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Introduction

» Relativistic hydrodynamics for a perfect fluid is widely and successfully
used in the RHIC phenomenology. T. Hirano, D.Teaney, ...

* A growing interest in dissipative hydrodynamics.
hadron corona (rarefied states); Hirano et al ...

Generically, an analysis using dissipative hydrodynamics is needed
even to show the dissipative effects are small.

A.Muronga and D. Rischke; A. K. Chaudhuri and U. Heinz,; R. Baier,
P. Romatschke and U. A. Wiedemann; R. Baier and P. Romatschke (2007)
and the references cited in the last paper.

However,

The answer is

No!

unfortunately.



Fundamental problems with relativistic hydro-dynamical
equations for viscous fluid

a. Ambiguities in the form of the equation, even in the same frame and equally

derived from Boltzmann equation: Landau frame; unique,
Eckart frame; Eckart eg. v.s. Grad-Marle-Stewart eq.; Muronga v.s. R. Baier et al

b. Instability of the equilibrium state in the eq.’s in the Eckart frame, which affects
even the solutions of the causal equations, say, by Israel-Stewart.
W. A. Hiscock and L. Lindblom (’85, '87); R. Baier et al ('06, '07)

c. Usual 1st-order equations are acausal as the diffusion eq. is, except for
Israel-Stewart and those based on the extended thermodynamics with relaxation
times, butthe form of causal equations is still controversial.

---- The purpose of the present talk ---

For analyzing the problems a and b first,

we derive hydrodynaical equations for a viscous fluid from Boltzmann equation
on the basis of a mechanical reduction theory (so called the RG method) and a
natural ansatz on the origin of dissipation.

We also show that the new equation in the Eckart frame is stable.

We emphasize that the definition of the flow and the physical nature of the
respective local rest frame is not trivial as is taken for granted in the literature,
which is also true even in the second-order equations.
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The basics of rel. fluid dynamics
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Special relativity

x“ = (ct = x°,X)

ds® =g, dx“dx" g*” =diag(1,-1,-1,-1)
1 Linear transformations of space-time
& V2 which keep any inner products with this metric
1_C2 tensor are Lorentz transformation.
P =ymv

E, =\/(pc)2 +(mc?)* =cp’ = yme

7/v'd3XI:7/vd3X:d3X0 ::: S3uTA3 AT 3 3
d3p|:d3p d3p| d3p d X d p —d Xd p

+“—> =

Ep. Ep y' y
1=jf(x,p,t)d3xd3p

i

The distribution function is
Lorentz-invariant!



Basics

1. The fluid dynamic equations as conservation (balance) equations

ONF=0,i=1,....,n, local conservation of charges
0, v=>0,...,3 . local conservation of energy-mom.

2.Tensor decomposition and choice of frame
y* ; arbitrary normalized time-like vector u-u =1

Def. space-like projection A" = g™ —u"u”, A"y, =0, A"AY = A
. space-like vector space-like traceless
N = n; u# ;'“‘/ - P
i tensor
THY — ¢ yfy! _p‘j;w qf'u'i'_.!.y 4 qz;_u;n 4 rH

n; =N;-u ; net density of charge i inthe Local Rest Frame
v = AN net flow in LRF

e =u, " u, ; energy density in LRF p= T*”" A,a1s0tropic pressure in LRF
g" = A*T,zu” ; heat flow in LRF
THY = 1 (ﬂn”’ﬂ’_" 1+ ‘ﬂ.ltﬂz«*> 1‘3;.“»' Tf:zj' ]

|2 \TeT P T TETe) 3 - stress tensor in LRF



Define (/*“ so that it has a physical meaning.

A. Particle frame (Eckart frame) space-like

ﬁh.",.tt

: f’i“«« = ; parallel to particle currentofi —> 0=N"4,, =

'U,E —

B. Energy frame (Landau-Lifshitz frame)

: T,u :f
uf, = = flow of the energy-momentum de
\/ uLT T3yuf,

NE o oy
NF =n;ut + 04 |

THY — by — pﬂ,r.::u q,u vy qu_u,tr +

-
(]|



ldeal fluild dynamics

P. Romatschke, arXiV'O902 3636v3[hep-ph]

Tl = €(cog" + eyut'u”) + p (cag"” + cguf'u”)

Constraints: '@ = ¢  energy density in LRF
foy = pS”

Lps ;
T'!m — e uu" — p AP

|



Typical hydrodynamic equations for a viscous fluid
--- Choice of the frame and ambiguities in the form ---

Fluid dynamics = a svstem of balance equations
*la, v =0, 8,N*=0. | €nergy—momentum: TH” | number: | N~

BT = eu'u” —p A" +5T" N¥" = nu¥ + N
== Dissipative part

‘ Eckart eq. an dissipation in the number flow; =) Describing the flow of matter

STH — wt T\ (l veT — Du”) +u’T A (% VAT — Du“)

T
2 . I THE — A LT
+ ;n VEuY + T\\‘ — AV 33 (A V-u With D=u o, VE =44,

Ay

NV = --- Involving time-like derivative ---. Ay =g" —uu =AY,
l Landau—Lifshits lno dissipation in energy flow ==»describing the energy flow.
) 9 w No dissipative
STH = 25 (VFur + VVu# — SAMVou) +CAMV - u — oT*u, =0, energy-density
nl (1 1 nor energy-flow
ONF = —A- e (T VAT — - e ?“p) u,6N*=0 No dissipative

--- Involving only space-like derivatives --- particle density

_ . ¢ ; Bulk viscocity, 1], Shear viscocity
with transport coefficients:

A ;Heat conductivity



The explicit form of Eckart equation

The dissipative part of the energy-momentum tensor may be determined
from the local form of the second law of thermodynamics.

put SH =su" + 3q"
T8-S =(TB-1)8-q+q- (i +TB) + 1 uuy + 110 > 0

U

™ w,d,T" =0 8-N =0

g=1/T ,
II=Co .
gt =T A" (0, nT —1u,) ,

1 1 |
™ = 27, [5 (anay+asaz) - gﬂw’ﬂ&ﬁ] 9°u”

Then

> q-q mm,
=7 artar 2 0

ad-5



Non-relativistic limit Y.Minami, T.K., K.Tsumura(2010);
frame-independence

See also, Landau-Lifshitz.

e L ;the mass density
f ~ O T'Y - r'u”"l [ - UL ! g~ _rl.Lr,-' AR S E:’}' o L‘J}] (" oo,

P il pw) o f 1
i, - i Vipow) VP 443V o 4 LL; | Tg.”jl?:? 0.

i

(Navier-Stokes eq.)

N r : )
.;'.-.-'-I'.- i. I L 'i'- 1.":.1' .1'-—| .;' Y2
T | - — Y oo lse o+ 5 .E,Jr,._"a_e,_ | ,Jr_."a_ o) *Jr':""_"r'
u=(W-=TS)/n
1M =103+ L
n n n
W=¢+P
. Enthalpy density
i, N () > %+ . (il =
i



Acausality problem
P. Romatschke, arXiv:0902.3636v3[hep-ph]
Fluctuations around the equilibrium:

e =¢€g+ 0e(t,z) ' = (1,0) + out(t. )
Linearized equation;
(e +p)Du? — V¥p + A¥YO 1" = (ey + pp)O,0u? + 0, 1T

L

2
[T = n(V*u¥ + V¥u") + (E,' — g?}) AV u = —n Op0u”

J

1o

douY —
€0 + Po

ﬂiﬁu” =0

Diffusion equation!

The signal runs with an infinite speed.



Non-local thermodynamics (Maxwell-Cattaneo) —— Mueller-Israel-Stewart

P. Romatschke, arXiv:0902.3636v3[hep-ph]
TR O AT + 117Y = —np0, 0u”

Telegrapher’s equation

gou? + ——0, " =0, 707 + 7Y = —nydou?

€0 + Do
PR . 7 1 .
O+ — - —0°| G(x,x') = —0*(x — X)
Tx Tr Tw
t—tf
t—t') v n\ € Tr t—t)?2  (x— 2?2
Gfx,x’):@(f—f’}ﬂ(( ) — (z —2')? Iy | ( Q] — - )
| | T VAT 47° AvT,
Diffusion Eq. vs. Maxwell-Cattaneo
——rT T T
1 . 4~ s Diffusion-Equation
B = mm Maxwell-Cattaneo
0.8 excluded by - : excluded by =
| capsality : caunsality
_E K] o -
z
"E;-U.il— -
02 -
0 L L



Compatibility of the definition of the flow and the LRF

In the kinetic approach, one needs a matching condition.
Seemingly plausible ansatz are;
e = u, TH"u, = €g = u, T,
n=u-N=np=u-Ny
Is this always correct, irrespective of the frames?

Particle frame is the same local equilibrium state as the energy frame?

Note that the entropy density S(x) and the pressure P(x) etc can be quite

Different from those in the equilibrium. Eg. 3the bulk viscosity

Local equilibrium —— No dissipation!

Distribution function in LRF: D. H. Rischke, nucl-th/9809044
folk,z) = (2—5’}5 lexp{yo(k,z)} £ 1]_L yolk,z) = [k u(z) — p(z)]/T(x)

Non-local distribution function;
f(k,z) = [QiJu [exp{y(k, @)} £1]7

y(k,z) = yolk,x) + e1(z) + k- ea(z) + kpky, 7 ()




The problem of causality:
CoT /ot = -0q / ox

Fourier’s law; g = 0T / ox
Then Cor /ot = AV
Causality is broken; the signal propagate with an infinite
speed.
dification; 0 t,x)+q(t, ) J«—Tr
Modification; Ta 5y git, =) +q(t, z) = — —

Extended thermodynamics @

Nonlocal qlt. .I';: — ﬁi_ﬁ. [9“ B _‘j;: _ir_:-TIE”_"‘:' J".:| |:_ i T . ]
thermodynamics - , Oz

Memory effects; i.e., non-Markovian
Derivation(lsrael-Stewart): Grad’s 14-moments method

+ ansats so that Landau/Eckart eq.’s are derived.

1 & Problematic



The problems:

®Foundation of Grad’s 14 moments method
® ad-hoc constraints on 57+ and SAN# consistent with
the underlying dynamics?

The purpose of the present work:

(1) The renormalization group method is applied to derive rel.
hydrodynamic equations as a construction of an invariant manifold of
the Boltzmann equation as a dynamical system.

(2) Our generic equations include the Landau equation in the energy
frame, but is different from the Eckart in the particle frame and
stable, even in the first order.

(3) Apply dissipative rel. hydro. to obetain the spetral function of density
fluctuations and discuss critical phenomena around QCD critical point.



The problem with the constraint in particle frame:

K. Tsumura, K.Ohnishi, T.K. Phys. Lett. B646 (2007) 134-140
THY =(¢ -I—Hr;,f:] wu — (p+CX)AM AT " XY + AT W X* + 2 XM

NE = with | X =—{1/3(4/3—~)112V -u
i.e., dNH = 0 Xtu=VraInT,
5. 4T “L =0, Grad-Marle-Stewart
r constraints
2. u, SN* =0, N
. trivial
3. Ay dNY =0.
@ c.f. ST“ =0
— Landauv
1. wy, u, ST*" =0,
Fckart's constraints : 2. u, dN* =10, o
) trivial
3. Ay dNY =10,

still employed by I-S and Betz et al.



Phenomenological Derivation

El'“ T.!J ¢ — {}. 5' QH - 0 5'” = E'u'” :;T.!J :J. J-'” .].
p = M
ut = JR (T T3 particle frame
uh = TH uy, [(u, TP Tpr u™)% energy frame

Generic form of energy-momentum tensor and flow velocity:

™ = (e+de)utu” — (p+dp) A*™ +g' u” + ¢¥ u* 4+ 7MY,

N* = (n+4dn)u” 4%,
with _ .
e+ de = Topu®ub. natural choice and parametrization
p+dp = —L_,.fﬂTubi'-.”'E'. de = [ II,
|’1I"” = ]-'”b 0 &bg]l [‘Tp — I1.
T = Ta A™, Notice; on = fall
- . _ T il
n+dn = Ngu®, gtu, =0, " u, = 0, and u, ¥ = 7" u, = 7, = 0.
= Ny A,



From TS* =pu” 4+ u, TH — pu NH
FuS' = T [feﬂ(%) — %T“up —fﬂﬂ(%:}]
o {%D““”“(%ﬂ -V () + 7 5 Ve

In particle frame;

5= [10() - 2o D) o [0 0] 42
With the choice,
_ 1 1 o p
1 = J[feﬂ(T)—??“up f.D(5)].
¢ = AT? [z D v ()],
T T/|
T = 2 AFYPTV jug,
we have f e, f ncan be finite,

m*  g'qe ™7 not in contradiction with
dy S* = - E =
g (I ATE T 20 the fundamental laws!




de = f.1I, u, TP, = de = f.I1

fp = 11, <:> STH — So — 2m — .
in = f,10, T P =(fe—3)IL

Energy frame: ¢ =1,

1 - <t (0(3) -394 - 10 (5)|

T = 2 APYPTV ug,
\(75) (5

coincide with the Landau equation with f_e=f n=0.

ot

Microscopic derivation gives the explicit form of f_e and f_n in each frame:

: _ ATH =0
particle frame; fe = 3 together with f, =0 —> { "f i
_ i} . =
energy frame; fo=fo=0 ty 6TH 1wy, =3I # 0



Relativistic Boltzmann equation sk decrootet al, “Relativistic kinetic

Theory; Principles and Applications”

For single classical gas, (North-Holland, 1980),
C. Cercignani and G.M. Kremer,
“"The Relativistic Boltzmann Equation:
P‘u a,u fp (-T) — C[f]p (I} ) Theory and Applications” (Birkhaeuser, 2002)

Clflp(x) = Z Z Z g <, p1lp2, 23) (Fa(2) Fu (0) = F3(@) fi (2)),
Pa
where wip, pi|p2, pa) x c.‘rj::p— P—p2—pPa)
w(p, pilpa, p3) = wlpy, palp, 1) = (o, plps, o) = wlps, palpr, )
collision invariants: Zp —lﬁ C[f]P{I} = ZP L pH C[flp(z) =0

Conservation law of the particle number and the energy-momentum

= —Z _ﬁp'u' fp(z) (In fp(z)— :]

H-theorem. > if In f,(x) is a linear combination of

The collision invariants, the system is local equilibrium

Maxwell distribution (N.R.)
Juettner distribution (Rel.)



The separation of scales
In the relativistic heavy-ion collisions

Liouville :> Boltzmann

Hamiltonian /\

——> Fluid dyn.

/ /\ Navier—Stokes eaq.

/)

p—

on the basis o

C.f. Y. Hatta and T.K. ('02) ,

Slowey dynam

the RZ/method; chs

Tsumura, Ohnishi, T.K. ('07)

S  (Reduction of dynamical
Systems)

-Goldenfeld-Oono('95),T.K.(’95)

K.Tsumura and TK ('05);



Geometrical image of reduction
of dynamics

n- dlmensmnal dynamical system: X
“2 —F(X) dim X =n
il 'S L
=G(s) ( ) Invariany and attractive manifold
{x\x X(s)}

O M/ dimM=m<n

- dims=m
In Field theory, X =(9d,,d,,-...9,) =9 —>S=(S,S,,---,S,,)

renormalizable <t———"> - Invariant manifold M dim M



For dynamical systems:

dX
— = F 1 &/
% (X,t)
da Y.Kuramoto('89)
= = G(8), ,reduced dynamics on M
X = R(s); ,representation of M

Y. Kuramoto ('89)

Perturbative reduction
of dynamics

dX O

— = F(X,t

- (X, 1),

ds .

o = Go(s8) +v(s8), ,reduced dynamicson M
X = Ro(s)+ p(s); ,theinvariant manifold M

Krylov-Bogoliubov-Mitropolosky



A geometrical interpretation: T-K. (95)
construction of the envelope of the perturbative solutions

Let {C7 }+ be a family of curves parametrized by 7 in the z-y plane;

Cr : F(X1 y1T1C(T) — @ Y, kG:
E: The envelope of C. E;[mry] — 0. (Ero) 0 F(z,)=0

X, X
dF(xp. yg. T dC dF (xg, yg, 70. C(T
-F:r-:-EED-. Yo- To, G{Tﬂ}} = { l;?:ﬂ D] + BTD { ! y;(:."ﬂ { D}] = 0.

The envelop equation: dF /d7r, =0 <===) RG eq.

the solution Is inserted to F with the condition
T, =X, < the tangent point

mmmp G(X y)=F(xy,C(x))



A simple example:resummation
and extracting slowdynamics

2 .
% + E% +z =0  the damped oscillator!
2

x(t) = ﬁle:{p{—%t] Sin[\: 1 — EEI‘- +0),

T.K. ('95)

z(t,to) = zol(t,to) + exi(t.to) + €xza(t,t0) + ...
g+ g = 0, Tpy1 + Tpyp = —Ip
z(to, to) = W(to).
W(to) = Wo(to) + eWi(to) + €Walto) + ...

To(t, o) = A(tg) sin(t + 0(tg)), Wolto) = zolto, to) = Alto) sin(ty + 6(to)).

A
zi(t,to) = — - (¢ — to) sin(t +6), Wiltg) = 0
a secular term appears, invalidating P.T.




A
za(t) = 2 {(t ~ to)*sin(t +0) — (t — tg) cos(t + 6)},  Waltg) =0
Secular terms appear again!
Collecting the terms, we have

z(t,ty) = Asin(t 4+ 0) — e—(t — o) sin(f + i)

—I-EE%{U; — to)* sin(t + 6) — (¢t — to) cos(t + )}

With I.C.: Wity) = Walte) = Altg) sin(ty + A(tg))

parameterlzed I%y the functions,
(t.), 4(t,) =t, +O(t,)

The secular terms invalidate the pert. theory,
like the log-divergence in QFT!

ke = {x(t,t0) }y, T, (t) = z(t,t) = W(t).

dz;t,tn} _o. to = t. ==> A(to) and 8(to)
to '




A
Ty (t) = g{l[t — tp)?sin(t + 0) — (t —tg)cos(t +8)}, Wa(tp) =0
Secular terms appear again!
Collecting the terms, we have

% A %
Tt tg) = Asin(t + #) — F?ff — tg) sin(t + #)

+EE%{H — to)* sin(t + 6) — (¢t — to) cos(t + )}

With I.C.: Wity) = Walte) = Altg) sin(ty + A(tg))

, parameterized by the functions,
AL Jt) =t +O(t)

Let us try to construct the envelope function
of the set of locally divergent functions,

Parameterized by t, !
{Ciohiy {z(t,t9) }4, T (t) ==x(L, 1) = W(t).

deltit) _ o g = t. wy Alto) and 6(to)




dA dg €
ﬂ{_ﬁ]—l_EA_D d—m+g—ﬂ,

2

Alto) = A2, 0(tg) = ~Sto+ 0,

-IEE —

r (t) = z(t,t) = Wo(t) = A E:{p{—ét}sin[[l — —)t+48),

approximate but

global solution in contr pative solutions

which have secular t
local domains.

Notice also the resummed nature!

s and//alid only In
c.f. Chen et al ('95)



More generic example | sc « rie koo

du = Au+eF(u) <1

u(t; to) = uo(t; to) + ewr(t; o) + e>ua(t; to) + - - -
Wi(ta) = Wolto) + eW1(to) + EEWEHD} + e

= Wa(to) + p(to),
(0 — A)ug =0,
(0 — A)u; = F(uy).
(0; — A)ug = F'(ug)uy



When A has semi-simple zero eigenvalues.
AU; =0, (i=1,2,...,m).
We suppose that other eigenvalues have negative real parts;
AU, =AU,, (a=m+1,m+2,---,n),

where ReA, < 0. One may assume without loss of generality
that U,’s and U_,'s are linearly independent.

The adjoint operator A" has the same eigenvalues as A
has:

AU, =0, (i=1,2,...,m),
Aiﬁﬂ:/\;ﬁm (a=m+1,m+2,---,n).

Def. P the projection onto the kernel ker A

P+Q=1



Since we are interested in the asymptotic state as t — oo,
we may assume that the lowest-order initial value belongs to

kerA:
Wol(to) = i (t0)Us = Wo[C]. g M,
Walt

ug(t;tp) = el 0) = Xz Cilto) Us.
Parameterized with Mvariables, C = YC,Cy---,Cp)
Instead of I o

ug(t; to) = e MW (t0) + AT'QF(Wo(to))]
+(t — tg) PF(Wy(tg)) — A7'QF (Wo(tp)).
The would-be rapidly changing terms can be eliminated by the

cholce; Wi (ty) = —A™'QF(Wo(t)). PW(tg) =0
Then, the secular term appears only the P space;

wi(t;to) = (t — to) PF — A7'Q %&Sﬁfﬂ%ﬁ'ﬁnﬁf



Deformed (invariant) slow manifold:M; = {uju = Wy — eA‘lQF{Wﬂ}}
u(t; tg) = Wy + e{(t — tg) PF — A‘lt}F}

A set of locally divergent functions parameterized by

t,!
The RG/E eqLPation ou/ ét, ‘t =0 gives the envelope, which is
globally valid: Wi(t) = ePF(Wy(t)).

which 1s reduced to an m-dimensional coupled equation,

Ci(t) = e, F(Wo[C])), (i=1,2,---,m)

The global solut&?hel

u(t) =u(t;to =t) = ZGE )Ui
We have derived the mvarlant manifold and the

on the manifold by the RG method. S
Extension; (@ A |s not semi-simple. (2) Higher orders. (El,Fujitand T.K.

Layered pulse dynamics for TDGL and NLgn.Phys.(00))

=

lant manifod):

Wo|C)
w dynamics



The RG/E equation u/at,|,_, =0
gives the envelope, which is globally valid:

Wo(t) = ePF(Wo(t)).

which 1s reduced to an m-dimensional coupled equation,
Ci(t) = e(U;, F(Wy[C])), (i=1,2,---,m).
The global solution (the invariant manifod):

u(t) = u(t:tg = t) = g:lﬂ'i[tﬂ_]i - eAT'QF(Wo[C)),

Y
W,[C] p(C)




Geometrical image of reduction
of dynamics

X
== =F(X)
l dim X =n
S(t
—=G(s) ( ) Invariany and attractive manifold
{x\x X(s)}
o M dimM=m<n

eq. dims=m

X = f(r,p) ; distribution function in the phase space (infinite dimensions)

s={u”,T,n}; the hydrodinamic quantities (5 dimensions), conserved quantities.



Previous attempts to derive the dissipative
hydrodynamics as a reduction of the dynamics

N.G. van Kampen, J. Stat. Phys. 46(1987), 709
unigue but non-covariant form and hence not

Landau either Eckart! Cf. Chapman-Enskog method to
derive Landau and Eckart eq.’s;

Here see, eg, de Groot et al (‘80)

In the covariant formalism,
In a unified way and systematically
derive dissipative rel. hydrodynamics at once!




Derivation of the relativistic hydrodynamic equation
from the rel. Boltzmann eq. --- an RG-reduction of the dynamics
K. Tsumura, T.K. K. Ohnishi; Phys. Lett. B646 (2007) 134-140

c.f. Non-rel. Y.Hatta and T.K., Ann. Phys. 298 ('02), 24, T.K. and K. Tsumura, J.Phys. A:39 (2006), 8089

Ansatz of the origin of the dissipation= the spatial inhomogeneity,
leading to Navier-Stokes in the non-rel. case .

a,g would become a macro flow-velocity === Coarse graining of space-time

U 1 U AV uv aga; Al 7, AX = g aga;
ap 0 p
o 1 | 8 | o
5. = o2 @ O =D, time-like derivative Ap" 8, = VH = A T space-like derivative
2 .
ot e 1 ot

Rewrite the Boltzmann equation as,

=D fr.0)=—Clflyr. o)~ —

p-ap P ap

P VfP(Ta 0)

L perturbation

Only spatial inhomogeneity leads to dissipation.
RG gives a resummed distribution function, from which 74 and N* are obtained.

Chen-Goldenfeld-Oono('95),T.K.('95), S.-I. Ei, K. Fujii and T.K. (2000)




Solution by the perturbation theory

0 - 1
Oth —f0—-_—_¢
577 p p-a, Lflp o
“slow” 9 70 =0 e ! C[f] =0
8’]’_ P p-ap ! £— F(0)

i)

> f;go)(’ra o5 T0,= (2m) exp [M T(o; 710)
=—» /Y = s i)

written in terms of the hydrodynamic variables.
Asymptotically, the solution can be written solely
In terms of the hydrodynamic variables.

» | Eive conserved quantities  7(o; 1), p(o: 70), uu(o; m0)

m=5 ut(o; o) uy(o: 10) =1

reduced degrees of freedom

*| oth invariant manifold /" (0, o) = f5%(c; 7o)
ﬁ =) fV(r) = f=

Local equilibrium




o - .
5 SS =" Apg £V
q

: . 1 0
Evolutionop.:  4,,= i )
o n= g, Gl ..  inhomogeneous -
F,=— 1 p- V[

pP-ap

. _ eq-1 e
‘ Collision operator l Ly, = 1% Apg [°
p-a, 2! Z Z Z ' wip, prlpa, pa) f} (‘qu dp1g — Opag — 'f’;nw}

The lin. op. Lhas good properties:
| 1 e
Def. inner product: (¢, 1) = Z 0 (p-ap) f,% op Uy

p

: <90,L¢>:(L%¢> Self-adjoint
@ <<}pj ng) S 0O for all O Semi—negative definite
5] L —0=> {

m o —4

Lpg=—

H —
a = [,

L has 5 zero modes. other eigenvalues are negative.



1. Proof of self-adjointness

) 1
'::;::rLE-P,-: — ZTEP"ED] p ;:-prq g

)
rq !

11
B _EEZ [] ZTZTZT”rP pilp2. pa)

p P2 pg

&0 . P v el el aly
-'F IJ1 (“"’IJ + TP PR ‘1“"]’1:]) (L b L L Ul )

= (L, ).

2. Semi-negativeness of the L

(e, Ly) = ___L p{n L

Pi

1

1 I -
L ] L F}Tu;{p . P1|p2 , pa) f;jq f;:l (%Fp + Ppy — Ppo — ‘f?ﬂ:l)
pr P2 g P3

33']
0 for ﬂll 7

3.Zero modes
p“ = [i en-mom.

(]
Pop = - P+ @, =@, +@
’ m a=4 Particle # & P PL P2 P3
Collision invariants!

or conserved quantities.



Def. Projection operators:

[ } Z@opna,a 00, ),

Q:l—P
\ - y X
' o ?Faﬁ ) Z N7 1My = 0p
metric Ui 6_<800:‘Po>
95 _ g F0) |

. P = feq Pfeq-l,

fast motion ||~ "

The initial value yet not determined to be avoided Q = R
pa =I5 Opq

> W) =(r—m)PF-A'QF

eliminated by the choice

*| Modification of the manifold : FH(r0) = —A1QF



Second order solutions

9 7o) _ 4@ g with 1, = D V[A‘l QF}
or p-ap P
=) f(Q)(T) _ p(7—70)A {f(z)('ro) 4+ A7 QI} +(r=—1) PI—ATQIT

‘ The initial value not yet determined /I ,
fast motion I

S— f(g)(’r) — (’T—’T())PI—A_lQI.

eliminated by the choice

® | Modification of the invariant J\
manifold in the 2"d order; (2 () = A1 QT




Application of RG/E equation to derive slow dynamics

Collecting all the terms, we have;

® | Invariant manifold (hydro dynamical coordinates) as the initial value:

flmo) = 4+ ¢ (— Al QF) + &? (— Al QI) + 0(g?),

® | The perturbative solution with secular terms:

f(r) = fe9 4 ¢ ((T _ TO)PF—A'lQF>

4 e ((T ) PI— A QI) + O,

d

RGI/E equation —fo(7, 75 70)

= 0.
dmy '

To=—T

The meaningof 7o — T :> found to be the coarse graining condition

The novel feature in the relativistic case;
. L . m o L
Choice of the flow @p %9 @, = U



a”n!hﬂrn - ﬂ.l,

*ﬁh—Zj w%4 - [A7QF]} = J5= + A,

JE& = EF E"Pﬂ*’ﬂﬁ'ﬂfﬁq

AJre = — Z Fﬁpl‘{,aup [A QF] ——> produce the dissipative terms!

The distribution function;

f(ro) = f*9 — A'QF — A2QH — A QI

Notice that the distribution function as the solution is represented
solely by the hydrodynamic quantities!



A generic form of the flow vector

1
al = — ((p'u,) cosl +m Siné’) ut =64

0 . a parameter

AL =gt —utu = AR AR AP = A
Yo,

D=u"90,=D, VF¥=A"09,=V"

(000 =3 =5 ((p-u) cost 4 msing) 375, = (i, 0),

b

Projection op. onto space-like traceless second-rank tensor;

P,quO' — %(AypAvo + A,UO'AVO' _%AyvApoj

pﬂvaﬂp po _ PHPO
af



Examples

10 =0
— a,g‘ — M
9, Jhydm 0 p = nT
AR _ —¢ ‘ﬁwﬁx F2nXH a=v [ > satisfies the Landau constraints
—TAzh'X* a=A4.
uuorT® =0uA_oT" =0
X = —-V,ut,
. u,SN* =0
Xy =V, InT-h" V,In(nT),
1 2
y7%
T =eulu” — (p+ (X) A 2 X Landau frame
NE gt L e and Landau eq.!

€E+p



with the microscopic expressions for the transport coefficients;

. . - a0 ]
Bulk viscosity = Z — foam, o) 1,
. 1 l
Heat conductivity A= ~373 —Df;‘qﬂ;r;f' Lo Qg
P
Shear viscosit 11 L eq v -
Py

L'pq = {.T-? - :' }:-q @Hp -independent

c.f. Lpg=

p a, 91 Z Z Z wip. mlp2, p3) o) (Jpq + bpg — Bpag — cﬁpgq)

(3, =6,")

In a Kubo-type form;

¢ = 7 [ as(10), 1))

V= —ga [ 4(@0), Quo)eg

1= 57 [ @0, 1.6),,

C.f. Bulk viscosity may play arole in determining the acceleration
of the expansion of the universe, and hence the dark energy!



and uation
Eckart (particle-flow) frame: @

Setting ﬂ,j‘; = p_-uHF

v =(e+3CX)uru — (p+CX)A™ £ AT w* XY £ AT u” X¥ £ 29 XM
X=-{1/3(4/3—-~)112V  -u

-

XE=VHInT,

NE = o with
l.e., dN* = 0

¥ i —
L, uy, T =0, o W =5 Grad-Marle-Stewart
Eckart's constraints : 2. u, dN* =10, <:> 2, dNF =0, onstraints
3. ﬁ,_,,_. dN" =0, 3. AR SNY = 0.

c.f. Grad-Marle-Stewart equation;

aTH = —S{BT'IC'T—l—1}'1§u“u”?~u+u“T,l(%?”T—Du”)+u”TA(%?"T—Du“)
1 2
+2n§(?“u”+?”u”—§&“”?-u)+[ﬂi”_l Cr £ 171 CAM Vo u,

ANt = 0.



Which equation is better, Stewart et al’s or ours?

The linear stability analysis around the thermal equilibrium state.

c.f. Ladau equation is stable. (Hiscock and Lindblom (’85))
The stability of the equations in the “Eckart(particle)”’ frame

K. Tsumura and T.K. ;
Phys. Lett. B 668, 425 (2008).

Y. Minami and T.K.,
Prog. Theor. Phys.122, 881 (2010)



Linear StabilitM An alxsis K.Tsumura and T.K. ;PLB 668, 425 (2008).
Def. T(z) = To+6T(x), plz) = po+dp(z) and v(z) = uy+ du’(x)

with g -du =0 <+ u.u=1
Actually, we will put U, =0.
Equation of Motion: _
0 = 4a,7% =4d,6T" and 0 = &,N" =0,0N"

Ansatz for the solution; plane-wave solution

(Gu”, 8T, &p) = (di*, 6T, 6f)e =
3" Mas®s =0, where M_, =M, (k° k)
A=
5x5 determinant detM ;=0 sy l

Dispersion relation; @ =k° =k°(k) (generically complex.)

The stability condition:  |m(k°(k)) <0 vk



Ly 0 ) ) )
b £y ) ) )

b

_?ll.n!r,.,._l = L) L) .|'l_-‘|_ — .|'I_-‘-_-I {A,iiJ'." —i .|'l_-‘;5 I —i .|"_-‘-| k-
3
i

NI

]
- ) T a2 L 1 . =2 - dp i
Ly=let+pll—ik) +yk” Ly= =g —C(3y —4] £o= —— 4 M—i k")
4 aT -
Lo =(e+p)—C3(3y— 472 (=i kY o= 2 iy o= 25
5 = _f +f.-'_|| _L}| oy = _II __ll _.I = rajT , _.I # P r‘j.“_ L
. i gl - o er L
= —i—i & Liop=—(—ik
Ly FJT{ ik i ”1”{ Lh)

detM_, =0 = |

L

Ll b

Ly Ly
'lll—"!-.l 'll: Lol

— Ly Ly)— RIF Ly (L4 L5 — L3 L7)

L.

Ly — kL) (L Lyg— L7 Ly) — k7L

3 &

i

Fa—

i

Le=mn

"r"ll—"ii "II—"l'iJ



Dispersion relations
Transverse mode: k° — —'."-;||' |&|*/ {-F +p)
Longitudinal modes: aw® + bhw? + cw +d = 0, with w = —ik"

The condition for having all the roots in the left half plane of @
(Routh-Hurwitz theorem)

a>0b>0 d=>0andbe— ad = 0.

However,
d = |k|*nAadp/ou)r >0
;" 10° E 10" :-:-I_ 108 .
S N _____—-—__
= E'?‘.:L T 4 fﬂ — .
(45 LA o — .
= 5 I
E @ %"‘ 10 /
{5 5] E m -||:|'5 o — H
- - 5 e
- 0.1
m _ﬂ E 1 1 I I
— = 0 i 4 ] a8 10




The stability of the solutions in the “Eckart (particle)” frame:
K.Tsumura and T.K. ;PLB 668, 425 (2008).

() The Eckart and Grad-Marle-Stewart equations gives an instability, which has been
known, and is now found to be attributed to the fluctuation-induced dissipation,
proportional to Du”

(i) Our equation (TKO equation) seems to be stable, being dependent on the values of

the transport coefficients and the EOS.

The numerical analysis shows that, the solution to our equation is stable
at least for rarefied gasses.



The spectral function of the sound modes: Y. Minami and T.K.,
Prog. Theor. Phys.122, 881 (2010)

ut(7,t) = ug + Sut (7, 1) n(7,t) = ng + on(¥,t) etc
In the rest frame of the fluid,
ug = (1,0)  suk(7t) = (0,3(F,1))
Inserting them intoT*”, N* | and taking the linear approx.

 Linearized Landau equation (Lin. Hydro in the energy frame);
oon no TO

4 noV - T—k—2 [ V2(6P) — V2(6T)] = 0
ot wo Wwo
ov . 1 . Rel. effects
wo - —nVT — (S0 + OV(V - 5) + V(0P) =0
00s K o K o
— — —Ve(éT)+—V=“(0P) =0
o5 T T ( )-I-wO (6P)

Vi)

I..-.
.l,"l' T .III

Solving )71, as an initial value problem using Laplace transformation, we obtain
Spn(k,w) =< én(k,w)én(k,t = 0) > ,interms of the initial correlation.



Spectral function of density fluctuations in the Landau frame

In the long-wave length limit, k—0 sound modes

thermal mode
Snn(E,w) . (1_1) QFRR‘Q/TI_I_]. er:2 N \ erZ )
< (on(k,t = 0))2 > v W2+ T2k v (W k)2 + THE4  (w — csk)2 + T 3k4

Rel. effects appear only in the width of the peaks.

Rel. effects appear
. PP

: .
Mp = x rp=r - , 2T | W, - 25a,) only in the sound mode.

r=_Ix(v— 1)+ ]

K

thermal diffusivity: X = 7, "~ ), 2Isobaric thermal expansivity

cs :sound velocity ! :specific heat Long. kinetic viscosity : VI = (¢ + 577)/100
ratio

Notice: Yy = 0,0 / 0/7 — 7Y 5 oo enthalpy

As approaching the critical point, the ratio of specific heats diverges!
The strength of the sound modes vanishes out at the critical point.



Sk, ®) / <( Sn(k,t=0))%>

Spectral function of density fluctuations in the Landau frame

300 | | | | | | | | |
Landay ——
250 -
200 -
Rayleigh peak
150 peak Brillouin peak

100

50

0
-0.1 -0.08-0.06-0.04-0.02 0 0.02 0.04 0.06 0.08 0.1

 [1/fm]

Eqg. of State of ideal
Massless particles

€0 — 3PO — 3’noTO

k= 0.1 [1/fm]
po = 0 [MeV]

To = 200 [MeV]

n/s = 0.2

Wiifm;  ¢/s=10.2

kTg/s = 0.4

Relativistic effects appear only in the peak height and width of the Brillouin

peaks.



Particle frame; Tsumura-Kunihiro-Ohnishi equation

o00 I | | | T

I I TH: I I
450 - Minimgl ---—---—- 7
' 400 | .
S 350 F -
EL 300 | -
~ 250 | .
= 200 } i .
2 150 - ] .
« 100 | i lr i i
Y | .'| |I|
50 F -"ill 1, / l':'l -
0 44_-;:5If I N | =2 | S =]
-0.1 0.08-0.06-0.04-002 0 0.02 0.04 0.06 0.08 0.1
o [1/£m]
Sun(k,w) (] 2xk?
((dn(k,t =0))2) v /) w? + x 2k
N 1 [ Mgk? N gk
1 [ . TEKOQ 1’.1[-"{.‘-:: . -
I'B=5|x(v—1)+y " ——(kTo+3C)
< | npcp

— 4
KO = (C“ N Eﬁ) Jup.



Spectral function from I-S eq.

~10 ~ ot
For 7x > — ) on(k,t) ~ e [_ B
" wo o (Brwg — 1)k1y
((dn(k,t =0))2) w? +x2k*t vy | (w— esk)? + T3k
I'gk? 9 2/BoC
: , Ok —
Tt k)T r,gk-'] O x Lﬁ - 1/(BoC)?
N 1/3am 2wy [ [(Frwg — 1)xT] }
w?+1/(282n)* W+ T.L'E';l,-"l[{.fi] wy — 1)kT;)?

cf. [Eckart equation;

L

No contribution in the long-wave length limit k—0.

Conversely speaking, the first-order hydro. equations have no problem to
describe the hydrodynamic modes with long wave length, as it should.



Compatibility with the underlying
Kinetic equations?

Eckart constraints are not compatible with the Boltzmann
equation, as proved

In K.Tsumura, T.K. and K.Ohnishi;PLB646 ('06), 134.



Proof that the Eckart equation constraints can not be compatible with the Boltzmann eq.

Preliminaries:

_ 1 0
‘ Collision operator l Lyy =17 LA, [ Apqg = a ﬁc[ﬂp
P q

L has 5 zero modes:
Lpg =0

J=rfea

) Pt a=u,
(JOOPI

m oa=4
The dissipative part; | _[4-1 5] = o3 @
pative p [ATQF] 2t @p

. -1 oy pea-1 ol
with op = —|LQ fH F-p
@ due to the Q operator.
P

(g .o)=0fora=0,1, 2, 3, 4

h 1
T o) ) =) E(p-ap)fﬁqs&p%

p



ATre = — 3, P [T QF] (0, 9) = 2, 57 (P as) 320 ¥y

The orthogonality condition due to the projection operator exactly corresponds to the
constraints for the dissipative part of the energy-momentum tensor and the particle
current!

(A) ab = v, l.e., Landau frame,

(g8.0)=0| =D Y Z(pufagme, =0  PU=P,

2R

Matching condition!
{ (1% daJ =0 = Uy Uy dJH = l:L_ ﬂ'i-[ﬁ' Uy aJHY = [L_

w, 8J*1 =0,

(B) al; = =u".j.e., the Eckart frame, > (p-a,) = const.,

pu
1 a
(¢, 0)=0| =—> Y gmftep b =10

/ pe pﬂ

]
a=01223 |§f1=0 = u,dJ 1. uy,u, 8T =0,
o = 4 5J5 =0 ‘ m2 — FEckart's constraints : 2. u, SN* =0,
JE =
3. A, 6N* =0,

(C) there exists no at meeting the Eckart’s constro....., ., - .. o

Constraints 2, 3 =——=> (p- a,) = const., @ Contradiction!
Constraintl ©=——> (p-a,)=const. x (p-u)*



Israel-Stewart equations from
Kinetic equation on the basis of
the RG method

K. Tsumura and T.K., arXiv:0906.0079[hep-ph]



Geometrical image of reduction
of dynamics

X
== =F(X)
l dim X =n
S(t
—=G(s) ( ) Invariany and attractive manifold
{x\x X(s)}
o M dimM=m<n

eq. dims=m

X = f(r,p) ; distribution function in the phase space (infinite dimensions)

s={u”,T,n}; the hydrodinamic quantities (5 dimensions), conserved quantities.



f;ﬂﬁ'.r-. o, Jil}—fm o s 7o +?]'fpml_ , O35 To)
zero mode pseudo zero mode

fym‘,[g; o) = {Eﬁ}':" exp [#{H: rﬂ%‘?,i#]-:;(g; rnj'] _ f;q{ﬂ! o)

Five integral ConSt’:S;;;; o)y plo; o), u,(o: ) (u“{c.r; To) U, (0 Tg) = 1)

Eqg. governing the pseudo zero mode
f“” Z 5 fq’“[f]p

f,;.ﬂ]" = Z qu f;ﬂ];
f=fea :

Lin. Operator; L, =, A,

Poa=p, L
zero mode 8 = { <> caollision invariants

m o =4

pseudo zero mode sol. (fcq—l fiﬂ“){r} _ olT-Ta)L (fcq-: f-:ull){r[]}

Init. value [frql m“] (o, o:7o) =€lo; o)+ p'eulosma) + P P ep(o: To) = dplo; m

Constraints; Eur = €pp | and | €, = 0).

a r Orthogonality condition with the
(¢vo.¢)=0for e=0,1,2,3,4 zero modes




Thus,
i) = 8 (1 +7 [ “re)l cﬁ]p)

with the initial cond.;  £1(ro) = 7% (14 )

Def. 1
Fo=-—

j-" v f-l:'l:]

o

P ag
1

Kot —To)=—
P{ 0, p-

Gp

Projection to the pseudo zero modes;

[F] 1.*"L=¢'p'iﬁf‘.~ ﬁ’}X{Eﬁ': @), h=0Qo—- D



Up to 1st order; ) | ) ) r
f['-'{r_‘_l =(t—T0) Fo F + (E"-T'T”:"1 — 1}.4'1 PF—-AYO)ZF+4y ( / ds Po K (s — 7o)

- -

+ / dsel™* M P K (s —79) + [ dsel™*1 Q) K(s —mp) —el™ ™ 471 Q) K(0)

=ro o

Initial condition;  f'(ra) = -AT Q1 F 4+ ( — AT Q, I{{{}}) =47 Q: (F +nK(0))
(Invariant manifold)

RG/E equation

i(_f‘-:ﬂ:-(,—; refOm) +0E)| =0

dry
g

Slow dynamics (Hydro dynamics)

Z;%Fﬁnﬁ’” Oy [ﬂ”(]ﬂ“wn]} = 0

P

1 §
Z F tp P Oy

o

f;*“(1+rmp)] = (¢, Lo)

Include relaxation equations



Explicitly; J* — fut 4 NH
™" = éu'u” —pA" +4" QY +u” Q" + 7t
i o= J u° n = Il[][l-|—A:I+IE+]B+IN-D—IH]E:
e i 1 2
NH = J A% NE = EIELC“-FEI?.] FE,
f = Jw(l+A)+TwB+ 1D -1 E,
E = T,u® HE'__ : z[i[ +A)+ T B+ Iy 11 £,
p = —=(Ia(14+A)+IsB+1h32D-12F),
P o= _1:}.3]—&&&35? P 3 ( 21 )+ 1Ia 11 12 )
1 2
QF = T, u* A QF = EI:::LC“-FEI-:]F“: @
™ = T Acbpy Y = l—il Iy GMY,
Specifically 7 Integrals given in terms
’ of the distribution function
. | ‘ 2
e — fj’lilm IT. New! fu(®) = _ E—JT?T,EEEP sin” # _ |
cos“f —m*-Z. sin“# 4+ mZ, sinf cosf
in = fn(0)IL n(0) = 3m Z, sinf cos#

For the velocity field,

(p-u) cosf + m sind
p-u

e

o
ﬂp_

cos?f —m2 Z, sin°# +mZ, sinf cosp

-Landau, € = 7 /2 ;Eckart



The viscocities (. A,  are frame-independent, in accordance with
Lin. Res. Theory.

However, the relaxation times and legths are frame-dependent.

The form is totally different from the previous ones like I-S’s,

: " utu =0

And contains many additional terms. ut Ty

;= |@a’] . “=77  contains a zero mode of the linearized

=0 collision operator. p“p, = m’

” 1
Conformal non-inv.
gives the ambiguity.



Energy frame]
M = —(Vu, — 7y DI — £y VO,

_ém{ﬁn?uuﬂ QTB ({;T ﬂ)}ﬂ

1 (0) o i T g, b a
Qfm{nmv]n ) Do +Fmab(w.ﬁ)&c J,

1
— E e { — Rlxr ﬂiﬂb:d vcud} Taby
JE = Ah2 vﬂ% — g VA — 75 AP DJ, — £ AP g,

1 0 1 Ah2 fon
_ ¥ l?'w—— L Dut AR g (L Aty L
2 m{ Tt e r’(.:u;.—ﬂ )

1 Ah—2 T
- Ana | (0) b J bY | g (1) A pabe 9, ua
37 {_«. kG Ty + = ab(}.h - )] 2kt AFbe gy, — 20 }Jﬂ
i AR2 §
ot ucab [DJ s (1 Ir = edef ab
5 L {& ( v.E - o Buc) T acad(m_z.ﬁ )aef }m
T = I AP up — g APV Ty — T AP Dy

- % a1l { — Rgll ﬂpuﬂh vaub} 11

- % - {ﬂ“"’*’“ (k1 Vol — kL D) + ?T AR, 8, (E Al ,f_\.;“} T,

T wd n T
1
— 5 {ﬂ.ﬂ”““

H',:Tﬁ}'?” o H:: E(;—}u‘:)

o 4H7[rlj Apvee ‘ﬁedub ‘ﬁ.:dfg ?J"Hg __ 4 Apvee &Edabwcd} Tab

where wt¥ = (VHu¥ — V¥u#) /2 1s the vorticity.



Frame dependence of the relaxation times

L

ﬂ'?'

p-u

1

1 1
| z=0.5 mu=0.0

1.20

Calculated for relativistic ideal gas with

T ; frame independent

160
-:"-'.: 1.55
- 150
|‘_;1-l1-5
1.40
Ly
E 135
130

(:;}J -u) cosf 4+ m rainﬁ') Tis

I I
z=0.5_mu=0.0

0

T

15 30 435
0
/T =05, u/T = 0.0



Summary

 The (dynamical) RG method Is applied to
derive generic second-order hydrodynamic
equations, giving new constraints in the
particle frame, consistent with a general
phenomenological derivation.

 There are so many terms in the relaxation
terms which are absent in the previous works,
especially due to the conformal non-invariance,
which gives rise to an ambiguity in the
separation in the first order and the second
order terms (matching condition)
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