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The behaviour of a top known variously as the rattleback, celt or
wobblestone is studied. When spun on a flat, smooth, horizontal surface,
self-induced oscillations about a horizontal axis eventually consume the
initial spin energy; once the spinning has ceased, the oscillations decay
and the body spins in the opposite direction. Many rattlebacks seem to
be spin biased, reversing spin direction only once and only if the initial
spin has the proper sense; others reverse readily from either initial spin
direction. Analysis and simulation papers appearing over the past
century have attempted, respectively, to explain and qualitatively
predict the top’s possible behaviours, and to reconcile observed
behaviour with various numerical models. In this work, the two broad
theories proposed to explain the spin bias, one which neglects slipping
and dissipation and one which incorporates these effects, are critically
investigated by several means. The validity of the no-slip assumption is
questioned. A numerical model which allows for aerodynamic effects and
dry friction due to spinning and slipping is developed. The complicated
equations of the numerical model are simplified by analysing the transfer
of energy between the spin and oscillations. A comprehensive explanation
of the behaviour based on this simplified spin model and the realistic
limits of the no-slip motion is proposed. Finally, the predictions of the
‘complete’ numerical model and the simplified model are compared with
experimental data. :

1. INTRODUCTION

The rattleback (also called a celt or wobblestone), a rigid mechanical top with a
smoothly curved oblong lower surface, displays some very curious dynamic
behaviour when spun on a smooth horizontal surface. Many appear to be biased
for spin in one direction, so much so that they will reverse spin direction when
spun in the opposite direction. Others exhibit several reversals before eventually
coming to rest. Previous analyses of the linearized no-slip dissipation-free
equations of motion have demonstrated how an inertial asymmetry makes spin
reversals possible. It is not in dispute, here, that the main observed behaviours,
single and multiple reversals, can be exhibited by such a model or that the reversal
mechanism depends critically on the inertial asymmetry. As is shown presently,
however, in many cases unreasonably large values of the friction coefficient are
required to account for single reversals with a no-slip dissipation-free model. Such
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a model also predicts that any rattleback can reverse in both directions with the
proper initial conditions, contrary to what one often observes. '

If a no-slip dissipation-free model cannot adequately explain commonly
observed behaviour, then it is important to understand the essential aspects of the
simplest dynamic model which can. Some of our recent physical experime.nts and
computer studies will support the development of such a model, which wil
comprise the main portion of this paper. To motivate the W.OI‘k })elow and to place
previous efforts in historical context, we first present a brief literature review.,

The original paper on the rattleback was written by G. T. Walke'r (1.896) and the
analysis therein has proved remarkably durable. Assuming an elliptic paraboloid
shape and dissipation-free rolling without slip, he showed that the struct.ure of the
dynamic equations changes dramatically when inertial asymmetry exists. Thus
he demonstrated the crucial role which the non-coincidence of the horizontal
principal axes of inertia and the directions of maximum and I.ninimum curvature
at the equilibrium contact point must play in any explanation of.' t%1e rattle})ck
phenomenon. By studying the linearized fourth-order charactfarlstlc equation,
Walker showed that purely stable pitching and rolling oscillatlon.s could oceur
only in one spin direction and then only with a large enough spin .magmtude,
Interestingly though, Walker did not believe that the stable os.cﬂl‘a,tlons' were a
necessary aspect of the spin bias which he asserted, without a precise mvestlgat.lo.n,
was a property that rattlebacks with very slight inertial asymmetry could ?xhxbxt.
He also investigated the initial development of the spin from purely OS(flllatOI'y
initial conditions. This paper was somewhat terse and difficult to read, which may
account for an apparent lack of awareness by some later authors of the extent of
its conclusions. - .

Because the spin differential equation contains no linear terms, it is not possible
to discuss the evolution of the spin directly using a linearized model. Recently,
however, Bondi (1986), using the same starting points as Walker (1896), clarified
and extended Walker’s results by using root locus and conservation of energy
arguments to understand indirectly how the spin evolves. He showefl clearly that
several types of rattlebacks exist, categorized by the diff.erent spin depenc}ent
stability of the pitching and rolling oscillations they exhibit, and thus explained
how the possibility of reversals in one or both directions (?epends solely on the
geometric and inertial parameters of the body. Bondi again demonst?a.ted that
when stable oscillations and spin can exist, the magnitude of the spin al'lgula‘.r
velocity must be greater than a critical value, n.. Bondi, howev.er, in his
description of the spin evolution of a body which reverses and the'an spins stably,
neglected to examine the magnitude of the friction forces re.qmred for.such a
motion to be possible and the conditions under which the no-slip assumption was
reasonable.

The no-slip assumption was questioned in the two papers by Magnus (1971,
1974) in which a quasi-viscous (linear) relation between the fnctlon force and the
velocity of the contact point was assumed (continuous slipping). Th.e order o_f the
characteristic equation for the linearized motion increased to six and its coefﬁmfants
became so complicated that no general conclusions about stability were possn'b.le.
Magnus (1974) was able to demonstrate, however, that cases exist where stability
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depends only on the sign of spin, and therefore that the inclusion of viscous slip
changed the requirement of Walker and Bondi that stable oscillations are only
possible at spin rates above n,. Both of these papers motivate the development
of a realistic model which predicts if and when slip occurs and, more generally, the
effect of slipping on the dynamic behaviour. ,

Caughey (1980), using a model of questionable physical validity, applied an
asymptotic perturbation approach to show that Euler’s equations with small
viscous damping in all three axes and linear springs about the horizontal ones
could ‘capture the essential features of the rattleback’. He concluded that in the
absence of any dissipation reversals occur in both spin directions and that
dissipation could cause the observed spin bias. Lindberg & Junkins (1984), in a
search for the ‘essential geometric and mass properties which delineate the two
(completely unstable and stable in only one direction) types’, proposed a
nonlinear perturbation analysis approach to answer the ‘remaining’ question,
‘Under the assumption of a conservative system (no dissipative friction) can the
system ever possess a stable spin equilibrium?’ Even though they referenced
the paper of Walker (1896), they failed to recognize that this was precisely the
question that Walker had answered.

The spate of studies in the 1980s seems to have been spurred, at least partly, by
a popular article by J. Walker (1979) which qualitatively described the behaviour
and pictured specimens which reversed in one or both directions. Two of these
more recent studies, Lindberg & Longman (1983) and Kane & Levinson (1982),
which appeared nearly simultaneously and relied principally on numerical
solutions of the exact nonlinear equations of motion, contained similar conclusions
albeit based on somewhat different models. Lindberg & Longman (1983) simulated
exactly the model proposed by Walker (1896) and the simulations showed that
Walker’s full model can predict reversals. They found that the times for reversals
to take place may differ substantially for the different spin directions (15 s,
250s). A preoccupation with integration over these long times (one 400 s
simulation was presented!) seems to have drawn Lindberg & Longman (1983)
away from a realistic investigation of important dissipative mechanisms. An
interesting result was the proof that, due to gyroscopic terms in the linearized
equations, there is no technique that will decouple the system in second-order
form to yield two independent oscillatory modes.

Kane & Levinson (1982), in the only paper to assume an ellipsoidal shape, again
raised the important issue of the role of dissipation in explanations of the spin bias.
They demonstrated that the addition of a viscous retarding torque about all three
axes could suppress reversals observed in simulations where the dissipation was
neglected. The results showed that the phenomenon of reversal is not sensitive to
second-order surface shape effects and suggested that an explanation of the spin
bias exhibited by many real rattlebacks requires an allowance for some dissipative
mechanism.

The survey of the available literature indicates that two conflicting explanations
of the spin bias have been proposed. One theory, espoused most convincingly by
Bondi (1986), neglects slipping and dissipation and asserts that these factors are
unimportant; the curious behaviour is a property of a particular class of bodies
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characterized solely by their inertial and geometric qualities. According to the
other, slipping and/or dissipation play an important role in suppressing reverss)
in one spin direction.

The literature also reveals the shortcomings of the principal methods used in
trying to understand the rattleback’s behaviour, stability analysis of the linearizeq
equations of motion and numerical solutions of the complete nonlinear equations,
Specifically, any linearizable equations of motion must be derived under restrictive
or even unrealistic assumptions, i.e. no slipping or other dissipation (Walker 1896
Bondi 1986), viscous friction (Magnus 1971, pp. 19-23; 1974). Also, because of the
nature of the spin differential equation, linearized equations cannot predict the
spin evolution directly. On the other hand, particular numerical solutions do not
provide a comprehensive picture of the behaviour. Indeed, those who have relied
on simulation have failed to discover or investigate the variety of behaviours,
predicted by Bondi (1986), which a no-slip dissipation-free model may exhibit.

In §2, the characteristic time domain behaviour of the different types of
rattlebacks delineated by Bondi is investigated by simulation; it is thus verified
that Walker’s (1896) original model can exhibit the qualitatively different spin
behaviours which are commonly observed. However, as is shown in §3, in many
cases unrealistically large values of the friction coefficient are required to explain
single reversals using Walker’s model. A numerical model incorporating several
dissipative effects including slipping is proposed in §4 which can exhibit single
reversals with realistic values of the friction coefficient. The complexity of the
underlying equations, however, make the numerical model inappropriate as a
source of understanding of the phenomenon. Toward that end, a simple dynamic
model of the spin behaviour is developed in §5 which adequately explains the
apparent spin bias many real rattlebacks exhibit. Finally the predictions of the
complete model and the simple spin dynamic model are compared with accurate
experimental data in §6.

2. THE ENERGY CONSERVATIVE CASE
(@) Developmeni of the equations of motion
We begin by developing the simplest useful set of dynamic equations, those
studied by G. T. Walker (1896), Lindberg & Longman (1983), Lindberg & Junkins
(1984) and Bondi (1986), in which dissipation is neglected and the body is assumed
to roll without slipping on a flat horizontal surface. Straightforward application of
Newton’s law provides the simplest derivation and most compact expression of
the governing dynamic equations. Dotted quantities represent derivatives in tht?
body-fixed frame in which all the vectors are coordinatized. The notation of Bondi
(1986) is used where possible; it is given here.

d., gravitational constant

M, mass of the body

I, diagonal inertia matrix (with elements I,,, I,,, I;; about the 1, 2, and 3 axes,
respectively)

J, contact force
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7

Fieurz 1. Notation: f, contact force; 7, contact point position relative to CG; &, unit normal
to body surface at the contact point; v, velocity of CG; 123, body fixed principal axes.

v, velocity of the body CG

o, angular velocity of body

h, angular momentum of body

r, contact point in body fixed principal axes

u, unit vector normal to the body’s surface at the point of contact

a, equilibrium distance from CG to contact point

n, spin, n =u-@

£, angle about the 3-axis between the direction of least curvature and the 1-axis
(skew angle)

Summing forces and moments, we have

Mdv/dt = f— Mg, u, (1)
dh/dt = r xf, (2)
and because u is invariant in inertial space
d=uxo, (3)
where o is related to & by h=Io. 4)

We have four equations ((1)-(4)) in the six dynamic vectors: f, v, , h, 7, u. It
remains to make appropriate assumptions to fix the extra degrees of freedom. The
assumptions made for the energy conservative equations are: the body remains in
contact with the flat, horizontal surface upon which it spins and the point of
contact has zero velocity. The former implies that

r=r(u), (5)
and the latter that v=rxom. (6)

We delay in writing the exact form of (5) because it depends on the specific
shape of the body and we would like to develop a general set of dynamic equations.
Another reason for delaying is that, because (5) is generally not expressible as a
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simple vector equation, combining it with the rest of the equations complicateg
matters considerably. Note, however, that (5) requires a convex body with finite,
but non-zero, curvature at all points. Also, if an analytic expression descnbmg the
surface (f(r) = C) is available (5) may be determined by normalizing the gradient
vector:

u=—Vfir)/IVfir)| = ulr). 1)

If the vector derivatives are expanded as dp/dt = p+oxp, (1)~(6) may be
combined into

Io+Mrx(@xr)=T(I M, ryo= er(rxw+(wxr)xw+gcu) o x (lo),
a=uxaon,
r=r(u), ¥=~ru o) (8a-¢)

Equation (8a—) is suitable for integration (I’ is always invertible). Note that r
and F are algebraically determined by @ and u. The components of  are not all
independent because u has unit length. Thus there are only five state variables, the
three components of @ and two components of u. Also, the particular geometry
is not specified.

(b) Analysis of the linearized dissipation-free equations
Major portions of the analyses of Walker (1896) and Bondi (1986) were devoted
to studying the above equations linearized about the line in the state space
coinciding with the @,-axis. Because the coupled differential equation describing
the evolution of @y involves only terms of the second order and above, this
amounts to making the spin a quasi-constant (this type of analysis is not possible

if linear torsional damping is included). Hence the dynamics remaining in the

fourth-order characteristic equation are those of the pitching and rolling of the
body at some nominal spin. The stability of these oscillations may be studied
directly, and the evolution of the spin indirectly by realizing that energy must be
conserved among the three storage mechanisms; spin and the two independent
oscillations.

Both Walker (1896) and Bondi (1986) developed (5) by assuming that one
principal axis of inertia (the 3-axis) coincided with the intersection of the
symmetry planes of the elliptic paraboloid lower surface; the asymmetry of the
body was due to the horizontal principal axes lying outside of the symmetry
planes. A more general asymmetry in which the 3-axis did not coincide with the
inertial vertical at equilibrium would complicate the analysis severely because the
derivation of non-zero spin equilibria would no longer be such a trivial matter. The
complete nonlinear equations for arbitrarily oriented principal inertia axes,
however, may be developed in a straightforward manner from (8).

In the most general case (see below), both Walker (1896) and Bondi (1986)
concluded that completely stable motion is possible in only one spin direction, and
only if the magnitude of the spin lies between an upper and lower bound. What
emerges much more clearly from Bondi’s analysis is the existence of three regions
in the inertial and geometric parameter space, each characterized by different
spin-dependent behaviour.
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The simplest behaviour is exhibited by rattlebacks lying in the unnamed region
of parameter space we refer to as zone 0, for which stable motion is not possible
in either direction for any spin rate. The two modal oscillations are stable in
opposite spin directions; each oscillation is stable in one direction and unstable in
the other. Bondi implies that zone-0 rattlebacks will exhibit multiple reversals
regardless of the initial spin rate (or direction) although he gives no explicit
description of their behaviour.

For zone-I rattlebacks the motion can be stable if the spin has the proper sense
and is above a certain critical rate. Thus if the energy is above some minimum
(E > E,; = i, n?,) for a body of this type, the trajectory in the state-space must
asymptotically approach a point on the w, axis. If the system energy is below this
critical amount, these rattlebacks will behave as those in zone 0.

The final class is the most general case mentioned above. With sufficient energy
(E > By, = H3ynl,), a zone-II rattleback will attain a high enough spin rate (n,)
so that one pair of the once complex oscillatory roots becomes purely real with
one root (or both in some degenerate cases) migrating into the right half-plane.
Bondi does not conjecture what the motion of such a rattleback would be. With
less energy, this type of rattleback can exhibit the same kinds of behaviour
as those in zones 0 and I: if the initial energy is bounded by the two limits
(E.y < E < E_,), the body tends towards completely stable motion; if it is below
the lower limit (£ < E,), an infinite number of reversals occur. These regions were
defined by Bondi (1986) as follows.

Define e, # and y by (we assume, without loss of generality that a > f)

I, +Ma? = aMa?, I,,+Ma®=pMa? I,,=yMa? 9)
and 6, ¢, and ¥ by

0, ratio of ‘a’ to the smaller principal radii of curvature (6 < 1);
@, ratio of ‘a’ to the larger principal radii of curvature (¢ < @ < 1);

¥ = cos?£{—sin?{.
Then, following Bondi (1986), define x, «, A and v by

@fOpu = 2—(0+ ) — (@+B—7) (0+$—209), (10)

afbpc = 1—Ya+pB—2y) (0+@)+(@—y) (B—y)0p—Ha—B) (6—9) ¥, (11)
2BOPA = Yo+ f) (0+§—208) —Ha—B) (O—9) ¥, (12)

afl¢y = (1—8) (1 —¢). (13)

Bondi (1986) showed that u < x for all sets of parameters (a, 8,7, 6, ¢, ¥). Thus,
zone 0 is the region in the six-dimensional parameter space where g > 0, zone I
where 4 < 0 and x > 0, and zone II where x < 0. Because x is independent of ¥, so
is the boundary between zones 0 and I (z = 0). The critical spins, n,, and n,,, are
defined as

ey = {—(go/a) /), (14)

Tos = {290 /AR {[(A+p)? — 4ok — (A +p)} L. (15)
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The most interesting results of the linear analysis are the possibility of
completely stable motion without allowance for dissipation, and the discovery by
Bondi of the possibility of behaviour, in the zone-II case, unmentioned in the
literature. Published simulations which ignored dissipation (Kane & Levinson
(1982) studied a zone-0 rattleback; Lindberg & Longman (1983) simulated 5
zone-I rattleback spinning at below the critical speed) have shown only behaviour
of the first type described, multiple reversals, ad infinitum. Also, the strange zone-
II behaviour associated with real roots of the characteristic equation is difficult to
understand without simulation. The first applications for the numerical model are
verification of the single reversal phenomenon and further investigation of the
time-domain behaviour of the last type (for a zone-II body spinning above both
critical speeds). In all subsequent simulations, the shape used to develop (5) is an
elliptic paraboloid.

(¢) Simulations of zone-I and zone-II behaviour

In the first simulations we will investigate the motion of a zone-I body which
initially spins in the unsteady direction, the direction in which stable motion is not
possible at any spin rate. (For zone-0 and zone-II rattlebacks the definition of the
unsteady spin direction is extended to be the spin direction in which the higher-
frequency oscillation is unstable.) The fundamental dimensionless parameters
describing this rattleback are: 6 = 0.9633, ¢ = 0.0846, ¥ = 0.8480, o = 7.037,
B = 1.644, v = 6.431. One additional parameter, a = 2.267 cm is required because
dimensional time is used in the simulation. From these we find gz = —1.102,
x = 1.003 and =n,, = 3.738 rad/s confirming that the body lies in zone I. Depending
on the initial conditions, two different types of behaviour may be expected: if the
initial energy is greater than K, (= 3/,,n2,), after a single reversal the oscillations
should decay resulting in stable spin in the opposite (steady) direction. With less
energy, the oscillations cannot be stable so that after the first reversal, with
enough time, another reversal should occur. The initial conditions for the first
simulation in which the system possesses enough energy so that asymptotically
stable spin may be achieved are @ = [0.0 0.0 —6.0]°rad 7%, ¥ =[—0.01 —0.01
—0.99991". The spin time history (figure 2) shows a single reversal. To verify that
the oscillations after reversal are stable we must examine the orientation of the
body. An indicator used by Kane & Levinson (1982) to observe the ‘wobble’
behaviour was the angle between the inertial vertical and the body’s 3-axis. The
wobble angle history (figure 2) indicates that the oscillations about the steady spin
are decaying and thus stable.

To investigate the change in behaviour when the energy is less than the critical
amount we simulate with the same parameters and the initial conditions @ = [0.0
0.0 —0.5)rads™, u=[—0.03 —0.03 —0.9991]*. The results (figure 3) indicate
that after the first reversal, the wobble angle begins to grow very slowly. Also,
note that with less initial energy, the maximum value of the wobble angle during
reversal is much smaller.

For the zone-II body, we take: § = 0.9633, ¢ = 0.0846, y = 0.8660, a = 8.983,
f=1644, y =6.431 and a = 2.267 cm, and calculate g =—2.295, x = —1.344,
and n,, = 3.992 rad s™! verifying that the body is of the desired type. In the first
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Freuze 2. Simulated motion of a zone-I rattleback spun initially
in unsteady direction, £ > E,.

simulation (figure 4) with initial conditions @ = [0.0 0.0 —5.0]'rad s and
u=[—0.01 —0.01 —0.9999})¢, there is sufficient energy so that characteristic
zone-11 behaviour is observed. The spin history does not indicate behaviour sub-
stantially different than in the above zone-I examples, but the wobble history
is very different indeed. The real unstable root signals a change in the character
of the equilibrium point. Previously, the unstable imaginary roots were associated
with unstable oscillations in which the contact point oscillated about the rest
equilibrium contact point. In the zone-II case, it appears, the steady state point
of contact is other than the rest equilibrium contact point, and eventually the
body tends toward stable spin about an axis other than the body’s 3-axis. This was
verified for the specific body considered here by running the simulation longer.
Simulations in which the total mechanical energy is between the two critical
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FicurE 3. Simulated motion of a zone-I rattleback spun initially
in unsteady direction, E < E,,.

limits, E,, and E,,, indicate behaviour identical to that observed in the zone-I

c2?

case.
Examining (8a), it is obvious that when the angular velocity vector, o, and the

contact point vector, 7, are vertical, the body is in equilibrium so long as the
contact point lies along the body’s 3-axis. In this case the angular momentum
vector, A (= Iw), @, r, and u are all parallel. Further examination reveals that. even
if  is not vertical, equilibria are possible if the angular momentum vector lles. in
the vertical plane perpendicular to r X # and the angular velocity vectox: remains
vertical and has the proper magnitude. In this case the non-zero gravitational and
friction torques about the body’s CG cause the precession of the angular
momentum vector. It can be shown that a sufficient condition for such ‘not-l-
trivial’ equilibria to exist with 7 in the neighbourhood of its rest value ([0 0 al’)is
the same as that condition which characterizes a zone-II body, x < 0.
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Freure 4. Simulated motion of a zone-II rattleback spun initially
in unsteady direction, E > E,,.

The asymptotic state, then, of a zone-II body when its energy is slightly greater
than E,, is spin in the steady direction about an axis perturbed from the 3-axis
and a contact point perturbed from the rest equilibrium point. The simulation
(figure 4) demonstrates that even if the energy is substantially greater than E,,
an axis of stable spin and an associated contact point can exist. Apparently,
there are loci of such stable spin axes and contact points parametrized by the total
mechanical energy. The contact point locus breaks away from the rest contact
point at the critical energy, E,,. The analytical computation of this locus is
complicated by the nature of (5). Although this aspect of the no-slip dissipation-
free motion of a rigid body on a plane surface is interesting, it is really a subject
separate from the rattleback phenomenon.
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" 3. THE LIMITATIONS OF A NO-SLIP THEORY

Although the analysis of Bondi (1986) provides us with boundaries in the
parameter space which separate qualitatively different solutions of the dissipation-
free nonlinear equations, there are still objections to the relevance of these results,
If an explanation of a single reversal followed by apparently stable spin requires
the complete stability of the pitching and rolling oscillations, then single reversals
are only possible above some minimum energy level. However, the assumption of
no-slip (which can never hold exactly when the body is spinning and oscillating)
only yields a good approximation to the motion below certain energy levels. Thus
it is reasonable to ask whether there exist sets of parameters («, 8, v, 8, ¢, ¥) such
that the critical energy for stability is less than that which would violate the no-
slip assumption.

The maximum friction forces occur when the spin nears zero and the body is
rocking with the greatest amplitude. We may estimate the maximum friction
force by assuming that the oscillation present near zero spin is dominated by one
of the oscillatory modes. This will often be so because for small spin, one oscillation
is stable and the other unstable. If we approximate the motion as sinusoidal,

d =4, sin(w,1?), (16)

where & is the rocking angle, w, the rocking frequency. The maximum friction
force is about

max ~ Mad, ol an

For small oscillations the normal force is nearly Mg,, and the maximum ratio of the
friction force to the normal force is thus

e R Sy 0h(a/ge)- (18)
The energy in the oscillation is
E, =+ Ma?) (8, 0,)*, (19)

where I, is the moment of inertia about the axis of the zero spin oscillation.
Substituting into (19) the oscillation magnitude from (18) yields the maximum

‘oscillation energy, E,,:
E,, = Ymg./aw,)? (I, +Ma?), (20)

where g, the maximum value of x,, is the dynamic coefficient of friction. The
angular frequency of oscillation for the small one degree of freedom rocking
motion we have assumed is

vy = gc(p—a)/ (/M +a?), (21)

where p is the local radius of curvature.

If the asymmetry is small (§ ~ 0°,90°), (20) and (21) may be simplified by
realizing that the axes of oscillation will be near the almost coincidental horizontal
principal axes of inertia and principal directions of curvature. Thus the principal
moments of inertia and principal radii of curvature may be used for I, and p above
to accurately estimate the maximum energy, because these quantities are local
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minima or maxima ; we emphasize that (20) and (21) apply for arbitrary skew, the
only approximation being the small motion assumption. Note that for a single
body, two maximum energies may be computed, one for each zero-spin oscillatory
mode. Presently we are concerned only with the maximum energy, E,,,, associated
with the strong oscillation which, for a zone-I body, will be the dominant
oscillation preceding stable spin. The problem now is choosing which principal
moment of inertia and radius of curvature pair to use in computing E ;.

At zero spin, the roots of the characteristic equation must be purely imaginary.
1t can be shown (Bondi 1986) that the roots corresponding to the strong oscillation
have the greater magnitude. (A more general definition of the strong oscillation,
the oscillation of higher frequency at zero spin, is used so that the term may be
applied to zone-0 and zone-II rattlebacks as well.) Thus the moment of inertia and
radius of curvature which must be used to estimate the maximum energy
associated with the strong oscillation are those that maximize (21). Although we
assume a < f, we cannot say in general which of «, 8, 6, ¢ the computation will
involve (the axis of minimum moment of inertia may be near the direction of
maximum or minimum curvature). However, for particular geometric classes
of rattlebacks a general statement can be made. For example, for a solid
homogeneous elliptic paraboloid (truncated perpendicular to its vertical axis) or
a semiellipsoid (truncated along a plane of symmetry)

al
T =T B = ey, e2)
In fact this is true for many rattlebacks with a smoothly curved lower surface and
a nearly homogeneous mass distribution (including, for example, ellipsoidal
shells).

The critical energy for stability derived by Bondi (1986) is a function of the
same parameters:

Y(1—6)(1—¢)
@+9)+(@+p—7)(0+p—208)—2

E,, =1Mga)

=—%(Mga)%-ﬂ (23)
Although (22) and (23) may be compared, to decide if stable spin may follow a
single reversal under the no-slip assumption for any particular set of parameters,
this kind of comparison helps us little in understanding the size of the region in the
parameter space in which the spin bias can be neatly explained by the possibility
of spin-stabilized oscillations. Bondi proposed the 8—¢ plane for plotting (10), the
boundary u = 0 separating zones 0 and I. The hyperbola g = 0 depends upon the
parameter (¢ + 8—v), which is a constant for certain kinds of shapes (even though
a, f§ and y vary). Hence for a fixed shape we may plot this important boundary
and determine the sign of x based on & and ¢ alone. In a similar manner, for a
homogeneous body of a particular shape, we may write «, # and vy as functions of
0 and ¢ and determine the boundary E = E . If the shape we assume is
symmetric, then the bodies we describe are not rattlebacks, For cases in which the
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mass distribution is only slightly perturbed, however, the dependence of «, g, ang
7 on 6 and ¢ changes by a small amount. Thus we may determine the subspace of
zone I in which stable oscillations may follow a reversal, i.e. the region where
E, <E_,. The p =0 and E_, = E_, boundaries are plotted for several values of
the dynamic coefficient of friction, u,, where the assumed shapes are a truncated
elliptic paraboloid and a semiellipsoid (figure 5).
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Ficurg 5. Zone-I subspaces in which E,, > E,, for elliptic paraboloid (a) and semiellipsoid (b)
rattlebacks. Regions where asymptotically stable spin is possible after a reversal are to the
right of the boundaries labelled with the values of the dynamic coefficients of friction.

Note that all elliptic paraboloid and semiellipsoidal rattlebacks lie in zone 0 or
zone I; the curve, x = 0, which divides zones I and II is not unique for either shape
(as is the hyperbola, # = 0, dividing zones 0 and I), but it never lies in the region
where ¢ < 8 < 1. Also, the boundaries of zones 0 and I and the curves of
E,, = E, are only slightly different for the two different shapes. Because the
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critical energy K., is inversely proportional to g, it decreases from infinity at the
boundary of zones 0 and I to zero at § = 1. Thus the region where B, < E lies
to the right of the curves E,, = E, .. The dynamic coefficient of friction between
the necessarily hard smooth surfaces of a rattleback and table will usually be less
than 0.4. Thus, although all real rattlebacks lying in zone I may spin stably in one
direction, only a fraction of these may spin stably after reversing. The latter are
characterized by one principal radius of curvature which is only slightly greater
than the equilibrium height of the CG.

Many solid rattlebacks with a flat upper surface are close in shape to elliptic
paraboloids or semiellipsoids and have only a slight asymmetry. For this
important class of bodies (and we suspect for many other shapes) the critical spin
velocity, above which both oscillations about equilibrium become stable, is often
so large that it is impossible for the body to attain it after reversing spin direction.
Yet bodies which exhibit a single reversal are the most common type. Clearly then,
the stability of the linearized oscillations of Walker’s (1896) no-slip model cannot
adequately explain the spin bias exhibited by most rattlebacks. An investigation
of the dissipative mechanisms provides a more relevant theory.

4. THE DISSIPATIVE EQUATIONS

Several mechanisms for creating the non-conservative forces and torques which
bring the rattleback to eventual rest come to mind: aerodynamic effects, dry
friction due to the contact patch spinning relative to the table, and dry friction
due to relative linear motion between the body and the table, and slipping. We
now investigate the relative importance of these dissipative effects and determine
their role in spin reversals.

(@) The augmented equations of motion
The air mass exerts dissipative forces and torques on the rattleback as it spins
and translates. The complex nature of the rattleback motion makes a precise
determination of these effects unnecessarily complicated for the purposes of this
study especially because, as is demonstrated in §6, the aerodynamic force and
torque are typically at least an order of magnitude smaller than those due to dry
friction. The simplest realistic aerodynamic model is a lumped force dependent on
the linear velocity and a lumped torque dependent on the angular velocity. For
accuracy over the range of Reynolds numbers we shall encounter (0 < Re < 10%),
a quadratic dependence on the velocities is used (White 1979). If we assume that
the force acts through the body CG, the aerodynamic force and torque may be

approximated by

Ja=—Dlv,|v, |vylv, |9y 05], (24)
ty=—D[lo |0, |w]o, |oy|e]. (25)
The elements of the matrices D, and D, are determined from the particular
geometry of a rattleback and two-dimensional experimetal flow data (White

1979). Note that with this formulation the aerodynamic force (torque) does not
necessarily act in the direction opposite that of the velocity (angular velocity).
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As long as the vertical component of the angular velocity is non-zero, a torque
referred to as the Coulomb torque also acts on the rattleback. Although point
contact is assumed to simplify the kinematics, in reality a small area of the celt
contacts the table, and relative angular motion between the surfaces causes this
torque. Because we are mainly interested in the average effect of the torque, a
useful approximation to its instantaneous value may be

T, = —Ce sy u(Mg) sgn (u - w), (26)

where the approximation is due to the averaging of the normal force and the

simplification of the coefficient c,, which must depend dynamically on the contact

area, the velocity of the contact area on the body (r), the slip velocity (v,), and the

magnitude of the spin. '
These dissipative terms are added to (1) and (2):

M du/dt = f— Mgu+f,, (1)
dhjdt = rxfrz,+t, ()

If the contact force, f, is eliminated from the equations, no restriction is placed
on its magnitude or direction; f takes on whatever value necessary to satisfy the
no-slip condition. Realistically, however, the horizontal component of the contact
force is limited to some fraction of the normal component. This limiting may be
expressed simply by a constant dynamic friction coeflicient so that flies within a
cone with apex at the point of contact and half angle equal to g,. As long as the
rattleback rolls without slipping, the contact force varies freely within the cone,
but when the body slips, fis constrained to lie on the cone until slipping stops. In
fact, when the body spins some slipping must occur whenever the horizontal
component of the contact force is non-zero. However, experimental data (§6)
indicate that the assumption of no-slip appears to be a valid idealization when the
ratio of the tangential reaction force to the normal reaction force is less than the
dynamic coefficient of friction.

By further assuming that the slip velocity is in the direction opposite that of the
horizontal component of f, and that the derivative of the slip velocity has no
vertical component, we may determine the slip motion of the rattleback. A new
variable, the slip velocity (v;), is introduced. Three additional scalar equations
determine the motion:

Huxf)xul=plu-fl,
(uxf)xu-v,=—|(uxf)xujvy, (27 a—c)
duv,/dt-u=0.
Equation (6) is modified to
vV=0,+rxo. (6")

The velocity of the CG is the sum of the non-zero (slip) velocity of the point on the
body in contact with the plane surface and the relative velocity of the CG with
respect to this intermediate reference point. The contact force now depends on
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dv,/dt and to satisfy (27a, b) we must integrate two conrponents of v, ; the third
component is determined algebraically because v, must be perpendicular to u. As
it turns out, the constraints on f during slipping make it difficult to solve for v, and
o explicitly. The state equations may still be solved numerically by using an
implicit method. For a discussion of the algorithmic details of handling the
transitions from slip to no-slip and vice versa, the reader is referred to Kane &
Levinson (1978), although the methods used in that study were slightly different.

These augmented equations are referred to in the sequel as the (complete)
numerical model.

(b) A numerical example

The substantial differences between solutions of the dissipation-free equations
and solutions of the augmented equations developed above are illustrated by
simulating (figure 6) with the same geometric and inertial parameters and initial
conditions as in the first simulation (figure 2) (additional parameters: M = 0.25 kg,
#=018, ¢, =623x10"*m, d,;, =4.8x10kgm™, d,p =1.4x102kgm™,
dyss = 1.3x10kgm™, d,;; = 55x10 kg m?, d,y, = 1.4x 107 kg m?, d_,, =

2.3 x 107 kg m?, all other aerodynamic parameters are zero). Note the realistic

spin decay ; the maximum spin rate achieved after reversal is much smaller than
the initial spin and the spin decays completely after only 9 s. The plot of the ratio
of the tangential reaction force to the normal reaction force indicates that slipping
has occurred ; continuously from about 0.6 to 1.2 s, and then intermittently until
about 2.0 s. Notice that when the body slips continuously, the energy rapidly
decays to near E,,. The simulation in which the aerodynamic effects and the
Coulomb torque are neglected (dashed line) clearly shows that slipping alone can
cause this. Because in this particular example K, > E,,,, stable oscillations

- cannot be possible after reversal.

The above example demonstrates the role played by slipping and other
dissipation in the behaviour of real rattlebacks. When a body is spun initially in
the direction of the strong instability, after it reverses the remaining mechanical
energy is at most about E .. The maximum spin magnitude attainable in the
direction of the weak instability is bounded. This fact is readily observed when one
experiments with a real rattleback ; regardless of how hard it is spun initially, it
reverses with a limited spin rate. If enough energy remains so that spin above
n,, can be achieved, the body may spin stably for the reason proposed by Bondi
(1986). If the critical spin cannot be achieved, whether or not the body reverses
again depends on the relative magnitudes of the dissipative torques (aerodynamic
and Coulomb) and the reaction torque which causes the reversal (both about the
CG).

A numerical model alone is, however, an insufficient tool for understanding the
rattleback for two obvious reasons. First, because of their complexity, a precise
understanding of how dissipation affects the behaviour is difficult to obtain
directly from the dynamic equations. Secondly, despite its complexity, the
numerical model is a simplification of a real rattleback. Without any experimental
comparisons, the data generated by such a model must be regarded with some
doubt. In the remaining part of the paper, a simple model that describes the spin
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dissipation-free simulation of figure 2.
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dynamics is developed by averaging the vertical component of the reaction torque
over a period of each modal oscillation. In addition, the numerical simulations are
compared with accurate experimental data.

5. SIMPLIFIED MODELS OF THE SPIN DYNAMICS
(a) The mean asymmetric reaction torque

When dissipation is neglected, the evolution of the spin depends on terms of at
least the second degree; these terms provide the coupling between the spin and
oscillation energies. These higher-order terms have a significant non-zero mean
because, when reversals occur, they dominate dissipative effects which may be of
a lower degree (possibly zero for the Coulomb torque). Thus to understand how a
reversal takes place, it is important first to understand how these nonlinear terms
affect the spin on the average as did Walker (1896) and Breakwell (1974) in their
analyses of the evolution of the spin from an oscillatory, zero-spin initial
condition.

The exact expression for the inertial vertical component of the reaction torque
about the centre of mass, 7,, when dissipation is neglected is

T, = U-dh/dt = Mu- (rxdo/dt) = M(uxr)- do/dt. (28)

We are interested in computing the average value of , (28) (hereafter called the
asymmetric torque) when the motion is a modal oscillation at zero spin.
Integrating by parts we have

E}I-Lu-dh=l—§—?,=(uxr)-vl,.—Ly-(uxdr+duxr). (29)
Because the motion is periodic to first order:
(uxr)-vlp=0. (30)
Because v = r x ® and, for the linearized motion, r = Ru:
%? =-—J ((Ru) X @) - (u % (Rdu)+ du x (Ru)), (31)
T
where the elements of R are
ru/a = §{(1+¥)/6+(1—y)/$] {= —cos®£/6—sin£/¢}, )
rafa=ryfa=—}(1/¢—1/6)1 —W)* {=—(1/$—1/0) cos £ sin £},
/0 = —{(1—¥)/6+(1+¢)/$] {= —sin*£/6—cos* £/}, (32a-¢)

Tig = Toy = Ty =73 =0,

rysf/a = —1. J
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If the integrand is expanded and fourth-order terms are neglected compared with
second-order terms, we have
T -
E‘t =q f [w,du, (@+r,,) +w, du, 7, + 0, du, 7y + o, du, (a+7,,)], (33)
. it
where 0,, ©,, du,, du, may be obtained from the linearized equations.
If we take [@, ®,u,u,]* as the linearized state vector, the system dynamics
matrix relating the state vector to its time derivative at zero spin is

0 0 d e
10 o f ¢
4=l 10 ol (34)
-1 0 0 O
where,
d= —g.r5/a0?, e=—ga+ry)/aa®, f=gla+r,)/pa?, g= 9o T12/ Ba.
(35a-d)

Notice that d, ¢, f, g have units of frequency squared and that if the principal
axes of inertia and curvature coincide, d =g =0 so that the squares of the
frequencies of pitching and rolling would be just e and —f. The eigenvalues of 4
are in general: .
AL = —H(e—f)2{le—f)*+4(ef—dg)F]. (36)
For convenience we define

Ny=—e.f. (36)

Then the eigenvectors from the adj(AI—A4) are the columns of the modal
transformation matrix:

—e(e'+N)+dg  —e(e' +f)+dg fd fd

yo| - =g JYra=dg  fro—dg | o
WO Vg SV V(= +e)

—IVENS+S) GVIENE+S) —jvI(=f)d WV (=f)d
After integrating (33), we find that when the initial conditions are (v, +v,) and
}(v;+v,) the average values of the vertical torque are respectively

7, = iMa*a(1/$—1/6) (1/a—1/) (1—y*)} (') {e(¢' +£) —dg} o2,
[ = {Ma* B(1/$—1/6) (1/a—1/B) (L= R (f'}{f(f'+e) —dg} v}, (38a,b)

where the v; denote columns of ¥ and v, and v, are arbitrary scale factors (v, w,,
u,, and u, are sinusoids readily determined from the eigenvectors and eigenvalues
of A.)

Clearly, the average torque is zero unless the body is asymmetric (yr # 1, —1).
Also, the principal radii of curvature and the horizontal principal moments of
inertia must be distinct for non-zero ,. Thus, the same conditions which give rise
to the unstable oscillations at non-zero spin and reduce the spin (Bondi 1986)
ensure that at zero spin a non-zero mean torque continues to act on the body and
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causes the completion of reversal. This is not surprising, because the instability of
an oscillation at non-zero spin is evidence that the oscillation produces a mean
reaction torque which opposes the spin. Hence we have a transfer of energy
between the spin and the unstable oscillation. At reversal, when the oscillation has
consumed all of the spin energy, and the spin is zero, the torque remains in the
same direction and initiates spin opposite the original direction. Now that the
torque due to the oscillation and the spin have the same sense, a transfer of energy
from the oscillation to the spin occurs and the oscillation becomes stable.

That the mean torques associated with the modal oscillations are necessarily in
opposite directions may be demonstrated by proving that the product of z¢ and
7} is always negative. Because all other unique factors making up the product are
positive, it suffices to show that {e(e’ +f)—dg} {f(f’ +e) —dg} is negative:

{e(e +f)~dgH{f(f'+e)— dg} = Hef—dg) {(e+1)? ~2dg + (e+)((e+) —adg)l). (39)

The first factor, (ef —dg) = —(g/a)?* (1 — @) (1 —06)/(2f6¢), must be negative as a, b
6,4 > 0,and ¢ < 6 < 1. The second factor must be positive because the magnitude
of (e+f)*—2dg, which is always positive, is always greater than the magnitude
of (e+f)((e+f)—4dg)t, which may be negative if (e+f) <0. Thus, the mean
reaction torques associated with the characteristic oscillations are always in
opposite directions. The discovery by Walker (1896), and later by Bondi (1986),
that the roots of the characteristic equation must be discordant for small enough
spin is a manifestation of this fact. Another interesting result easily seen from
(384, b) is the near proportionality, for small enough skew angle £, between the
asymmetric torque and £ (because (1—y?)i = 2 cos{ sin £&).

The mean torque at zero spin for each modal oscillation has been derived to
within an arbitrary constant. This arbitrary constant is simply the ratio between
the actual magnitude of the modal oscillation and the magnitude of the arbitrarily
scaled eigenvectors. A simple manipulation leads to a revealing relation between
the mean torque and the oscillation energy. Because each element of V is either
purely real or purely imaginary, when a single modal oscillation is present, the
contact point always passes through the equilibrium contact point (u, and wu,
always become zero simultaneously for this case). At this instant, the mechanical
energy of the system is all kinetic and can be written as

By = iMa® (oo, + B0}, BY = {Mo® [av], + fods] v} (40a, b)

Thus we find that the total mechanical energy in the oscillations is proportional
to the square of the arbitrary scale factors as is the mean torque. Substituting for
the scale factors in each of (40a, b) into (384, b) gives

©=K°E;, T,=K'E (4la, b)

Ko = (1)a(1/¢—1/0)<1/a—1/ﬂ) (1= (e)? {e(e’ +f) —dg)
afe(e’ +f)—dg)*+B(e'g)® ‘

(42a, b)

Kf = (1)ﬂ(1/¢— 1/6)(1/2—1/B) (L=y* B (f)*{f (/' +¢) —dg}
alf'd)* +B(f(f +e)—dg)® ‘

34
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The mean reaction torque, at zero spin when a modal oscillation is Present, is
- proportional to the oscillation energy (41). The dimensionless K* and K*, defineg

in (42), are called the asymmetric torque constants. Because for no-slip motion the

oscillation energy is bounded, the mean reaction torque is bournded also.

The dependence of the asymmetric torque constants on the non-dimensiong]
parameters (@, 8,7,60,9,¥) is complicated ; the parameters e, f, d, g, ¢, and f’ are
themselves intricately related to the basic parameters. We would like to investigate
the variation of the asymmetric torque constants for a large range of asymmetry
angles, £, when a, £, 7, 0, and ¢ are fixed. As a single demonstrative example,
K¢ and K7 are plotted in figure 7 with the zone-I example parameter set (§2c),
except that £ (and thus ¢) is varied. The behaviour shown is typical of what is
observed for a wide range of parameters. The larger (strong) torque constant,
associated with the faster (strong) oscillation, varies almost sinusoidally with 2¢,
The peaks at about 45° and 135° where the asymmetry is maximum are what one

8
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Ficure 7. Variation in asymmetric torque constants with skew angle.
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would expect. The variation in the smaller constant is more surprising. Although
nearly proportional to the skew angle for small asymmetry, the peaks do not
coincide with maximum asymmetry.

(b) Spin models

The above study of the vertical reaction torque component during modal
oscillations has revealed that the mean asymmetric torque is proportional to the
oscillation energy. Strictly speaking this result is valid only at zero spin because
the derivation involved integrating the vertical torque over an oscillation period
during which the motion was constrained so that the spin was zero. Because the
oscillatory modes depend continuously on the spin, (41) may be used to accurately
approximate the mean torque in the neighbourhood of zero spin; simulations with
the complete model are’used presently to demonstrate that the approximation is
accurate even for sizeable spin rates. The postulate that the mean asymmetric
torque is proportional to the oscillation energy makes possible the derivation of a

-simple model of the spin behaviour.

Another key observation supporting the development of such an approximate
model is the dominance of a single oscillatory mode throughout a single reversal.
Note in the simulations (figures 2-5, and 7) that the periods of dominance of the
slower and faster frequency are associated with reversal in one or the other
direction. Due to the initial condition, both oscillations may be initially present,
but the stable oscillation soon diminishes. Such a simplified model will certainly
be limited in its range of appllcablhty to some maximum spin because, as Bondi
(1986) has clearly shown, the character of the weak oscillation will change
significantly (become stable) with large enough spin. It will also be able to deal
with only one oscillation at a time.

First we will develop the model for the dissipation-free case. Because energy is
conserved, the energy in the single modal oscillation considered is

E, =} y(ng—n?), (43)

where the initial system energy is expressed as i/, ni. The postulate that the
torque is proportional to the energy in the oscillation leads to the following spin
averaged first-order nonlinear model:

dn/dt = 3K (n3—n?) (44)

with general solution ]
(g +ny) exp (Knyt) — (ng—1y)
® (ny+n,) exp (Knyt) + (ng—mny)’

n({t) =n (45) -

where x, is the initial spin. The time to reversal, ¢, defined as the time when n = 0,
is then
¥ Kn,

Ny — Ny

4 .
no+n,

(46)

Equation (46) indicates that the time to reversal is inversely related to the
nominal spin n, and the parameter K (either K¢ or K¥). Also, the time to reversal
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depends on the fraction of the initial energy in the oscillatory mode: with ng
energy in the oscillation, no reversal will occur. This relation becomes clearer if we
substitute n; = — p*no into (46). This gives:

12

where the quantity (1—p) is the fraction of the initial energy in the oscillation. It
(1—p) is zero, the time to reversal is infinite. '

To demonstrate the validity of the simplified model we plot (figure 8a) the
predicted spin behaviour obtained from a simulation along with the solution of the
simplified equation (45). The initial conditions in the simulation are u = [0 0 —1]¢,
o = [0.6243 0.1909 —2.819]° rad s, the parameters in the simplified model are:
K(=K°) =-0.2766, n,=—2.892, and (1—p) =0.05. A more global demon-
stration of the accuracy of the simple model is the comparison of the analytical
time to reversal (plotted continuously and calculated from the simple model (46))
and the simulated time to reversal over the range of nominal spin rates for which
slipping will not occur (4, = 0.18). In figure 8, the spin is initially in the unsteady
direction and (1—p) = 0.075; in figure 8¢, the spin is initially in the steady
direction and (1 —p) = 0.25. Curiously, the simple model overestimates the time to
reversal in the unsteady direction and underestimates the time to reversal in the
steady direction. The trend toward higher accuracy at smaller nominal spin rates
is apparent in both spin directions. The parameter set used in all of these
demonstrations is: @ = 0.6429, ¢ = 0.0360, Y = 0.9982, « = 13.04, # = 1.522, y =
12.28, a = 1.8 cm (u = —0.2565, x = 1.573, K* = —0.2766, K/ = 0.04838, n,, =
39.91 571, a zone-I body).

As figure 8 shows, the simplified model adequately approximates the spin
behaviour of the dissipation-free nonlinear equations. It describes the behaviour
for each reversal direction separately and always predicts that a reversal occurs in
both directions (unless all of the initial energy is in spin). But this is not what is
often observed : many rattlebacks reverse in only one direction. The simple model
can be modified to improve its predictive power by including the most important
dissipative effects.

First, consider the aerodynamic torque. The linearized aerodynamic model,
proposed by Kane & Levinson (1982), is much more convenient to use here than
the quadratic model because it leads to a simpler relation between the rate of
energy dissipation by aerodynamic effects and the energy in the oscillation.

, (46")

Ty = —0w. (47)
The rate of energy dissipation by this mechanism is:
dE/dt = — sw'w. (48)

This may be divided into two parts, one for the oscillation, and one for the
spin:

P dE/dt = — a(w} + wf) — 0w} & — o (v} +v]) P —on?, (49)
where the factor of one-half in the first term in the last equation comes from
averaging over an oscillation. Now, by conservation of energy, the sum of the
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Fieure 8. Comparison of spin behaviour predicted by the dissipation-free simple models with
numerical solutions of the complete dissipation-free equations. (a) Spin time histories for
strong reversal, (1—p) = 0.05. Solid line, complete equations; broken line, simple model.
(b) Time to reverse against nominal spin. Solid line, simple model; crosses, complete
equations. Initially spun in the unsteady direction, (1—p) =0.075, K = K*. (c) As (b),
initially spun in the steady direction, (1—p) = 0.25, K = K'.
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energy in the spin (}z;n?), in the oscillation (g), and that dissipated by the
aerodynamic torque, must equal the initial energy /5 ng: .

2
q = N(aMa®) v};+ (BMa®) vy;]v* = %1'33 (ni—n?)—o J:[(vfj+v§,)v§+n2] dr. (50)

Rearranging and differentiating (50), we have
dg/dt = — [z ndn/dt+ o(v?+vd) [(av}; + Boy) (Ma®)] g+ on®]. (51)

The spin equation must be modified to include the aerodynamic torque acting on
the body: _
Y dn/dt = (KL g~ (/L) 52

If the rate of energy dissipation due to the Coulomb torque is a.d.ded to (51), 'and
the Coulomb torque itself to (52), two coupled first-order nonlinear equations

result: ) .
dg/dt = — I, ndn/dt—1.n sgn(n)—odg—on

= —q(Kn+0d), : (53a, b)
dn/dt = (1/15) [Kg—on—1. sgn (n)}.

Without solving these equations, one can immediately see how the diss.ipa,t'ive
effects act to suppress reversals. Consider equation (53a); evidently, the <?scxllat10n
can be unstable only if Kn+ ad < 0. Because before reversal the magn}tude (?f n
is decreasing and Kn is negative, for a given initial spin magnitude, it is possible
that dg/dt can never be positive for the smaller or both. values of K. Thus the
linearized aerodynamic model predicts that aerodynamic forces may suppress
both reversals or just the weaker reversal as demonstrated in simulations (Kane
& Levinson 1982) by stabilizing one or both possibly unstable modes. .

Equation (53b) reveals how the Coulomb torque may prevgnt rev.ersa_,ls. Dum}'xg
the initial phase of a reversal, all the terms have the same sign which is opposite
that of the spin. The asymmetric torque, the Coulomb '.oorque, and t}'xe
aerodynamic torque, all act to reduce the magnitude of the spin. Once the spin
diminishes to zero, there are three possible situations. If ¢ is zero also, tl'-len t.;he
body has reached equilibrium. If ¢ is non-zero, some energy exisf:s in the oscillation
and the asymmetric torque continues to act in the same direction as whfan n wWas
finite, but the Coulomb torque changes sign. If ¢ < |7./K |, the asymmetric torque
balances the Coulomb torque and n will not change sign. If ¢ > |z./K|, the
asymmetric torque overcomes the Coulomb torque and a rex'rersa.l occurs. As
shown in §3, the maximum value of ¢ is bounded for no-slip mot}on; th}xs, a.s with
the aerodynamic effect, a reversal may be suppressed in one or either dlrectlon. by
the Coulomb torque. Because the asymmetric torque is an averaged quantity,
instantaneously the actual reaction torque may be greater than the Coulomb
torque in which case n will change sign. However, as long as th.e mean Vfa.lue of the
asymmetric torque is less than the Coulomb torque the spin will pemodlca:lly go to
zero and an appreciable spin in the opposite direction will never be achieved.
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6. EXPERIMENTS

A complete set of differential equations describing the behaviour of actual
rattlebacks was derived in §4. Experiments, performed using a typical rattleback,
are the only means for judging whether all of the important effects have been
included and justifiably approximated in the numerical model. Experimental data
may also be used to validate the simplified spin dynamic model of §5.

The experimental setup consisted of a high speed (60 Hz) camera and digitizing
equipment. The camera was oriented vertically with the viewing direction
downward and perpendicular to the horizontal aluminium surface upon which
the rattleback was spun. Two small (ce. 0.5 cm?) high contrast markers were
affixed to the upper surface of the body, 27.9 cm apart, near either end of the long
axis. The primary measured quantities were the two-dimensional coordinates of
the centres of the markers. From this information, the angular orientation of the
projection of the marker axis into the view plane (bearing) could readily be
determined. Without oscillations, the time derivative of the bearing is the spin;
with oscillations present, these quantities are only slightly different. We will use
the (numerically computed) time derivative of the bearing as a measure of the
spin.

The specimen used in the experiments, due to Charles Sherburne, appears to

-be symmetric and is made of a dense, hard plastic. Its overall dimensions

are: 28.71+0.05 cm (length), 4.94+0.05 cm (width), and 3.1+0.05 cm (height),
and its mass is 310+2 g. The non-dimensional parameters are those used in
the demonstration of the dissipation-free simple model (§5 figure 8); they
are derived from the following measured dimensional parameters:
I,,=39%x10"kgm®+15%, I, = 1.7x 1074 kg m2+15%, I, = 4.0 x 1072 kg m?
+15%, Ppin=0028m=+12%, P, =050m+12%, a=0018m+6%.
Additional measured parameters are: u, =0.184+3%, and ¢, =6.1x10"*m+
10%. The aerodynamic parameters are estimated to be: d,,, = 7.4 x 10~3 kg m™*,
dype = 1.9% 107 kg m™, dppy =2.1x107°kgm™, d,;, = 1.1 x 10 kg m?, d,,, =
1.9x 1077 kg m?, d 45 = 4.3 x 107% kg m®.

The specimen exhibits a strong spin bias. When spun anticlockwise it will
reverse direction once and then spin apparently steadily in the clockwise direction.
Careful examination reveals that the weak oscillation grows slowly while the spin
is clockwise and once the spin ceases, a small amplitude weak oscillation remains.
This rattleback will not exhibit a reversal when initially spun clockwise. If the
body is spun very hard (40 rad s™') clockwise, the motion lasts about 4050 s but
the duration varies quite a bit depending on the supporting surface material and
roughness. The motion lasts about half as long if initially spun hard in the
anticlockwise direction and slipping is evident.

Experimental data is presented along with simulated data in figure 9 at a
sampling rate of 30 Hz. The normalized r.m.s. error in the simulation, defined in
(54), is 8% (it varied from 8 to 20% in the several cases studied).

€r.m.s. = \/[E‘: (n:—'n:)z]/\/[z‘: (n:)g];

nf = experimental spin, »® = simulated spin. (54)
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Note that in performing the simulation neither the initial condition nor the skew
angle, £, was precisely known. The data obtained from the two-dimensional video
equipment were adequate for estimating the spin but not the general oscillato
state of the rattleback. The initial value of w; was approximated from the initia)
spin; the rest of the initial state vector was assumed to be a modal oscillation at
zero spin for the unstable mode. This is sufficient because the growth of the

' dominant unstable oscillation depends on its initial magnitude and the total initia]
energy (§5). We assume that whatever small amount of energy exists in the stable
oscillation will not influence the motion significantly. The skew angle was
unknown because it is difficult to measure to within the required precision (ca.
0.1°).

Tzle unknown oscillation magnitude and skew angle were determined by
choosing the values that minimized the error between the experimental and
simulated data (54). The skew angle was verified by repeating this procedure
several times for data from different experimental trials; it was found to vary by
no more than +6% and the average value of 1.72° was used in the simulation
presented here (figure 9). (It is surprising that such a small skew angle can produce
such dramatic dynamic behaviour.) The initial oscillation magnitude naturally
varied from trial to trial and could not be verified in the same way as the skew
angle. \

Interestingly, at the low angular velocities necessary to avoid slipping, the
aerodynamic influence is very slight. By spinning the rattleback faster (and thus
increasing the vertical aerodynamic torque substantially) in the steady direction
and comparing experimental data with simulations, the accuracy of the estimated
aerodynamic parameters was checked. The dynamic coefficient of friction
measured between the experimental specimen and the aluminium surface was
#; = 0.179. Thus n,, = 2.876 rad s™! (22) is a reasonable upper limit on no-slip
spin rates. Even at this spin rate, the ratio of the vertical aerodynamic torque to
the Coulomb torque is only about 10%. In fact, if the simulation in figure 9 is
repeated with D, = D, =0, the results are almost imperceptibly different. It
appears as if the aerodynamic influence is small on rattlebacks made of relatively
dense materials such as wood or hard plastic.

An alternate simplified model neglecting aerodynamics may be developed in the
manner of §5 using the spin, n, and the bearing angle, s (rather than g), as state
variables. These state variables are convenient since their values can be
determined readily from the experimental data.

dn K(

27, T
2_pt_Col___¢
ne—mn To s) T.. sgn (n),
ds/dt = |n|. (65a, b)

Equations (55) are easily solved in the phase plane for periods in which n dqes.not
change sign. Complete solutions can be obtained by patching @gether _S(.)lutlons
for the positive and negative spin periods. Taking 7 to be initially positive, the
general solution for » in terms of s is

n? = 0§ —2(1./Ipy) s— (n§ —n7) exp {—Ks}. (56)

d 2
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Fioure 9. Comparison of observed (solid line) and simulated (broken line) behaviour.

For negative n, the only modification required is changing the sign of the second
term on the right. The same data that were presented in figure 9 are shown in
figure 10 in the phase plane along with the solution to the alternate simplified
equations. The match between the experimental data and the data from the
complete model is more consistent because the complete equations model both
modal oscillations. The alternate simple model predicts the behaviour adequately
except near the end of the motion (when the weak oscillation becomes unstable
and causes the more rapid spin decay) because the simple model only includes one
of the two modal oscillations, in this case the strong one.

Perhaps an oscillation averaged model could be developed which accounted for
the spin dependence of the mean asymmetric torque and allowed for both
oscillations. Such a model would be extremely tedious, however, to derive, and the
additional complexity might make it too unwieldy to yield further insight into the
dynamic behaviour.
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spin/(rads™)

./ bearing/rad

FicUrE 10. Trajectories in s—n plane. Solid line, experimental ; broken line, explanatory
model (analytical); dotted—broken line, numerical simulation.

A final note is due regarding the accuracy in modelling the Coulomb torque. The
nearly linear decay of the spin before motion ceases appears to justify the simple
constitutive relation used to model this dissipative mechanism. However, careful
inspection of the experimental data at reversal indicates that the characteristic
‘kink’ in the spin, which the Coulomb torque should produce when it abruptly
changes direction, does not show up clearly. Evidently, the Coulomb torque
depends on more than just the sign of the spin. Further detailed investigation of
the body-surface interaction might produce a more accurate relationship for the
dry-friction torque. However, because the model predicts the motion well overall,
its failure in this regard is of no great concern.

Although the dissipative torques probably cannot balance the asymmetric
torque in as simple a way as indicated in §5, if the maximum asymmetric torque
is not greater than the maximum value of the Coulomb damping torque, a
significant spin reversal cannot occur. Because the factors contributing to the
Coulomb torque are numerous and complicated, its value is best determined by
experiment. The maximum value of the asymmetric torque associated with either
oscillation may be determined by the theory presented in §3 and §5. (A slight
modification is required to determine the maximum energy in the weak oscillation
since for large 6, B, —~ 0. For these cases K, is computed from the potential
energy necessary to tip the body over.) To indicate graphically the implications of
the present theory we plot (figure 11) the regions in the 6—¢ plane where one, two
or no reversals may occur for roughly semiellipsoidal rattlebacks with different
(small) asymmetry angles. The set of rattlebacks for which a spin reversal from the
unsteady (steady) direction is likely falls below the broken (dotted-broken)
curves; in the semiellipsoidal case, all rattlebacks which reverse from the steady
direction also reverse from the unsteady direction. The experimental values of the
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FicURE 1 1. Reversal regions for semiellipsoidal rattlebacks with skew angles of 1° and 5°. The
maximum asymmetric torque associated with the strong (weak) oscillation exceeds the
Coulomb torque in the region below the broken (dotted-broken) line; thus reversals are
probable when the rattleback is spun initially in the unsteady (steady) direction. Contrast
these regions with zone I {right of x = 0) and zone 0 (left of 4 = 0) where single and multiple
reversals are possible respectively as predicted by the no-slip dissipation-free theory.

dynamic coefficient of friction and Coulomb torque are used in determining the
curves (the non-dimensional parameter a/c, is assumed constant).

The curves of figure 11 are quite specific; they apply only to a specific shape and
for particular values of Coulomb torque and dynamic coefficient of friction.
However, the curves clearly indicate that roughly semiellipsoidal bodies which are
only slightly asymmetric can reverse spin direction, surprising to anyone who
observes a rattleback for the first time. Even more importantly, figure 11
demonstrates the significant differences between the predictions of Bondi’s (1986)
no-glip theory and the present theory. Clearly, it is not necessary for a body to lie
in zone I for it to exhibit a spin bias; also some zone-I bodies will reverse in both
directions. ) '

7. CONCLUSIONS

The purpose of this paper has been to explain why real rattlebacks can reverse
in one or both directions. Previous successful explanations of the spin bias had
neglected all dissipation (including slipping) at one extreme or found some form of
it essential at the other. Careful examination of the no-slip dissipation-free theory
reveals that unreasonably large values of the friction coefficient are necessary to
account for stable spin following a reversal. Also, the dissipation-free model
predicts that any rattleback can reverse in either direction if the total mechanical
energy is small enough, which is not observed in practice. Further, the degree of
asymmetry required for a reversal to be possible cannot be predicted with this
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theory. On the other hand, the theories which required some form of dissipation
were based on non-physical models (Caughey 1980) or on particular numerical
golutions of the complete equations (Kane & Levinson 1982), which were
unsatisfying because no comprehensive explanation was offered. None of the
proposed models had been verified with experimental data.

In this paper augmented equations of motion have been derived incorporating
lumped models for both aerodynamic effects and the dissipative torque due to dry
friction at the body—table interface. Allowance is made for slipping when the ratio
of the tangential reaction component to the normal reaction component would
exceed the dynamic coefficient of friction. With these equations it is then
determined that, in general, slipping and other dissipation play important roles in
commonly observed spin behaviour. Slipping can occur even when the dynamic
coefficient of friction is large (as in metal on metal) and it is accompanied by a
rapid loss of mechanical energy. Also, the Coulomb torque has-a significant
magnitude relative to the vertical component of the reaction torque about the
body’s centre of gravity which causes reversals. For a substantial spin build-up to
follow a reversal, the mean value of the reaction torque must be larger in
magnitude than the Coulomb torque which acts in the opposite direction.
Although particular solutions of the augmented equations can point out the
shortcomings of previous theories, the equations themselves are too complicated
to provide an insightful picture of the rattleback’s behaviour. The simplified spin
dynamic model was derived for this purpose.

The basis of the spin model is a relation between the modal oscillation energy
and the mean vertical reaction torque. This relation is a simple proportionality at
zero spin, but at non-zero spin the assumption of proportionality is still quite
accurate; predictions of both the simplified spin model and the complete
augmented equations compare favourably with experimental data. The mean
reaction torque provides the coupling between the spin and oscillation energies
and is a key element, along with slipping and the Coulomb torque, in an
understanding of the rattleback’s behaviour. The maximum mean reaction torque
in each direction depends upon the associated asymmetric torque constant and the
maximum oscillation energy which is limited by the onset of slipping. A significant
reversal from the unsteady (steady) to the steady (unsteady) spin direction is
possible only if the magnitude of the product of the strong (weak) asymmetric
torque constant and the maximum energy in the strong (weak) oscillation is
greater than the value of the Coulomb torque.

We gratefully acknowledge comments, suggestions and help from L.W.
Alaways, A. Y. Arai, A. E. Edelson, J. L. Junkins and P. M. Meier.
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