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1. Introduction

First | would like to explain the following two things.
1.1 Martingale: a property of Markov processes;
background, definition, expressions
1.2 Krattenthaler’s Determinantal Identity;
a useful equality and its generalizations

Then | will give
1.3 A Combination of the Above Two



1.1 Martingale Is a betting strategy

D Youbet $100,
the banker bets $ 100.

hd

You lose a bet.
You continue the game.

L 2

>

You win a bet, you get $ 200.

You stop the game, A
then your gain is

—$100+ $200=8100/

@ You double your bet.
You bet $200,
the banker bets $ 200.

D

You win a bet, you get $400.

¥

You lose a bet.
You continue the game.

.

You stop the game, then your gain is

—$(100+200)+ $400=$100

|

3 You double your bet again.

You bet $ 400, the banker bets $ 400.

[ You stop the game when you win: Your gain is always+ $ 100 ]
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Integral representation of ‘martingale-polynomials’
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Lemmal |

12




1.2 Krattenthaler’s Determinantal Identity

Lemma 2 (Krattenthaler)

13




14




15




16



1.3 A Combination of the Above Two
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We call it a Determinantal Martingale. 19




2. Dyson’s BM Model with =2
= Noncolliding BM
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2.1 From h-Transform to
Determinantal Martingale Representation (DMR)
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Proposition 3 (Grabiner) ‘
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Proposition 3 (Grabiner) ‘

| |

I Equivalent
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Proposition 3 (Grabiner) ‘

I Equivalent
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Theorem 4
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Dyson’s model:
Strongly repulsive-
interacting
Brownian motions

We observe particles at points () on the spatio-temporal plane.



Free BMs
with signed
measure at the
final time T

We observe particles at points () on the spatio-temporal plane.
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We observe particles at points () on the spatio-temporal plane.



Reducibility of DMR

/

Determinantal Martingale with a Small Matrix
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2.2 From DMR to Correlation Kernel

2.2.1 Density function (one-point correlation)
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N X N determinantal martingale is reduced
to a single martingale
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The final time T is reduced
to the observing time t
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2.2.2 Two-time correlation function
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We observe at the TWO
spatio-temporal points
marked by O.

The case that two paths
contribute to the observation.

The case that only one
path contributes to the
observation.
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We observe at the TWO
spatio-temporal points
marked by O.

The case that two paths
contribute to the observation.

The case that only one
path contributes to the
observation.
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Reduced to 2 X 2 Det. Mar.

v

<€~ Reduced to a single martingale
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2.2.3 General results

Theorem 5
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2.3 Extension to Include Multiple Points
in Initial Configuration
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2.4 Extension to Infinite Particle Systems

-
N’ is fixed

N increases
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2.4 Extension to Infinite Particle Systems

o
N’ is fixed

N increases
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2.4 Extension to Infinite Particle Systems

)

o
N’ is fixed

N increases
to infinity
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3. Summary and Future Problems
3.1 From Fluctuation-Correlation Theorem’
to "Fluctuation-Response (Dissipation) Theorem’

A N

Correlation Fluctuation
(Correlation Kernel) (Martingale Function)

Future Problems
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3.2 Log-Gases and Theory of Entire Functions
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3.3 Toward an Abstract Theory of
Determinantal Processes

62
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