DPRM/ASEP- Johannson, 2000
ODB- Gravner, Tracy & Widom, 2001
aBD- Majumdar & Nechaev, 2004

Tracy-Widom
Distributions, 1994:
GUE (radial geometry), 
GOE (flat IC), …
RM Ensembles,

scaled cumulants; 
skewness s & kurtosis k

more Finnish flame front 
expts…

(2005)



voo

KM Toolbox:
Slope=>Γ

voo

=(h-voot/Γt)1/3

Time-Dependent 
Growth Velocity:

Random Matrix Theory: TW Limit Distributions



PNG=LIS
(Ulam Problem)
&….. 
SS/DPRM/ASEP- Johannson, 2000
ODB- Gravner, Tracy & Widom, 2001
aBD- Majumdar & Nechaev, 2004

Baik-
Rains

Fo

Tracy-
Widom
GOE

KT-PRL110,210604(2013)
THH/LL-PRE89,010103(2014)

1+1 KPZ Class: Limit Distributions
(Crossover: Flat to Stationary-State Statistics)

KPZ TW-GUE*
LIS Finite Time 
Corrections...



THH/LL-PRE89,010103(2014)

KPZ Radial Class: Limit Distribution
(Interplay: TW & KPZ)

KPZ TW-GUE*
LIS Finite Time 
Corrections...



2+1 KPZ
Universal Distributions…



2+1 KPZ Universality: Height PDF-
(unit variance, zero mean)

THH- PRL109,170602(2012);
Brazil- PRE87, 040102 (2013).

skewness s=0.424 
kurtosis k=0.346

1+1 KPZ TW-GOE:
s=0.2935
k=0.1652



2+1 KPZ CLASS HD: 
Thin Film Expt-

*Almeida-PRB89,045309(2014)
THH/GP-EPL105,50001(2014)

Cd/Te Semiconductor Film

G.Palasantzas,Surf.Sci. 
507,357(2002)



2+1 KPZ CLASS HD: 
Thin Film Expt Almeida-PRB89,045309(2014)

CdTe/Si Semiconductor Film:

s=0.34 
k=0.3



THH & Palasantzas, EPL105,50001(2014)
Squared Local Roughness Distribution:

Almeida,(2014); Z. Racz, PRE50,3530(1994)(WBC, not PBC!)



1+1 KPZ Class: SLRD
(Takeuchi & Sano- Liquid Crystal Expt vs. KPZ Euler...)

Reality check....



THH & Palasantzas, EPL105,50001(2014).

Extremal Height Distributions:
(WBC)



2+1 KPZ
Universal Limit Distribution*



KM Toolbox:
a) ∆vL=-Aλ/2L2-2χ

b) ∆vs=λs2/2



Devil in the details...
λ, Α,  θ=Α1/χλ details 



2+1 KPZ CLASS: Limit Distribution*
PRE88,042118(2013)
PRL109,17602(2012)

=(h-voot)/(θt)β

KM Toolbox:
a) ∆vL=-Aλ/2L2-2χ

b) ∆vs=λs2/2



∆v=<v>-vinfty=βθβ<ξ>/t1-β

2+1 KPZ Class
Universal Mean:
<ξ>=-0.849
& Variance:
<ξ2>=0.235



2+1 KPZ
Universal Correlators*



2+1 KPZ Spatial Covariance*

Cv(r)=<h(x+r,t)h(x,t)>-<h>2

=2w2-2Ch(r)

Ordinate rescaling:
(θt)β=3.71,
t=422sec=>θ=A1/χλ=3.71
Abscissa rescaling:
A=0.255=>

λexpt=5.5nm/sec



G.Odor, PRE89,0132146(2014)

1+1 Class
M. Henkel-PRE85,030102(2012)

=<h(t)h(s)>-<h(t)><h(s)>
=s2βFc(t/s) 

Universal
Temporal Covariance*
Covarianno expt’l data, but… 

Fit=>θOdor=1.02



Devil in the details...
λ, Α,  θ=Α1/χλ details 

=>       *
Kelling&Odor-PRE84,061150(2011)



2+1 Stationary-State KPZ*
(higher-dimensional analog Baik-Rains)

=(h(x,∆t+to)-h(x,to)/(θ∆t)β
Dynamic correlations in the SS…

Universal Variance-
<ξo

2>=0.464

Nonperturbative
Functional RG-

<ξo
2>=0.462

Kloss, Canet, 
Wschebor
PRE86,051124
(2012)



3d Radial/pt-pt KPZ Limit Distribution:

THH- PRE 88, 042118 (2013)



Arigato!
2+1 KPZ NUMERICS: THH- PRL109,170602 (2012)

PRE88,042118 (2013)
PRE89,010103R (2014) w/LunaLin

2+1 KPZ Expt: Almeida-PRB89,045309 (2014)
Palasantzas-EPL105,50001 (2014)

KT

2+1 KPZ Class: 
3+ Universal PDFs, 2 Correlators, & KM Toolbox

=>Rich, Ripe, & Ready to go…
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