
Supergravity入門
於 美杉ビレッジ

1998年 11月 21日

1 D = 11 Supergravity

Guess: on-shell mode number counting

emµ : 112 − 11C2(LL)− 2× 11(GC ghosts) = 44

ψµ : (11× 32 + 32(Bα))× 1
2 − 2× 32(Super ghosts) = 128 (1)

requires

128− 44 = 84 = 9·8·7/3! = 9C3 bosons → antisymmetric gauge field Aµνρ ! (2)

Lagrangian

L = − 1

2κ2
eR(e, ω)− 1

2
eψ̄µΓ

µρσDρ

(ω + ω̂

2

)
ψσ −

1

2 · 4!
eF 2

µνρσ

−
√
2κ

16 · 4!
e(ψ̄µΓ

µαβγδνψν + 12ψ̄αΓβγψδ)(Fαβγδ + F̂αβγδ)

+

√
2κ

6 · (4!)2 · 3!
εµ1···µ11Fµ1···µ4Fµ5···µ8Aµ9µ10µ11 (3)

where

F = dA, F ≡ 1

4!
Fµνρσdx

µdxνdxρdxσ, A ≡ 1

3!
Aµνρdx

µdxνdxρ

ω̂µmn = ωµmn(e) +
1
4(ψ̄µΓmψn − ψ̄µΓnψm + ψ̄mΓµψn) ← supercov’tion of ω(e)

ωµmn = ω̂µmn − 1
8(ψ̄

αΓαµmnβψ
β) ← δS/δω = 0の解

F̂µνρσ = Fµνρσ +
1
8 ψ̄[µΓνρψσ] ← (4× 3通りの反対称和)

Dµ(ω)ψ = (∂µ − 1
4ω

mn
µ )Γmnψ (4)

This is invariant under the following (local) SUSY transformation:

δemµ =
κ

2
ε̄Γmψµ,

δψµ =
1

κ
Dµ(ω̂)ε+

√
2

12 · 4!
(Γ αβγδ

µ − 8δαµΓ
βγδ)ε F̂αβγδ,

δAµνρ = −
√
2

4
ε̄Γ[µνψρ], ← 3項の反対称和

(5)
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SUSY algebra:

[δQ(ε2), δQ(ε1)] = δGC(ξ
µ) + δQ(−ξνψν) + δM(λmn) + δgauge(Λµν)

where ξµ = 1
2 ε̄1Γ

mε2 e
µ

m

λmn = ξµω̂ mn
µ + ε̄1(Γ

mnαβγδ − 24emαenβΓγδ)F̂αβγδ

Λµν = −1
2 ε̄1Γµνε2 − ξρAρµν with δgaugeA = dΛ. (6)

2 Reduction to D = 4 N = 8 SUGRA

Simple Reduction:

Φ(xM=(xµ, xi)) → Φ(xµ)

eAM =

(
eαµ eaµ

eαi ≡ 0 eai

)
curved index: M = (µ(= 0, 1, 2, 3) , i(= 4, 5, · · · , 10)),
flat index: A = (α(= 0, 1, 2, 3) , a(= 4, 5, · · · , 10)).(7)

Now each 11 dimensional index split into a 4 dimensional part and an external part, and
the 32 component Majorana spinor in 11 dimensions is decomposed into 8 four-component
Majorana spinors in 4 dimensions corresponding to the following tensor product decompo-
sition of 11 γ-matrices ΓA:{

Γα = γα ⊗ (1)BA,
Γa = γ5 ⊗ (Γa

(7))
B
A,

A,B = 1, 2, · · · , 2[7/2] = 8.

Thus this dimensional reduction gives rise to the following field constant in 4 dimensions:

eAM(gMN) →


eαµ(gµν) 1 (J=2)

eaµ(gµi) ∼ Bi
µ 7

eai (gij) ∼ ϕij 28

AMNP →


Aµνρ ∼ auxiliary 28 (J=1) 35 (JP=0+)

Aµνi ∼ ϕi 7 70 (J=0)

Aµij ∼ Bij
µ 21

Aijk 7C3 = 35 (JP=0−)

ψM →
{
ψA
µ 8 (J=3/2)

ψA
i ∼ λABC ∝ (Γi

(7))[ABψiC] 8C3 = 56 (J=1/2)
(8)

Now the general coordinate transformation GC(11) and the local Lorentz invariance
SO(1, 10)LL in 11 dimensions reduce to

GC(11) →

 GC(4)
GL(7, R)global
Abelian gauge [U(1)]7
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SO(1, 10)LL →
{

SO(1, 3)LL
SO(7)local,

(9)

respectively, in the resultant 4-dimensional theory. Here we should note that the general
coordinate transformations in the extra dimensions which survive the dimensional reduc-
tion are only those with the transformation parameter ξi(xM) of the form ξi(xµ, xi) =
Λi

jx
j + ξi(xµ). Λi

j corresponds to the global (xµ-independent) general linear transformation
GL(7, R)global and ξ

i(xµ) to the abelian gauge transformation [U(1)]7.
So GL(7, R)global × SO(7)local is a manifest internal symmetry of this 4-dimensional the-

ory, N = 8 supergravity. Cremmer and Julia, however, noted that these 7-dimensional
symmetries are in fact easily enlarged to the 8-dimensional ones:

GL(7, R)global → SL(8, R)global,

SO(7)local → SO(8)local. (10)

The symptoms of these 8-dimensional symmetries appear in the following facts:
i) The γ-matrix generators Γab of SO(7) are combined with Γa (a = 4, · · · , 10) to form

SO(8) generators.
ii) The vector fields appearing in the above, seven Bi

µ and twenty one Bij
µ , are combined

to yield 28 representation of SL(8, R) (or SO(8) ).
iii) The scalar fields, twenty eight ϕij and seven ϕi, are also combined to yield 35 repre-

sentation of SL(8, R).
Cremmer and Julia have shown at this stage that the lagrangian for the 35 scalar( JP =

0+) sector can be written in the form of nonlinear sigma model based on SL(8, R)/SO(8)
[dim(SL(8, R))− dim(SO(8)) = 63− 28 = 35].
Proceeding further, they have found that the total scalar field sector, the 35 sector plus

35 pseudo-scalar fields, is just described by the nonlinear sigma model on the coset 1

E7(+7)/SU(8) (dim(E7(+7))− dim(SU(8)) = 133− 63 = 70),

and that the symmetries of N = 8 supergravity are in fact larger ones than (10):

SL(8, R)global → E7(+7) global,

SO(8)local → SU(8)local. (11)

All the fermionic fields are inert under E7(+7) global and J = 1, 2 bosonic fields are inert under
SU(8)local. Since the fermionic fields ψµA and λABC are Majorana spinors, the SU(8)local
transformation Λ′B

A+ iΛ′′B
A are understood to be Λ′B

A+ iγ5Λ
′′B
A on them. [ Since the smallest

1 E7(+7) denotes a non-compact form of E7, which has SU(8) as maximum compact subgroup and
+7 = 70−63 is the signature of the non-compact group ( implying the number of negative metric generators
minus positive ones.)
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non-trivial representation of E7 is 56 dimensional, the 28 vector fields do not fit in the E7

representation and hence the E7(+7) cannot be a lagrangian symmetry of the vector field
sector. However, the 28 equations of motion for their field strength and the 28 Bianchi-
identities turn out to fall into 56 representation of E7(+7), and the E7(+7) is therefore a
symmetry on-the-mass shell in the vector sector.]
It will be instructive to see explicitly how the 70 scalar (J = 0) fields appear in the N = 8

supergravity lagrangian. The 133 generators of E7(+7) group are given by 63 generators
TB
A (A,B = 1, 2, · · · , 8) of its maximal subgroup SU(8) plus 70 generators XABCD which

is totally anti-symmetric and self-dual i.e.,

X̄ABCD = (XABCD)
∗ =

1

4!
ϵABCDEFGHXEFGH .

The infinitesimal transformation

δ = iΛB
AT

A
B +

1

4!

(
Σ̄ABCDX̄

ABCD + Σ̄ABCDXABCD

)
with parameters ΛB

A and ΣABCD,

Σ̄ABCD = (ΣABCD)
∗ = − 1

4!
ϵABCDEFGHΣEFGH

is expressed as follows in the case of fundamental representation 56 whose basis vector is
given by (ZAB, Z̄

AB) with ZAB = −ZBA, Z̄
AB = (ZAB)

∗ :

δ ZAB = ΛC
AZCB + ΛC

BZAC + ΣABCDZ̄
CD,

δ Z̄AB = Λ̄A
CZ̄

CB + Λ̄B
C Z̄

AC + Σ̄ABCDZCD. (12)

The basic variable ξ in the scalar field sector is the E7(+7) group element

ξ(x) = eiϕ
B
A(x)TA

B · e
1
4!(ϕABCD(x)X̄ABCD+ϕ̄ABCD(x)XABCD),

which is a 56×56 matrix by taking the matrix representation of TB
A andXABCD in the above

fundamental representation 56, and transforms under g ∈ E7(+7)global and h(x) ∈ SU(8)local
as

ξ(x)→ ξ′(x) = h(x)ξ(x)g†.

Then the Maurer-Cartan 1-form becomes

αµ ≡
1

i
∂µξ · ξ† =

(
2Q

[C
µ[Aδ

D]
B] PµABCD

P̄ABCD
µ 2Q̄

[A
µ[Cδ

B]
D]

)
where

Q
[C
µ[Aδ

D]
B] =

1

2
(QC

µAδ
D
B −QD

µAδ
C
B −QC

µBδ
D
A +QD

µBδ
C
A).
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The Qµ part corresponds to αµ||, proportional to the unbroken” generators TB
A of H =

SU(8), and the Pµ part, to αµ⊥, proportional to the broken” generatorsXABCD and X̄ABCD

in the terminology of section 4.1. Therefore the scalar field lagrangian invariant under
E7(+7)global and SU(8)local is given by

Lscalar ∼ tr (αµ⊥)
2 ∼ PµABCDP̄

µABCD.

This is exactly the lagrangian of the scalar field sector in N = 8 supergravity found by
Cremmer and Julia. The original 70 scalar plus pseudo-scalar fields correspond to ϕABCD

and ϕ̄ABCD which survive the SU(8)local gauge fixing ϕB
A = 0.

It is also interesting to see that the kinetic term of 8 Rarita-Schwinger fields ψµA take
the following form in the N = 8 supergravity lagrangian:

1

2
ϵµνρσψ̄µAγσγ5(δ

B
ADν −QB

νA)ψρB.

where Dµ is local Lorentz covariant derivative. This form is understandable since αµ|| ∼
QB

µA transforms inhomogeneously just like a hidden local SU(8) gauge field and hence
δBADν−QB

νA is an SU(8)local-covariantized derivative on ψµA, transforming as 8 of SU(8)local.

Table 1: Supergravity σ-model symmetries.

D G H

9 GL(2, IR) SO(2)
8 SL(3, IR)× SL(2, IR) SO(3)× SO(2)
7 SL(5, IR) SO(5)
6 SO(5, 5) SO(5)× SO(5)
5 E6(+6) USP(8)
4 E7(+7) SU(8)
3 E8(+8) SO(16)

E7(+7) is an on-shell symmetry:
Vector Bij

µ ∈ 28. The representation 56 of E7(+7) is given by

(
F ij
µν

Gij
µν

) F ij
µν : field strength of Bij

µ

G̃ij
µν ≡

4

e

δS

δF ij
µν

(13)

so that
Binachi: ∂µ(e F̃

µν ij) = 0 ↔ eq. of motion: ∂µ(e G̃
µν ij) = 0. (14)

→ E7(+7) is a (Cremmer-Julia) duality symmetry.
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3 Superconformal group SU(2, 2|1)
4D Conformal Group: SO(4, 2) ∼= SU(2, 2)

[Mµν , Mρσ] = −i(ηµρMνσ − ηνρMµσ − ηµσMνρ + ηνσMµρ),

[Pρ, Mµν ] = i(ηρµPν − ηρνPµ),

[Kρ, Mµν ] = i(ηρµKν − ηρνKµ),

[D, Mµν ] = [Pµ, Pν ] = [Kµ, Kν ] = 0,

[Pµ, D] = iPµ, [Kµ, D] = −iKµ,

[Pµ, Kν ] = 2i(ηµνD −Mµν). (15)

This 4D conformal group is in fact identical with the extended Lorentz group SO(4, 2) in
6 dimensions with metric

ηab =

 ηµν
−1

+1

 , (16)

for which the generators Mab = −Mba (a, b = 0, 1, · · · , 5) satisfy

[Mab, Mcd] = −i(ηacMbd − ηbcMad − ηadMbc + ηbdMac). (17)

and
Mµ4 ≡ 1

2(Pµ −Kµ), Mµ5 ≡ 1
2(Pµ +Kµ), M54 ≡ D. (18)

By considering the (Weyl) spinor representation, this algebra is also seen to be isomorphic
with SU(2, 2). The generators Γa of the Clifford algebra for SO(4, 2), can be represented,
for instance, by the following 8× 8 matrices:

Γµ = γµ ⊗ σ1 =

(
0 γµ

γµ 0

)
,

Γ4 = iγ5 ⊗ σ1 =

(
0 iγ5
iγ5 0

)
,

Γ5 = 14 ⊗ (−σ2) =

(
0 i14
−i14 0

)
. (19)

The Lorentz generators Mab of SO(4, 2) are then represented by

Mab =
i
4 [Γa, Γb] =

1
2

(
σab 0
0 σ̄ab

)
,

σa=µ,b=ν = σµν , σµ4 = γµγ5, σµ5 = γµ, σ54 = iγ5

σ̄a=µ,b=ν = σµν , σ̄µ4 = γµγ5, σ̄µ5 = −γµ, σ̄54 = −iγ5. (20)
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Clearly the 4-component Weyl spinor gives an irreducible representation of the Lorentz

group SO(4, 2), for which the Lorentz group element Λ = exp( i2ε
abMab) is represented by

exp( i4ε
abσab). (21)

These 4 × 4 matrices belong to SU(2, 2) since σab are traceless and hermitian under the
metric a ≡ γ0 (which has two +1 and two −1 eigenvalues). Moreover, Since 6×5/2 = 15 σab
exist and give a complete set for such traceless and hermitian 4× 4 matrices, any SU(2, 2)
matrix is expressed in the form Eq. (21) (at least in the neighborhood of the identity) and
so we have the isomorphism of the algebra SO(4, 2) ≃ SU(2, 2).
We have seen that the 4D conformal algebra SO(4, 2) ≃ SU(2, 2) can be represented by

traceless 4×4 matricesMab =
1
2σab acting on a 4-component spinor ψ. Then it is clear that

it can be extended to the superconformal algebra SU(2, 2|1) acting on a (4+1)-component
super-spinor (ψ, φ) by adding another single component φ (which should have opposite
statistics to the original component ψ). SU(2, 2|1) is defined to be a supergroup consisting
of 5× 5 matrices (of unimodular superdeterminant) which leave the innerproduct

ψ†
1γ0ψ2 + φ†

1φ2 (22)

invariant. Clearly, there are 24 independent generators as a whole, which we can take, for
instance,

Mab =
1
2

(
σab 0
0 0

)
, A = −1

4

(
14 0
0 4

)
,

Σα = 2

(
04 0
δjα 0

)
, Σ̄α = 2

(
04 δαi
0 0

)
, (23)

Note that a diagonal (supertraceless) matrix A appears here. This gives the defining
representation of SU(2, 2|1) algebra. From this we can easily find the following albebra
written in 6 dimensinal notation:

[Σ, Mab] =
1
2σabΣ, [Σ̄, Mab] = −1

2Σ̄σ
ab

[Σ, A] = +3
4Σ, [Σ̄, A] = −3

4Σ̄, [Mab, A] = 0,

{Σ, Σ} = {Σ̄, Σ̄} = 0, {Σ, Σ̄} = σabMab − 4A. (24)

This shows that Σ is an SU(2, 2) ≃ SO(4, 2) spinor generator and Σ̄ charge is its conjugate,
so that they can be decomposed into two 2-component Weyl spinors in 4-dimension as
follows:

Σ =

(
Qα

S̄α̇

)
, Σ̄ = Σ†γ0 = (Sα, Q̄α̇). (25)
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Clearly, these 15+4+4+1 = 24 matrices again span a complete set of 5×5 (supertrace-
less) matrices and give the whole generators of SU(2, 2|1) superconformal algebra. The
SU(2, 2|1) group acts on the 5 component super spinor as

exp i(12θ
abMab + θA+ ε̄Σ + Σ̄ε)

(
ψ
φ

)
(26)

(where ψ is an SU(2, 2) spinor field and φ a single component field and they should be
fermion and boson (or vice versa), respectively, since the spinor transformation parameter
ε is Grassmann odd) with ε̄ = ε†a, which leaves invariant the innerproduct with metric

α ≡
(
γ0

1

)
. (27)

Rewriting Eq. (24) into 4 dimensional notation, we find the following algebra in addition
to the SO(4, 2) ≃ SU(2, 2) subalgebra:

[

(
Q
S

)
, Mµν ] =

1
2σµν

(
Q
S

)
, [

(
Q
S

)
, A] = 3

4γ5

(
Q
−S

)
,

[Q, Pµ] = 0, [Q, Kµ] = γµS,
[S, Pµ] = γµQ, [S, Kµ] = 0,

, [

(
Q
S

)
, D] = i12

(
Q
−S

)
,

[A, Mµν ] = [A, Pµ] = [A, Kµ] = [A, D] = 0,

{Q, Q̄} = 2γµPµ, {S, S̄} = 2γµKµ,

{S, Q̄} = 2iD + σµνMµν + 4γ5A, ({Q, S̄} = −2iD + σµνMµν − 4γ5A).

(28)

4 Yang-Mills theory for superalgebra

Consider a superalgebra whose generators (devided by i), XA = TA/i satisfying

[XA, XB} = f C
AB XC . (29)

For definiteness, we here mean by XA always a certain matrix representation acting a
supermultiplet matter field Φ, for which the infinitesimal transformation is given by

δ(ε)Φ = εΦ, ε ≡ εAXA, (30)

where εA are the transformation parameters. Introduce the gauge field by

hµ = hAµXA. (31)
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The covariant derivative
DµΦ ≡ (∂µ − hµ)Φ (32)

is defined by a property
δ(ε)(DµΦ) = εADµ(XAΦ), (33)

from which follows

δ(ε)hµ = ∂µε+ [ε, hµ], → δ(ε)hAµ = ∂µε
A + εBhCµ f

A
BC . (34)

The curvature tensor (field strength) is defined by

Rµν ≡ [Dµ, Dν ] = ∂νhµ − ∂µhν − [hν , hµ],

→ RA
µν = ∂νh

A
µ − ∂µhAν − hBν hCµ f A

BC . (35)

The curvature tensor is covariant as usual:

δ(ε)Rµν = [ε, Rµν ], → δ(ε)RA
µν = εBRC

µνf
A

BC . (36)

XA = i−1(Pm, Q, Mmn, D, A, S, Km)

≡ (Pm, Q, Mmn, D, A, S, Km),

εAXA = ξmPm + ε̄Q+ 1
2λ

mnMmn + ρD + θA+ ζ̄S + ξmKKm,

hAµXA = emµPm + ψ̄µQ+ 1
2ω

mn
µ Mmn + bµD + AµA+ φ̄µS + fm

µKm.

(37)

Curvatures:

R m
µν (P ) = 2∂νe

m
µ − 2ω mn

ν enµ + 2bνe
m
µ + 2iψ̄νγ

mψµ,

R mn
µν (M) = 2∂νω

mn
µ − 2ω mc

ν ω n
µc + 4(fm

νe
n
µ − fn

νe
m
µ) + 4iψ̄νσ

mnφµ,

Rµν(D) = 2∂νbµ + 4fn
νenµ + 4ψ̄νφµ

Rµν(A) = 2∂νAµ − 8iψ̄νγ5φµ

R m
µν (K) = 2∂νf

m
µ − 2ω mn

ν fnµ − 2bνf
m
µ + 2iφ̄νγ

mφµ,

Rµν(Q) = 2Dω
νψµ + bνψµ − 3

2 iAνγ5ψµ − 2iγmφνe
m
µ,

Rµν(S) = 2Dω
νφµ − bνφµ +

3
2 iAνγ5φµ − 2iγmψνf

m
µ, (38)

with
Dω

νψµ ≡ ∂νψµ +
i
4ω

mn
ν σmnψµ, (39)

(and the same for φµ,)
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変換則:

δemµ = ∂µξ
m + λmlelµ − ω mn

µ ξn − ρemµ + bµξ
m − 2iε̄γmψµ,

δω mn
µ = ∂µλ

mn + 2λmlω n
µl − 2(ξmKe

n
µ − ξnKemµ) + 2(fm

µξ
n − fn

µξ
m)

−2iε̄σmnφµ − 2iψ̄µσ
mnζ,

δbµ = ∂µρ− 2ξnKenµ + 2fn
µξn − 2ε̄φµ + 2ψ̄µζ

δAµ = ∂µθ + 4iε̄γ5φµ − 4iψ̄µγ5ζ

δf m
µν = ∂µξ

m
K + λ mnfnµ − ω mn

µ ξK n + ρfm
µ − bµξmK − 2iζ̄γmφµ,

δψµ = Dω
µε−

i
4λ

mnσmnψµ − 1
2ρψµ +

1
2bµε+

3
4 iθγ5ψµ − 3

4 iAµγ5ε

+iemµγmζ − iξmγmφµ,

δφµ = Dω
µζ −

i
4λ

mnσmnφµ +
1
2ρφµ − 1

2bµζ −
3
4iθφµγ5 +

3
4iAµζγ5

+ifm
µγmε− iξmKγmψµ, (40)

For inverse vierbein,

δe µ
m = −e µ

n e
ν

m (δenν)
= −e µ

n ∂mξ
n − e µ

l λ
l
m + ω µl

m ξl + ρe µ
m − bmξµ + 2iε̄γµψm. (41)

Curvature の group変換則 δRA
µν は、上の gauge場の変換則 δhAµ で、∂µε

Aを捨て、全ての
hBµ を RB

µν に置き換えれば良い。

5 Deformation of the the SU(2, 2|1) algebra

δGC(ξ
λ)hAµ = ∂µξ

λ ·hAλ + ξλ∂λh
A
µ

= Dµ(ξ
λ ·hAλ ) + ξλ(∂λh

A
µ −Dµh

A
λ )

= [Dµ(ξ ·h)]A + ξλRA
µν

= δ(ξ ·h)hAµ + ξλRA
µν , (42)

The last equality is because

δ(ε)hAµ = (Dµε)
A

δ(ξ ·h)hAµ = ∂µ(ξ ·hA) + (ξ ·h)BhCµ f A
BC . (43)

Note that

δ(ξ ·h) = δP (ξ
m) +

∑
A′( ̸=P )

δA′(ξ ·hA′
),

ξm = ξλemλ,

ξ ·hA′
= ξλhA

′

λ = ξmhA
′

m (44)

10



Therefore, we have a key relation:

δP (ξ
m)hAµ = δGC(ξ

λ)hAµ −
∑
B′

δB′(ξ ·hB′
)hAµ︸ ︷︷ ︸

≡ δP̃ (ξ
m)

−ξλRA
µλ. (45)

Now, we deform the SU(2, 2|1) algebra by making a replacement

δP (ξ
m) → δP̃ (ξ

m) = δGC(ξ
λ)−

∑
B′

δB′(ξ ·hB′
). (46)

First we note that, among the commutators [δA′ , δB′ ] for A′, B′ ̸= P , the only one yielding
δP in the RHS is [δQ(ε2), δQ(ε1)] = δP (−2iε̄1γmε2). So we require first that

[δQ(ε2), δQ(ε1)] = δP̃ (ξ
m), with ξm ≡ −2iε̄1γmε2, (47)

holds on any independent gauge fields, and find constraints necessary for that.

5.1 On emµ

On emµ, we originary have

[δQ(ε2), δQ(ε1)]e
m
µ = δP (ξ

m)emµ,

= δP̃ (ξ
m)emµ − ξλR m

µλ (P ). (48)

So it is necessary and sufficient to impose the constraint:

0 = R m
µν (P ) = 2∂νe

m
µ − 2ω mn

ν enµ + 2bνe
m
µ + 2iψ̄νγ

mψµ (49)

This can be solved by the M gauge field ω mn
µ and yields

ω mn
µ = ω mn

µ (e, ψ, b), (50)

so that ω mn
µ is no longer an independent gauge field. However, since the constraint

R m
µν (P ) = 0 is invariant under Mmn, D, A, S, Km, ω

mn
µ still keeps the same transforma-

tion law as the original group transformation under Mmn, D, A, S, Km transformations.
On the other hand, the constraint R m

µν (P ) = 0 is not invariant under Q transformation,
the Q transformation of ω mn

µ becomes different from the original group transformation
law:

δQ(ε)ω
mn

µ (e.ψ, b) = δgroupQ (ε)ω mn
µ + δ′Q(ε)ω

mn
µ . (51)
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The difference can be easily found by noting that the constraint R m
µν (P ) = 0 is of course

an identity and Q-invariant if ω mn
µ there is replaced by ω mn

µ (e, ψ, b), so that we have

0 = δgroupQ (ε)R m
µν (P ) + δ′Q(ε)ω

m
µ ν − δ′Q(ε)ω m

ν µ

= −2iε̄γmRµν(Q) + δ′Q(ε)ω
m

µ ν − δ′Q(ε)ω m
ν µ. (52)

(Note that we are anticipating that emµ, ψµ, bµ will remain to be independent gauge fields
and receive no changes in the Q-transformation laws.) Solving this (in a similar way to
solve Christoffel symbol in terms of gµν), we find

δ′Q(ε)ωµmn = iε̄(γµRmn(Q) + γmRµn(Q)− γnRµm(Q)) ≡ iε̄Rµmn(Q). (53)

5.2 On ψµ

Noting

δQ(ε)ψµ = (∂µ +
i
4ω

mn
µ σmn +

1
2bµ −

3
4 iγ5Aµ)ε (54)

and that ω mn
µ now receives an extra Q transformation δ′Q(ε) in addition to the original

group transformation δgroupQ (ε), we find that the [δQ, δQ] commutator on ψµ now reads

[δQ(ε2), δQ(ε1)]ψµ = [δgroupQ (ε2), δ
group
Q (ε1)]ψµ +

i
4(δ

′
Q(ε2)ωµ ·σε1 − (1↔ 2))

= δP̃ (ξ)ψµ − ξmRµm(Q) +
i
4(δ

′
Q(ε2)ωµ ·σε1 − (1↔ 2)). (55)

So we see that the condition

i
4((iε̄2Rµmn(Q))σ

mnε1 − (1↔ 2)) = −2i(ε̄1γmε2)Rµm(Q) (56)

should hold. From this, after some some calculations like Fierzing, we find a constraint

γρRµρ(Q) = 0. (57)

is the necessary and sufficient condition for the [δQ, δQ] algebra Eq. (47) hold on ψµ. The
extra Q transformation for ω mn

µ now takes a simple form:

δ′Q(ε)ωµmn = 2iε̄γµRmn(Q) (= −2iR̄mn(Q)γµε). (58)

The constraint (57), γµRµν(Q) = 0, is solved by the S-gauge field φµ:

0 = γµRµν(Q) = γµ[(∂ν +
i
4ων ·σ + 1

2bν −
3
4iγ5Aν)ψµ − (1↔ 2)]− iγµ(γµφν − γνφµ)

⇒ φµ = φµ(e, ψ, b, A). (59)
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So φµ now become dependent gauge field. Since the constraint γµRµν(Q) = 0 isMmn, D, A, S, Km

invariant but not invariant under Q, the Q-transformation of φµ is modified:

0 = δQ(ε)(γ
µRµν(Q)) = γµδgroupQ (ε)Rµν(Q) + (δQ(ε)e

µ
m )γmRµν(Q)

+ i
4γ

µ[(δ′Q(ε)ω
mn

ν )σmnψµ − (µ↔ ν)]− i(4δµν − γµγν)δ′Q(ε)φµ (60)

where

δQ(ε)e
µ
m = 2iε̄γµψm

δgroupQ (ε)Rµν(Q) = ( i4Rµν(M)·σ + 1
2Rµν(D)− 3

4 iγ5Rµν(A))ε (61)

After some calculations, we find this leads to:

δ′Q(ε)φµ = − i
2
(δνµ −

1
6γµγ

ν)Rνε = −
i

2
(Rµ − 1

6γµγ ·R)ε

Rµ ≡ i
4γ

µσmnεRcov.
µν mn(M) + 1

2γ
µεRµν(D)− 3

4 iγ
µγ5εRµν(A). (62)

This quantity (Rµ − 1
6γµγ ·R)ε can be much simplified if we use the Bianchi identity.

The Bianchi identity

0 = εµνρσ[Dν , Rρσ] = εµνρσ(∂νRρσ − [hµ, Rρσ]).

→ εµνρσ(∂νR
A
ρσ − hBµRC

ρσf
A

BC ) = 0. (63)

for A = Pm leads to identities like

ε abc
m Rcov.

na bc(M) = −2R̃mn(D). (64)

Rcov.
µν (M)|antisymm. part ≡ 1

2(R
cov.
µν (M)−Rcov.

νµ (M)) = −Rµν(D), (65)

where

Rcov.
µν (M) ≡ Rcov.mn

µρ (M)e ρ
m enν . (66)

Using those, we eventually find that the extra Q transformation δ′Q(ε)φµ is given by

δ′Q(ε)φµ = − i
2
(Rµ − 1

6γµγ ·R)ε

= − i
2
[γmε (− 1

12emµR
cov.(M)ρρ +

1
2R

cov.
µm (M) + 1

4R̃µm(A))

+iγmγ5ε
1
2Rµm(A)] (67)
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5.3 On Aµ and bµ

Noting

δQ(ε)Aµ = 4iε̄γ5φµ

δQ(ε)bµ = −2ε̄φµ, (68)

and that φµ now receives an extra Q transformation δ′Q(ε) in addition to the original group
transformation δgroupQ (ε), we find that the [δQ, δQ] commutator on Aµ and bµ now reads

[δQ(ε2), δQ(ε1)]Aµ = [δgroupQ (ε2), δ
group
Q (ε1)]Aµ + 4i(ε̄1γ5(δ

′
Q(ε2)φµ)− (1↔ 2))

= δP̃ (ξ)Aµ − ξmRµm(A) + 4i((− i
2)(ε̄1γ5iγ

mγ5ε2)
1
2Rµm(A)− (1↔ 2))

= δP̃ (ξ)Aµ − ξmRµm(A) + 4i(− i
2)ξ

m 1
2Rµm(A) = δP̃ (ξ)Aµ OK!

[δQ(ε2), δQ(ε1)]bµ = [δgroupQ (ε2), δ
group
Q (ε1)]bµ − 2(ε̄1(δ

′
Q(ε2)φµ)− (1↔ 2))

= δP̃ (ξ)bµ − ξ
mRµm(D)

−2(− i
2)× 2(ε̄1γ

mε2)(− 1
12emµR

cov.(M)ρρ +
1
2R

cov.
µm (M) + 1

4R̃µm(A))

= δP̃ (ξ)bµ − ξ
mRµm(D)

−ξm(− 1
12emµR

cov.(M)ρρ +
1
2R

cov.
µm (M) + 1

4R̃µm(A)) (69)

Thus, the [δQ, δQ] commutator on Aµ requires no constraint but that on bµ requires a
condition

− 1
12emµR

cov.(M)ρρ +
1
2R

cov.
µm (M) + 1

4R̃µm(A) = −Rµm(D) (70)

which leads, by separating the symmetric and antisymmetric parts and using Eq. (65), to

Rcov.
µm (M)|symm. part = 0,

−1
2Rµm(D) + 1

4R̃µm(A) = −Rµm(D). (71)

The latter condition is rewritten into

Rµm(D) = −1
2R̃µm(A) or → R̃µm(D) = +1

2Rµm(A). (72)

If Eq. (65) is used, these two conditions can be rewritten into a constraint

Rcov.
νµ (M) + 1

2R̃µν(A) = 0. (73)

This is the necessary and sufficient condition for the [δQ, δQ] algebra Eq. (47) to hold on
bµ. Then the extra Q transformation Eq. (67) of φµ is simplified into

δ′Q(ε)φµ = − i
4
γm(R̃µm(A) + iγ5Rµm(A))ε. (74)
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The constraint Eq. (73) can be solved by the Km gauge field fm
µ, which now becomes a

dependent field:
fm

µ = fm
µ(e, ψ, b, A). (75)

Since the constraint Eq. (73) is not Q-invariant and so fm
µ also receives an extra Q-

transformation, which can be derived in the same way as above:

δ′Q(ε)f
m
µ = − i

2
ε̄(σmνRcov.

µν (S) + emνR̃cov.
µν (S)). (76)

5.4 Resultant modified SU(2, 2|1) algebra

Now that the Mmn, S and Km gauge fields ω mn
µ , φµ and fm

µ have become dependent
fields, there no longer remain other independent gauge fields. Thus the desired [δQ, δQ]
algebra (47)

[δQ(ε2), δQ(ε1)] = δP̃ (ξ
m), with ξm ≡ −2iε̄1γmε2 (77)

already holds on all the independent gauge fields emµ, ψµ, Aµ and bµ.
This implies that
Proposition: For all the transformations other than P̃m transformation, (which we

denote by primed index X ′ henceforth, X ′ ∈ {Q, Mmn, D, A, S, Km}), the commutators

[δY ′(εY
′
), δX′(εX

′
)] =

∑
C

δC(ε
X′
εY

′
f C
X′Y ′ ) (78)

of the same form as the original SU(2, 2|1) algebra, still hold. Note that when Pm appears

in the C sum, it is always understood to stand for P̃m.
Proof) Almost trivial.
Proposition:

[δP̃ (ξ
m), δA′(εA

′
)] =

∑
B all

δB(ε
A′
ξmf B

A′Pm
) + δQA′

∑
B′=M,S,K

δB′(ξmδ′Q(ε
A′
)hB

′

m ) (79)

Proof) Straightforward calculation using

δP̃ (ξ
m) = δGC(ξ

λ = ξme λ
m )−

∑
B′

δB′(ξ ·hB′
). (80)

Proposition:

[δP̃ (ξ1), δP̃ (ξ2)] =
∑
A

δA(ξ
m
1 ξ

n
2R

A
mn) +

∑
B′=M,S,K

δB′(δ′Q(ξ1 ·ψ)ξ2 ·hB
′ − δ′Q(ξ2 ·ψ)ξ1 ·hB

′
)

(81)

15



or, equivalently,

[δP̃ (ξ1), δP̃ (ξ2)] =
∑
A

δA(ξ
m
1 ξ

n
2R

cov. A
mn ) (82)

Proof) Straightforward calculation.
Also note

Rcov. A
mn = RA

mn − (δ′Q(ψn)h
A
m − δ′Q(ψm)h

A
n ) (83)

5.5 Final transformation rule of the gauge fields

The resultant Q, S, Ka and A transformation laws of the gauge fields are given as follows,
from which one can read the final form of the structure functions of the local superconformal
algebra. With δ = δQ(ε) + δS(ζ) + δK(ξ

a
K) + δA(θ),

δeµ
a = −2iε̄γaψµ,

δψµ = Dµε+ iγµζ +
3
4θiγ5ψµ,

δbµ = −2ε̄φµ + 2ζ̄ψµ − 2ξKµ,

δAµ = 4iε̄γ5φµ − 4iζ̄γ5ψµ + ∂µθ,

δωµ
ab = 2ε̄γabφµ − 2iε̄γµR̂

ab(Q) + 2ζ̄γabψµ − 4ξ
[a
Keµ

b],

δφµ = Dµζ + iγaεfµ
a − iξaKγaψµ +

i
4γ

aε
˜̂
Rµa(A)− 1

4γ
aγ5ε R̂µa(A)− 3

4θiγ5φµ,

δfµ
a = Dµξ

a
K − 2iζ̄γaφµ − iε̄γµD̂bR̂

ab(Q), (84)

where the covariant derivatives of transformation parameters are defined by

Dµε =
(
∂µ − 1

4ωµ
abγab +

1
2bµ −

3
4 iγ5Aµ

)
ε,

Dµζ =
(
∂µ − 1

4ωµ
abγab − 1

2bµ +
3
4 iγ5Aµ

)
ζ,

Dµξ
a
K = (∂µ − bµ) ξaK − ωµ

abξKb. (85)

6 N = 1 Superconformal Tensor Calculus

6.1 Matter multiplets

The general, or so-called vector, (complex, unconstrained) superconformal multiplet V
corresponding to the superfield

V(x, θ) = C(x) + θ̄Z(x) + θ̄θH(x) + θ̄iγ5θK(x) + 1
2 θ̄iγ

mγ5θBm(x)

+(θ̄θ)θ̄(Λ(x) + 1
2/∂Z(x)) +

1
4(θ̄θ)

2(D(x) + 1
2 C(x)) (86)
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in the case of usual supersymmetry, is now denoted by V = [C,Z,H,K,Bm,Λ,D]. (Real
vector multiplet is denoted as V = [C,Z,H,K,Bm, λ,D], by using the corresponding roman
letters.) The basic quantum numbers of the superconformal matter multiplet are Weyl
weight w and chiral weight n, which are defined through the transformation law of the first
component C:

[δD(ρ) + δA(θ)] C(x) = (wρ+ 1
2inθ) C(x). (87)

This vector multiplet V exists for any Weyl and chiral weights w, n (and even VA with
arbitrary external Lorentz index A = (α1, · · · , αn; β̇1, · · · , β̇m). On the contrary, the con-
strained type multiplets can exist only for particular values of (w, n) (and for particular
external Lorentz indices A). For instance, the chiral multiplets exist only when they carry
the same values of Weyl and chiral weights, w = n (and only with purely undotted spinor
indices A = (α1, · · · , αn)).
Here we do not give the transformation laws for the vector multiplet V , but give those for

the chiral multiplet ϕ = [z, χ, h] possessing no external Lorentz index, which is embedded
into the vector multiplet as follows:

V(ϕ) = [ z, −iχR, −h, ih, iDc
mz, 0, 0 ]. (88)

The chiral multiplet transforms under Q, S, D and A as

δQSDA z ≡ (δQ(ε) + δS(ζ) + δD(ρ) + δA(θ)) z =
1
2 ε̄RχR + (wρ+ 1

2 iwθ)z

δQSDA χR = /Dcz · εL + hεR + 2wzζR + [(w + 1
2)ρ+ i(12w −

3
4)θ]χR

δQSDA h = 1
2 ε̄L /D

cχR + (1− w)ζ̄RχR + [(w + 1)ρ+ i(12w −
3
2)θ]h, (89)

and inert under Km, where D
c
m denotes conformal covariant derivative:

Dc
mz = (∂m − wbm − 1

2iwAm)z − 1
2 ψ̄RχR

Dc
mχR = (Dω

m − (w + 1
2)bm − i(

1
2w −

3
4)Am)χR

−( /Dcz · ψLm + hψRm)− 2wzφRm (90)

with local Lorentz covariant derivative Dω
m.

6.2 Invariant action formula

F-term formula: applicable to chiral multiplet with weight w = n = 3, ϕw=n=3

= [ z= 1
2(A+iB), χR, h=

1
2(F+iG) ]

IF =

∫
d4x

[
ϕ(w=n=3)

]
F
=

∫
d4x e

[
h+ 1

2 ψ̄Lmγ
mχR + ψ̄Lmσ

mnz ψLn + h.c.
]

=

∫
d4x e

[
F + 1

2 ψ̄mγ
mχ+ 1

2 ψ̄mσ
mn(A− iγ5B)ψn

]
(91)
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The next action formula can be derived from this. Since the chiral projection (analogue of
D̄D̄V ) of real vector multiplet V with Weyl weight w = 2 gives a chiral multiplet ΠV with
weight w = n = 3:

ΠV = [ 12(H − iK), i /DcZL + ΛR, −1
2(D + cC + iDc

mB
m) ] (92)

We can apply the above F-term formula to this chiral multiplet ΠV and obtain
D-term formula: applicable to real vector multiplet V = [C, Z, H, K, Bm, λ, D ] with
weight w = 2 n = 0:

ID =

∫
d4x

[
V(w=2, n=0)

]
D
=

∫
d4x [−ΠV ]F

=

∫
d4x e[D − 1

2 ψ̄mγ
miγ5λ− φ̄mγ

miγ5Z + 1
3C
(
R + e−1ψ̄µR

µ
)

+1
4 iε

mnklψ̄mγnψk

(
Bl − AlC − 1

2 ψ̄lZ
)
] (93)

where

R = R mn
µν (M)e ν

me
µ
n , Rµ = εµνρσγ5γνD

ω
ρψσ . (94)

6.3 N = 1 SUGRA Lagrangian

One may have wondered in the above why we consider such a superconformal framework
possessing rather large local symmetry while we want supergravity which has only local
Poincaré invariance. We can now answer to this question. All the possible theories of
Poincaré supergravity can be obtained from our superconformal framework simply fix-
ing the gauges for the extraneous gauge symmetries, dilatation D, chiral A, conformal
supersymmetry S and special conformal Km symmetries. Then, we need special matter
multiplet(s) called compensator, whose component fields are used to fix those extraneous
gauges. Choosing different type of multiplet as the compensator yields a different formula-
tion of Poincaré supergravity: namely, chiral multiplet compensator leads to (old) minimal
formulation, (real) linear multiplet compensator to new-minimal formulation and complex
linear multiplet compensator to Breitenlohner formulation. One of the virtue of the super-
conformal framework is that all those different formulations of Poincaré supergravity can be
dreived in a unified way from this unique framework. There is another and more important
advantage in the superconformal tensor calculus actually, which we explain shortly.
We explain only the (old) minimal formulation of Poincaré supergravity. Pure (Poincaré)

supergravity Lagrangian is given by

Lpure SUGRA = [ΣΣ̄]D (95)
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where Σ is a chiral multiplet with weight w = n = 1, the compensator of the (old)
minimal formulation. Denoting the components of this compensator as Σ = [A, ψR, F ],
the extraneous D, A, S, Km gauges are fixed by the following conditions:

D : ReA =
√
3, A : ImA = 0,

S : ψR = 0, Km : bµ = 0, (96)

where the last bµ is the Weyl (D) gauge field. Then, writing F = 1√
3
(S − iP ) and

Aµ = −2
3A

aux
µ , ΣΣ̄ takes the form

ΣΣ̄ = [ 3, 0, −2S, 2P, −2Aaux
m , 0, −1

3(S
2 + P 2 − Aaux 2

m ) ] (97)

Substituting this components expression into Eq. (95) and applying the D-term formula,
we actually obtain the following action of pure supergravity:

Lpure SUGRA = e[R + e−1ψ̄µR
µ − 1

3(S
2 + P 2 − Aaux 2

m )]. (98)

S, P and Aaux
µ constitute the well-known minimal set of auxiliarly fields, hence the name

of minimal Poincaré supergravity.
If one considers more general matter coupled system, the Lagrangian would take the

form
L = [ΣΣ̄ Φ̃(ϕ, ϕ̄)]D + [Σ3W (ϕ)]F , (99)

omitting the possible gauge fields. Here ϕ denotes a set of matter multiplets {ϕi }. Now
we can explain another virtue of our superconformal tensor calculus, as promised above.
First, we note that we can eliminate the superpotential term by redefining the com-

pensator as W 1/3(ϕ)Σ → Σ, and rewrite the Lagrangian into the following form using

Φ ≡ Φ̃/ |W |2/3:
L = [ΣΣ̄Φ(ϕ, ϕ̄)]D + [Σ3]F , (100)

In this matter coupled system, the multiplet ΣΣ̄Φ(ϕ, ϕ̄) ≡ V in the D-term has the follow-
ing first two components:

C(V ) = |A|2 Φ(z, z∗)
1
2Z(V ) = i |A|2 (Φiχ

i
L − ΦiχRi) + iΦ (AψL −A∗ψR) , (101)

with notation Φi ≡ ∂Φ(z, z∗)/∂zi, Φi ≡ ∂Φ(z, z∗)/∂z∗ i. Therefore, to obtain the canonical
form of Einstein-Hilbert as well as Rarita-Schwinger action R+ e−1ψ̄µR

µ, it would be best
to take the gauge conditions for the extraneous gauges D, A, S, Km as[2]

D : ReA =
√
3Φ−1/2, A : ImA = 0,

S : ψR = −AΦ−1ΦiχRi, Km : bµ = 0. (102)
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Indeed, in this superconformal gauge, we have C(V ) = 3 and Z(V ) = 0, yielding the
desired canonical Einstein-Hilbert and Rarita-Schwinger action R + e−1ψ̄µR

µ from the
beginning, as is seen from the D-term action formula. Note that this is really the power
of superconformal tensor calculus. In the Poincaré tensor calculus, there is no freedom of
choosing those gauges! From the superconformal viewpoint, the Poincaré tensor calculus
is just the tensor calculus obtained from the superconformal one by choosing the Poincaré
gauge fixing conditions Eq. (96). It is a good gauge conditions for pure supergravity system,
but is ridiculous one for the matter coupled system. There is, however, no other way in
the Poincaré tensor calculus, since there are no extraneous gauge freedom. Compare this
simplification with the big calculation performed by Cremmer, Ferrara, Girardello and Van
Proeyen[3] using the Poincaré tensor calculus. The first thing the latter authors had to do
was 1) Weyl rescaling of the vierbein and other fields, 2) chiral rotations of the fermion
fields, and 3) recombination of Φ̃ and the superpotential W into the Kähler potential
1
3K = ln(Φ̃/ |W |2/3). The first and second tasks are simply bypassed here by the above
D and A gauge conditions and the third was the task performed in one line already in
Eq. (100).
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Table 2: Kugo-Ueharaとの換算表

Kugo-Uehara Ours
xm = (xk, x4) (xk, it)→ write xµ or −xµ
∂m = (∂k, ∂4) (∂k, −i∂t)→ write ∂µ or −∂µ
∂m∂m ≡ −∂µ∂µ = −

δmn −ηµν
γm = (γk, γ4) (−iγk, γ0)→ write − iγµ or iγµ
γm∂m ≡ /∂ −iγµ∂µ = −i/∂
γmBm ≡ /B −iγµ(−Vµ) = +i /V

amn iaµν
γ5 γ5

σmn ≡ (1/4)[γm, γn] (1/4)[−iγµ, −iγν ] = (i/2)σµν

C, Z, H, K, Bm, Λ, D C, χ, N, −M, −Vµ, λ, D
A, PRχ, F φ,

√
2ψ, F

(ψ̄R, ψ̄L),

(
ψR

ψL

)
(ψ, ψ̄),

(
ψ
ψ̄

)
Pm, A, D, Q Pµ/i, A/i, D/i, (1/2)Q/i
Mmn, Km, S −Mµν/i, −Kµ/i, −(1/2)S/i (negative signs!)

xm → xµ or −xµ の置き換えをする space優先のルールでは
εmnrs −iεµνρσ、−iεµνρσ (どちらも −i )

super変換 parameter ε 2α
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