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2 SuperConformal Group SU(2,2|1) and Its Yang-

Mills Theory
2.1 Conformal Group
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K, =i(2z,2°9,— 2%9,) 000000000000 «/22000000

L O
| , o' + bia? A o
K : x“—>az“:1+%.x+b2x2 = ﬁ:?+bu‘ (3)
0000000 P, = i, M, = i(z0, — 2,0,)000000

oot otdoodn:

M, Myo) = =i(nuMye — 10y Myug — Npe My, + 0veM,,),
Py, M| = t(npu Py — npPp),

K, M) = i(np K, — 1o K,),

:D7 MW] — [P/u PV] - [K/u Ku] =0,

P, D|=iP, |K,, D]=—K,,

Py, Ko} = 2i(nwD — M) (4)




Lorentz group <—  Conformal group

SO(D —1,1) SO(D, 2)
17 41
0-3 4 5
0-3( nuw
U nun = 4 —1
5 +1

(Myn, Mps| = —t(myrMys — anveMars — nusMyr + nvsMarr)
My =4P,—K,), Msz=3P,+K,), Msy=D
!
[iD, PM] = +1P,, [iD, (Muvv D)] = (), [iD, KM] = —1KM
Conformal (Weyl) weight: 000000000000
w=+1: P,
w=0 : M,, D
w=-1: K,



Conformal Algebra SO(D, 2) & la Weyl weights:
w=+42 : Py, P =0
w=+1": Py M) = inppPy — npwPy), | P, D] = +1B,
w=0 My, My =—i(n,Mvs —1pMyuo — Mo Myp + 1o Myy) (5)
[Puv KV] - Qi(nwD - MMV>7 [Muw D] =0
w=-1: [K,, M,|=1n,,K,—n,K,), K, D] =—1K,
w=—2: K, K,)=0.
00D =4
SO(3,1)~ SL(2;C) Weyl(chiral) spinor [0 0 2 x 2 Special Linear 0 0 00 O
SO(6) ~SU4) —  SO(4,2) ~ SU(2,2)
SO(4,2)0 chiral spinor(40 0 )0 O 4 x4 yg-unitary O O SU(2,2): ¢y
Invariant.
M, = %OW = Z&(%ﬁv - ”Vu%t)(: %VW%
Pu — fy,uPRa (PR - %(1 + fy5>>
K/L — /YMPLy (PL — %(1 - /75)>
D = %z’%.



2.2 SuperConformal (SC) Group SU(2,2|1)

< 4-spi fermi
metric a= | : acting on ¥V = 4 spinor (fermi)
1 @] < bose (100)

invariant \Iﬂ;oz\lfg = @bho?bz + ga]igaz
24 generators (supertraceless, a-hermitian)

1
Myn = 5 (UMN O) < 15 generators of SU(2,2)
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Using

Sa, Al =354, [Sa, 97 = (6MV) Myx — 46,°A

and defining

Sy = (gg) =57 Qu)

we find the SC algebra for the charges:

w=+1 = P,
w=1/2 : Qs
w =10 . M, D
w=-—1/2: 854
w=-1 : K,

D, X4 =wXy

S, K O Weyl weight 0 0O 0 0O 0O OO
chiral weight n
[iA, XA] = i%nXA

=0
=+
o =
n =4
o =

10
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Superconformal SU(2,2|1) algebra:

w=+2 P, P]=0

w=+3/2 P, Q=0

w=+1 = {Q, Q} =29"P,, [Py, A]=0, |P), My =1i(n,P, —nuhby),

w=+1/2 : Q, M,uy] = %UW/Q Q, Al = % 50, 15, PM] =7,

w=0 o My A =0, (M, M) = =il M =)
{Q,S} = —2iD + 0" M, — 4v:A, [P, K| =2i(n,D —M,,),

w=-1/2 : 1S, M,,)] = 30,,S, S, A = =375, [Q, K] =75,

w=—1 : {S, S} — Q’VMKM, [K/M A] — O, [pr Muy] — i(npuKu o npuKu>7

w=—-3/2 : K, S]=0

w=-2 K, K,|]=0.

using 4-component () and S supercharges:

Qa = (gg) , QY = (QM)" = (QO‘ @a> , Sq = <§z> , S = (STy)"

0d u,v,--- — myn,--- 0000 flat index
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2.3 Yang-Mills Theory of SU(2,2|1)

Anti-hermitian Generators of SU(2, 2|1): active operators, not repr. matrix

XA — 7;_1<Pm7 Q: an; D7 Aa S; Km)

(Pm, Q, My, D, A, S, K)
w41 +1/2 0 0 0 -1/2 —1

and write the algebra

(X, Xp} = fa“Xe.

Define trf parameters €4 and gauge fields hf:
Xy =E"P,, +EQ + N M, 4+ pD + 0A + (S + EL K,
hiXa=e"Py+1,Q+tw, " My, +b,D+ A,A+¢,S+ [ K,
Transformation of the field ® by the active operator:

()0 =e'Xa0 (=) M(XaD))
A

Covariant derivative

D,® = (9, — h}} X2)®



is defined by demanding the property
0(e)(D,®) = e X 4-D,® = ' D, (X 4®)
from which follows O O 0O O 0O O O O

5(5)]1;1 =0, + 5BhngBA = (D,e)"

Curvature tensor (Field strength) Rf is defined by

14

[D,, D))= R,, X4 on Vo

— Ry, =0,k — 0.k — kK fop® = 0,k — Dby,

Curvature O O OJ

5(€)Rf}u = 5BRSnyBA

13
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Curvatures:

R, (P) =20,€", — 2w, ey, + 2bye"), + 2i, ",

e.g.,L foolm=—2iy"™
R, M) = 20,w,"" = 2w, W, " + 4(f”;enu — ”,/e”L) + 4ih,a™p,,
R, (D) =20,b, +4f" e, + 4&%0#
R,(A) = 20,4, — 8ith, 50,
R, "(K)=20,f] — 2w, fu, — 2b,f", + 210,70,
R, (Q) = 2D”¢M + b,y — 31 A Y5 + 200 Yime",,
Ry, (S) = 2D5 0, — by + 51 A8, + 20, 7m [,
with

Dy = 0t — 10, 0 ns
Dby = 0uby + 1w, omntby,

(and the same for ¢,,,) where antisymmetrization w.r.t. 1 <> v implied like

R,LLI/<A> — (Qaz/Au — 81'77;Vﬂy590,u>anti—symm
= aVAu - auAV - 47;(@%7590/1 - ¢MY5SOV)
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gauged OO O: (SU(2,2/1) group law O OO )
o™ = 0,™ 4+ Ny, — w M, — pe’, + b, " — 2iey"

u p

Gua, ™ = DA 2N, — AERe", — Elve™) + 2 fE" — FE"
—2ie0"™"p,, — 2,0,

0by = 0up — 2Efcenp + 21", En — 280, + 20,C

0A, = 0,0 + 4igysp, — 42’1%75C

0 jiv T =08k + A" o — Wumann + PJNZ — b€ — Qié’ym%u

0y = De + ANy 0mn — 5oy + b€ + 3100, y5 — FiAE7;
_Z‘Qtfymenz; + i@;ﬂ/mgm)a

((Wu = DZE — ﬁkmnamnwu — %pwu + %bﬂe -+ %2075% — %iAM%S
"’ien;LﬂmC — me%n%pu)a

0pu = D3+ AN @u0mn + 5p0u — 50uC — 310,75 + 21A,.C5
—ié’ymeL + iTEM’me%,

(6u = D¢ — 2N 0pnoy + 3000 — 50,C — 210075 + 314,075
‘i‘ime’Ymg — if%Vmeu)a
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For inverse vierbein,

de ' = —e e V(de")

= —e, 10" — el“AZm + wm“l& + pe, ! — b &EF + 2ienyt .

Curvature 0 groupd 00 Ry, 000 O gaugeD 0000 0k O 09,e”
0000000 A0 R, 0000000000

3 Local SC Algebra and Weyl Multiplet

OogooscoboovyMoooooooooooooooooono
Odoo0oooooooooooooooooooooo s, 0000
D000 ooooboooonbo
O0ooooooooop,0o0b0b0oooboobonooboooonouoboo
000000 deform O O O

OO00o0oO0000n0

0q(e1), dglea)] =0p(£™) & = —2ie1"ey |
— 0p(€") = dac(€") — > Su(€'hy)

AIA£P



w . generator X 4
w=+1 P,
w=1/2 Q
w =20 . M, D A
w=—1/2: S
w=-1 K,,

gauge field hﬁ

em

1
Wy

wi"™ by A,
Pu
i

e,, Yu, - OO OOOOOOOO0

_>

v

Wy

Pu Ju™

curvatures R, (P) R,,(Q) R,,(M) O constraint

l
[ dependent gauge []

w(e,,b) - QOO0 0w, e, fOOO group lawd 00000
00 [Py, Ql, [Py, P,)000SU(2,2[1) algebraD 00000
fmeA/, fe p 4 0700000 field dependent structure functions O

oo
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3.1 Deformation of SU(2,2|1) algebra

GC transformation:
(5(}(}(5}\>hﬁ = 3ﬂ£Ahf + SAﬁAh;‘
= D, (&"hy) + ENONR, — D,hy)
= [Du(&-n))" + &R,
_5(5 h>hA+€ Ru)\ )
The last equality is because
D,hy = 0,hy + Wik fop”
d(e)h; = (D,e)* = aus +ePh foi
O(&-h)hyy = 0u(€-h7) + (& h)Bhfo
Note that

5(E-h) =&y Xa=0p(€™)+ > du(&-hY)
Al(£P)

& =gl A
f'hA/ _ g)\hA _ fmhﬁ:

18
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Therefore, we have a key relation:

Sp(€™ i = Sac(EMhl =Y op (& WP )bt & R,

\ . 7

= 0p(E™)
Now, we deform the SU(2,2|1) algebra so as to make a replacement
op(§™) — (") = dae(é Z dp(&-nP (8)

First we note that, among the commutators [0 4, 05| for A’, B" # P, the
only one yielding dp in the RHS is [dg(e2), dg(e1)] = dp(—2ig1y™es). So
we require first that

00(e2), 0gler)] = 05(£™), with &" = =2ig1y"ey

9

holds on any independent gauge fields, and find constraints necessary for
that.
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3.2 On emu

On e”,, we originally have
0g(e2), dg(e1)]e”, = dp(E™)e",,
my,.m A m
— 6f)<€ )6 ,u_g R,u)\ <P>
So it is necessary and sufficient to impose the constraint:

0=R,"(P) =20," — 2w, e, + 2b,e", + 20y, (10)

j1n%

This can be solved by the M gauge field w,™" and yields

w, " =w,""(e,,b), (11)

so that w,™" is no longer an independent gauge field. However, since the

constraint R J"(P) = 0 is invariant under My, D, A, S, Ky, w,™ still
keeps the same transformation law as the original group transformation un-
der M,,,, D, A, S, K,, transformations. On the other hand, the constraint

R J"(P) = (is not invariant under () transformation, the () transformation
of w, /™"

. becomes different from the original group transtormation law:

0g(e)w, ™ (e,1,b) = 5goup(6)wﬂm” + g (e)w,™. (12)
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The difference can be easily found by noting that the constraint R J"(P) =

mn

. there is replaced by

0 is of course an identity and @Q-invariant if w
w,""(€e,1,b), so that we have

0=05""(e)R,"(P)+dge)w,”, — dple)w,”

jn% BV v H
= —2ie7" R (Q) + 8 ()w,”, — 6p()w,”,.

(Note that we are anticipating that e"s Yy, by will remain to be independent
gauge fields and receive no changes in the Q-transformation laws.) Solving
this (in a similar way to solve Christoftel symbol in terms of g, ), we find

522(5>Wumn = 1&(Vu Rinin(Q) +Ym Ry (Q) = ¥ By (Q)) = 1€R i (Q)- (13)

3.3 On vy,
Noting
00(e) by = (O + 2w, orn + 5by — Jiys Ay)e (14)
and that w ™" now receives an extra @) transformation dg(¢) in addition to
the original group transformation 65" (¢), we find that the [dg, dg] com-



mutator on 1, now reads
d(e2), dole)vy, = [0 (e2), 05" (e, + 5 (g (e2)wy o1 — (1 < 2))
=05V, — MRy (Q) + 4(5Q(52)Wu'051 — (1 ¢ 2))

So we see that the condition

i((18Rmn(Q)) ™e1 = (1.0 2)) = =2i(E17"02) Run(Q) - (15)

should hold. From this, after some calculation like Fierzing, we find a con-
straint

V' Ryp(Q) = 0. (16)
is necessary and sufficient condition for the [d¢, d¢] algebra Eq. (9) hold on

. With this new constraint, the extra ¢ transtormation for w ™" can be

simplified into

00 (E)wymn = 2087, Rn(Q) (= —2i R (Q),8). (17)
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The constraint (16), ¥R, (Q) = 0, is solved by the S-gauge field ¢,

0=9"R(Q)=~" [((% + %wy-a + %by — %z’%Ay)wﬂ — (1« 2)} — " (Vuor — You)
- SOM — ¢M<67¢7ba A)

So ,, now become dependent gauge field. Since the constraint YR, (Q) =

0is M., D, A, S, K,, invariant but not invariant under (), the Q)-transformation

of ¢, is modified: After much computation, we find the extra ) transfor-

mation dq(€)w,, to be given by

7; m COV. COV. D
SolE)pn = 51" (= e (M) + L (M) 4+ LRy (A))

+17" 56 5 Rum(A)] (18)
where

Ry "(M) = R,"™(M) + 2i (8,0 R™(Q) — ¥y, R™(Q))
Ry (M) = R (M)en o,
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3.4 On A, and b,
Noting

0o(e)A, = 4igvsp,
0g(e)b, = —2ep,,
and that ¢, now receives an extra @ transformation d¢)(e) in addition to the

original group transformation 65" (¢), we find that the [dg, dq] commutator

on Au now reads

0q(ea), dg(e1)]A, = [05°"(e2), 05" (e1)] Ay + 4i(E175(0g (€2)p) — (1 ¢ 2))
- 5ﬁ(€)Au - meum<A) + 4i(<_%>(5175i7m’7552> %Rum(A) — (1 ¢ 2)
— 5]3(5)14# — SmRMm<A> T 4i(_%>£m%Rum<A> — 5]5<€>Au
This is automatic, so leading no new constraint!
On b, on the other hand, the condition

0¢(€2), dg(e1)]by = dp(E)by, (19)

requires a new constraint

— L R (M. + AR (M) + 1Rn(A) = —Ry(D). (20)

2+ tum
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This constraint can be shown to be rewritten into

Ro (M) + 5R,,(A) = 0. (2

1)
This is the necessary and sufficient condition for the [d¢, d¢] algebra Eq. (9)
to hold on b,. Using this constraint, the extra () transformation Eq. (18) of
¢, 1s simplified into

i~ |
5/Q(5>90,u — _17 (Rum(A) + Z75Rum(A>)5°

The constraint Eq. (21) can be solved by the K, gauge field f", which
now becomes a dependent field:

fiu=Tule, 1,0, A). (22)
Since the constraint Eq. (21) is not Q-invariant and so f" also receives an

extra (J-transformation, which can be found in a similar way as above:

(

S(e) fm = —55( o™ RE(S) + ™ RO(S)). (23)
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3.5 Resultant Local SC algebra and Weyl multiplet: sum-
mary
Now that the M,,, S and K, gauge fields w,"", ¢, and "} have become
dependent fields, there no longer remain other independent gauge fields.
Thus the desired [0g, d¢g] algebra (9)

bo(ea), dolen)] = 65(€™), with €= —2isy"e, (24

already holds on all the independent gauge fields e”), 1, A, and b,
Now the resultant Local SuperConformal Algebra is as follows:

w . generator X 4 gauge field hﬁ
w=+4+1 P, eZ“
w=1/2 Q Dy
w =0 . M,, D A w" by Ay
w=-—1/2 S DO
w=-1 K, I

w,"s o, 1, become dependent gauge field by the constraints, respectively:
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Ry (P) =0 — w™ = wi"(e) + (27" " +?ﬁm V") — 2¢,0",
with w;™(e) = —2¢” m(? pew nl 4 gplmenlo eucﬁ €oes
VR(Q) =0 — ¢l =—y"R (Q)+ 12mq,nR”"”(Q%
ROV(M)+1iR,(A) =0 — f," =1R ™M) - 8RM (A) — Le,"R'(M).

so that their trf laws are modified from the SU(2,2|1) group law: dg(e) =
0 " (€) +dp(e) with
P~ |
5@(5)@6 = —Zv (Rum(A) + 275Rum(A))5
5&2( E)Wymn = QiéfyuRmn(Q)
( )fm _ __€< mI/RCOV (S) 4+ emyé/(ioyv.(S))

The P,, transformation is replaced by P, trf
Sp(€™) = dac(€™el) — Y 0al€"hi)) (25)

ALP
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which defines SC covariant derivative D,,(= DS, ):
Sp(E™M)p = ™0 — Y Salhiy))d = E" Do, (26)

AAP

The local SC algebra still takes the same form as the SU(2,2|1) one

[6a(e”

Z Sc(ePe fag”)

except for [0p, dg| and [dp, dp], for which

[5p(£™), Sg(e® Y (€M p(E9nY) (27)
B'=M,S K

[p(£1"), = > 0al&l G R M)
A all

§m5b(5Q)hﬁl = gl¢m fmeB, gives a NEW field-dependent structure function
RV A = fp p 4 defines a NEW field-dependent structure function
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3.6 Covariant derivative and curvatures
DDDDDDDDDAE{PWA}

X1 X3} = fis" X (28)

(00 fz°00000000). For any field ¢ carrying only flat indices,
Define

Dy = 0,6 — hi} X a9
Vb= 0udp — i X 16 = Dyop — € P
As usual covariance requirement V, for V.
X 1(V,0) = V(X 40)
determines the transformation law of gauge fields as
PXpht = 5(5)hf} = 0, + schffB@A, (29)

14
and the commutator of V, defines the curvature tensors RWA in the form

V.. VJ)=R,'X; — R,'=20,h—hShl fct. (30)

N
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These are quite normal up to here. Now SUGRA [ [ 0O for Vo
carrying flat indices alone

Vio=0 = RM/_‘:O
Curvature in SUGRA, }?abA, is defined via the flat 15@ by
D,, Dy) = Ry X 5 = Ry, (31)
0ooo0
'V, =Dyp— Pup=0 — |P,=D, on Yo

— RabA — [ﬁaa ﬁb]A — [Paa Pb]A — fabA

000 R, =elelfu =20,k — WO frt, (32)
0oo f,.A00[P, PJO0O0OD £,A0000000000000C
R, =20,k — hShY fpe =0 (33)

DDDfabADDDDDDDDDQDDD
CurvedindexDDDDDDDhﬁDDDDDD

dec(€)hy = (€7h,)P X phit — € R,
=0



0000B={P.,B})0 P,0BOOOOOOCO
EP b = 5p(E)hl = [dgo(€” = el€) — (EhD)X 5] bt (34)

o000 oP, 0000000000 P,0000000
D,¢0 00000 (Conformal d’Alembertian 0¢¢ = D*D,¢0 00 0 O
00VeOODOO

[XAa,ﬁ] [XAa ] anBXB
I0D00P,000000046()=eAX,0000

3e) Do = e'Do(X 49) + e faa" X 50. (35)

EAXA

f4,"0000006(e)hP0eles 00000000000000
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4 Matter Multiplets and Invariant Action Formulas

4.1 Complex general multiplets

General complex multiplet in global SUSY:
V(z,0) =C+ibv:Z — 10(H — 1K — 57" B,)0
~i(00)0%[A — £49,.2] + }(00)(00)(D — k-C
This can be generalized into local SC general multiplet

Va=|Ca, Zaa, Ha, Ka, Boa, Naa, Da]=|[Ca) (36)

w o w+1/2 w+l w+l w+l w+3/2 w2

with arbitrary external Lorentz spinor indices A = (aq, ..., Quy; B, e, 6n)
Lowest Weyl weight component C,0 0000000000

00(e)Ca = 5EiY524
5M(Aab>c = I\(30) 4"Cr = I\ (30C) 4
op(p)Ca=wpCy  (« OO0 ngeprA)
54(0)Ca=1n0Cy  (+ OODOC, =e2"Cy)
05(C)Ca = 0k (§x)Ca =0
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Lowest component C4 0 Weyl weight O chiral weight (w, n)O O multiplet
V4O Weyl weight, chiral weight 0 O O O S-, K,,-0 O O Weyl weightw [
Jo000o00o0OocC4,0multipletD 0 0wO 00000 OOOO0ONO
NI00000C0S- K,-000000000

Higher components] DO OO0 MNUOO00OO0O0OOO0OOO0ONOO
0O0000SCalgebralld OO0 OOOOOO

10w —w+1/200 Zuu:

00Ca ~ Z4 defines Z4. (37)

1) QD00 X' = (M, D, A, S, K,,) OODOOOOC,000000
[1 unique.

Ox1Z4 ~ 5X’5QCA ~ [5)(/, 5Q]CA + 5@(5X’CA) <38)
1—ii) QD [] 5QZAD [] [Q, Q] = Pa, i.e.,
bo(e1), dglea)] = €Dy £° = dey ey (39)

Ddoodooooc,00000000ooogn
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L1 O [
0o(e)Z4 = % (Sa+1v5Pa+ Viay" + Apmaiy"vs + Trnac™) e (40)
0000[Q,QICa=PC 0000000

AmA — 2A)mCA: TmnA = ( <41>
000000 S0P,V A 0000w+ 10000
(S4, Pa, Vina) d@e (—=KCa, Ha, Bna) (42)

0000000 oooooodoUuoudoddndao higher compo-

nents U U U O 0O O

w—l—l/QZ 5QCA g Z4

ool HA) ICA; BmA
w+3/2: 0QH 4 g Ay

w+ 2 5QAA d:ef> D 4

5QDADDDDDDDZA?m/\ADDDDDDDDDDDDDDDADhighest
Jubgdgbootdbootdbood

w—+1: 5QZA
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Jubgtdootdbodguobogd

00(€)Ca = 18iv5 24
5@(8)2 ( ) (2757@1 — K4 — $ + ZDCA’L’y5)

0g(e)Ha = %8275(19@1 +Aq)
(5Q(5)ICA = ——8(ZDZA + A4)
<e>BmA = —38(DinZa + ymha) — 1R Q)ivs7me(S7C) 4
S(e)Aa = (1) 5(c™ Fup A+Z%DA)

+5{me (B (Q)1m(S" 2)a) + 157 (Ra(Q)157m(5"2) ) }
0g(e)Da = 3einsPAs — te(Rap(A) + 5 Ran(A)) (B 2) 4
+(— 1) e {i5(SB) 4 — (2PC)a} Ru(Q)
where Fp4 is a field-strength-like quantity given by
Fupa = Qﬁ[aBbA + 1i€abcd[ﬁc DYCy
= 2D Bya + L R (M)(L0,C) 4
+3Rb(Q) 24 + 2wCa R (A) — InCaRu(A).
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Other SC transformation: with 0455 = d5(¢) + 0x(E%) + 04(0),

2
OasKZA = (%m — %ifyg)) Z40 4 i(n + wys)CCa + iv5005C (2C) 4,
OasxHA = (%ZRHA + %/CA) 0 + %C ((w — 2>i’Y5 + ZTL) Z4+ %Ci’)@()‘ab(zabZ)A,
Oas K4 = (%ZTL/CA — %HA) 6 + %C ((w — 2) + n%) ZA+ %Caab(Z“bZ)A,

1

+2iné emCa + 1€ mnap(2C) AET,
Oasha = (1)L (i Ha+ Ka+ Ba— ZbCAi75) (w +ns5)¢
(=)L (Z (i H + K + B — PCis)) ,0ud
+ (%m — %z’%) ON 4 + {—(w + NY5)VmZa + Jawm(Z“bZ)A}g}?,
OasrgDa = %inHDA
+iC(wys + 1) (Mg + EDZ4) + Civson(SPA+1DZ)) . (43)
—{2wD,,Ca + 2inByya + 2L D"C) 4 — 1€ mnan(SUB) 4 ER,

000A000000pHA00000000000000KA00 0gBma
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Jubgtdbootdbotdubtgtdbootbotddn

{Q, X'} algebra on K4, B4, Da

{Q, Q} algebra on Dy

{ X1, X3} algebra on all component fields
0o goggd
O O All are confirmed.

Superconformal multiplets DO OO set0 000000 @O OOOO

0000 ¢ = {¢1, b, ,6,) 000 Ca(¢) 000000000 SC
multiplet (general multiplet)

Va(@) = [Ca(9)) (44)

Jooggdod

000000000 ¢;0000SC algebra [X4, Xg} = fapCXe OO

00000 f(¢), 9(¢) 0000000000 f()-g(@)0 0 f(d)+9(¢)
J000000000000000000000000000000

000000000 0OCa(¢)0 0O Lowest component0 0 00 00O OO
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Jo0oOosCOb0dobooouododonndd higher components [ [
0000000000040 DOOOooooonod

Lowest component 0 0 O OO OO Non-trivial D OO O 0OS-, K-O0O O
Joooooodoos-ogo

05(¢)Cal¢) =0 (45)

000D000000D00O4s,St=KOO0O0K-00DODoOooooooo
000

4.2 chiral multiplet
The SC counterpart of the chiral multiplet condition D4¢ = 0 in the global
SUSY case should look like

DV = (PLZ) =0 (46)

In order for this condition to be covariant, this should be a SC multiplet.

The S-transformation of this component P2

5S(C)PLZA = z(n — w)PLCCA — iOabPL§<ZabC>A,
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should vanish. This can vanish only when
Weyl and chiral weights (w, n) of V4 satisfy w =n (47)
and
the index A is purely undotted spinors; A = (- - - ay) (48)

O0000o0,PL0 [eb)0000000 selfduald (4°C), 0 AQ purely un-
dotted (right-handed) 0 0 Oanti-selfdual 0 O 0 e, b0 000000000
DO0O0O00000000 chiral multiplet

E(szz(z)l...@g) — [Zfb PRXA) hA] <49)
0000 general multiplet U OO OO O0O0OO0OOOOO
V(EA) = [ZA, —iPRXA, —hA, ihA, iﬁmZA, O, O] <50)

O000: dgs = dgle) +ds(C)
00574 = 2EPrX A
Sas(Prx) = (=1 (PzaPre + haPre + {2wzs — (572) 400} Puc )
Sosha = LEP(Prx) — ({(w — 1)Prxa + S0u(SPry)a} -
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4.3 chiral projection II ~ D?

Vi = [L(Ha—iKa), iPRPZs+ Aa), —5(Da+0Ca+iDyBa)]
This is a chiral multiplet only when the original V4 satisfies
i) w=mn+2, and ii) A: purely undotted spinor indices (51)

The chiral multiplet 11V carries Weyl and chiral weights (w+1, n+3/2) =
(w+1, w+1). cf. [T ~ D?* carries (w =1,n = 3).

4.4 linear multiplet

The complex linear multiplet £ 4 is defined by the constraint
I[L4=0 (52)
so that it exists only for w = n + 2 and purely undotted A case:

E(w’n:w_2>) = [Ca, 24, Ha, —iHa, Ba, P+ PPrZa, —0Cs — iﬁmBmA}

A=(ar--ay
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Real linear multiplet L can exists only for n = 0 and hence for w = 2 and

no external Lorentz index A:

L*2=1[C, Z, 0,0, B, ~PZ, —o(] (53)
with a constraint D,, B = 0, which can be solved in the form
B,, = e_lemue’“‘”p" (@am — %i@bﬂpwg C) — Zopn" (54)

The anti-symmetric tensor gauge field a,,,, have 4Cy—4C1+4Cy = 6—4+1 =3
off-shell degrees of freedom.

4.5 gauge field-strength multiplet: analog of D?D,V

wle=n=3/2) — 11 D, Vw="=0) = ARas —Pr(0-F —iD),s, (pijA)a}
(1’?))(%7_%)
(55)

4.6 Function formula

Holomorphic function ¢(3) of chiral multiplets 3 4. = |24., PrX4,, kA, |:
9(2) = [9(z) = g, Xkg. (M = XrXR) 9] (56)
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where

/ a / a
XR = Z PRXA'—j h = Z hAZ'—v ete, (57>

(9(2) 0 QOO OO DO chiral multiplet 0 000 O 00O OO higher compo-
nents U U O O O O [

General function ®(V) = ® of

general multiplets V4. = [Ca,, Za,, Ha,, Ka,, Bma,, Aa,, Dal:

C(®)=9d(C) =,
2(®) = 20,
H(P) H' —1
K(®) | = [ K| +32'| iy | 2|2
Bn(®) B, 15 Ym
A®)=---,
D(®) =

with 5
Z = Z 41—, etc, 58
> Zage 59
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4.7 Invariant Action Formulas
Fully local superconformal invariant action formulas exist.

F-type invariant action formula applicable to scalar chiral multiplet
Y =|z=%4A+iB), Prx, h = 3(F +iG) | withw =n = 3:

/ d'z[S==Y ] = / d'ze (h + 2Ly " XR + VLm0 Pz + h.c.)
= [ dtwe(F + bharx + ™A - ir5) )59

D-type invariant action formula applies to real wvector multiplet
V=|C Z H, K, B,, \, D| with w =2 and n = 0:

/d4$|:v(w2)]D _ /d4$[_HV(ZU2):|F
— /d4x e(D +0C — %izﬁﬂa%(ybﬁbZ + A) — %ZZaUab(H + i%@%)

= / d're ( D — 397" ivsA — @y 1152 + 3C (R + ™' 5%, D} 1))
)

+ 3N . (Ba — AC = 1aZ) ). (60)
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5 Poincaré SUGRAs and Compensating Multiplets
There are three ways of SUGRA formulation, called

1) (old) minimal, 2) new minimal and 3) non-minimal SUGRAs.

They are different only in the non-dynamical auxiliary fields used and so in
their tensor calculi.

All those Poincaré invariant SUGRAs can be unifiedly understood from
the superconformal SUGRA approach. The former formulations result after
fixing the extraneous gauge freedom D, (A,) S, K,, from the latter. Those
gauge fixing is done by using compensating multiplet, without which the
SUGRA action cannot be written in a superconformal invariant way. The
different choices of the compensating multiplet lead to different SUGRAs:

(old) minimal : chiral compensator >},
new minimal :  real linear compensator Ly (61)

non-minimal : complex linear compensator Ly
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5.1 0Old Minimal SUGRA

We first explain the (old) minimal formulation of Poincaré supergravity.
We take a chiral compensator with Weyl and chiral weight W =n = 1:

Yo = | 20, Xros ho| (62)

Then, Y02 gives an real vector multiplet with w = 2 to which the D-term
action formula can be applied. Pure (Poincaré) supergravity Lagrangian:

£pure SUGRA — _% [ Z020 ] D (63)

Let us fix the extraneous D, A, S, K,, gauges by the following conditions:
D: Rez= V3, A Imzy=0,

S: xro=0, K, : b,=0, (64)
where b, is the D gauge field. Then, rewriting hy = %(S — ¢P) and
A, = —%AZ“X,

YoX = [3, 0, =25, 2P, —2A%™, 0, —1(5°+ P> — A% x (=2)] (65)



46

Substituting this into Eq. (63) and applying the D-term formula (60), we
obtain

[fpure SUGRA = € [_%(R—l_e_l,&,ug'uypO/%/YVD;)wJ)_%<S2+P2_A2}3X2)}' <66)

S, P and AJ"™ constitute the well-known minimal set of auxiliarly fields,
hence the name of minimal Poincaré supergravity.

() transformation in the Poincaré SUGRA

Note that the local SUSY transformation in the resultant Poincaré SUGRA
is no longer the original ¢) trf in SC tensor calculus: The gauge fixing condi-
tion is not invariant under (), but it is always possible to compensate. Recall

(80(€) + 65(C))xro = P2PLe + hoPre + 2wzPr(
f?uzo = (0, — wb,, — %iwAM)ZO — %@aXRO
Putting the gauge-fixing conditions zy = v/3, xro = 0 and b, = 0 on the
RHS, and using w = 1, hg = %(S —iP)and A, = —%A‘Z“X, we have

(dg(e) + d5(Q))x0 = J5(S — s P + iy A" )e + 2/3¢
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Thus the () transformation preserving the gauge-fixing condition is

0o(e) = dgle) + ds(zme), 1= —3(S —ivsP +ips A" e (67)

identified with ()-transformation in old minimal Poincaré SUGRA.
5.2 New Minimal SUGRA

The compensator is a real linear multiplet Ly with Weyl weight w = 2.
Obvious candidate action for the pure SUGRA would be

?

['pure SUGRA = _% [ LO } D (68>

But this identically vanishes: just like

/ d*xd*0 L = / d*x ( / d*0 D* L + h.c.) = (69)
in global SUSY case, we have also in this local case
/d%[LO}D:/d%[HLO}F:o. (70)

Correct Lagrangian is given by

L
_ 1 0
Epure SUGRA — 73 [ LO 11”1(2020) }D <71)
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where we have added an extra chiral multiplet >¢ with weight w = 1. This
addition actually do not introduce extra degrees of freedom; indeed, we have

additional gauge symmetry under
20 — GAZO, 20 — €A20, (72)

with chiral trf parameter A as the change vanishes:

/d4x[L0<A+A)}D:/d‘lx[AnLo}Fm.C. (73)

Using this gauge invariance, we can fix >y = 1.
Using the component fields of L

LO — [C()v ZO7 07 07 BOma _ZADZ()a _DCO} (74>
the extraneous gauge D, S, K, gauges are fixed
D: Cy,=3, Additional gauge : ¥y = /3/e,
S: Zy=0, K, : b,=0, (75)

Note that chiral A-gauge is not fixed since C is real. So new minimal
SUGRA retains the U(1) A gauge symmetry. Also, the By, gauge field is
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constrained and so is rewritten in terms of the anti-symmetric tensor gauge
field a,,,. New minimal SUGRA also has that gauge symmetry.

5.3 Improved SC-Gauge Fixing

Consider the general matter coupled SUGRA system in the old minimal
formulation:

L= —L[S88(6,0)], + [SW)], 70
omitting the possible gauge fields. Here ¢ denotes a set of chiral matter
multiplets { ¢; }. We here assume (without loss of generality) that only the
compensator 2 carries Weyl weight w = 1 while all ¢;’s carry w = 0. Now
we can explain another virtue of our superconformal tensor calculus.

First, we eliminate the superpotential term by redefining the compensator
as W3(4)X = ¥, and rewrite the Lagrangian into the following form using
o=/ W[

L= _% [2020 (D(¢a QE)] D + [Zg] F (77)

It is clear that the system depends only on the function

G =3In(d/3) = 3In(d/3) — W/
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In this matter coupled system, the multiplet 3¢X ®(¢, ¢) = V in the D-
term has the following first two components:
C(V) = |2|” (2,2
S Z(V) =i 20" (Dixi, — O'xwi) + 1P (Z0x10 — ZXRo)
with notation & = &(z,z*), ' = 00(z,2%)/0z, ®; = 0P(z,2%)/0z*".
Therefore, to obtain the canonical form of Einstein-Hilbert as well as Rarita-

Schwinger action R + e~ 1,e"P7 sy, D%, it would be best to take the
g % /y ’Y P
gauge conditions realizing

C(V)=3, Z(V)=0. (78)
Therefore we take the following gauge conditions for the extraneous gauges
D, A, S, K, as Kugo:1982mr
D: Rezy = V302 A Imzy =0,
S: xro=—200'®'\gi;, Kn: b,=0. (79)

This gauge called KU gauge is a very clever gauge. In fact, Cremmer-
Ferrara-Girardello-VanProeyen calculated by using the gauge condition for
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the pure SUGRA’s case; then they have to do the painful field-dependent
field re-definitions corresponding to the Weyl rescaling (D-), A- and S-gauge
transformations. This laborious computation is actually double: the same
redefinition has to be done also in deriving SUSY trf law. All those calcula-
tion can be bypassed in this KU gauge!
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my homepage URL: http://www2.yukawa.kyoto-u.ac.jp/ taichiro.kugo/
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