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Hubbard Model and Mott Insulators
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Photoexcitation and Nonequilibrium Process

Figure: Source: T. Oka and H. Aoki, Butsuri 67 (4), 234 (2012).
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Around Femtoseconds

metallic state bound state: exciton
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Extended Hubbard Model

by a function K! ! 1=4 " 0:061
!!!!!!!!!!!!!!!!!!!!!!!!
#Ut !U$=t

p
near the

tricritical point [see inset of Fig. 4(a)]. It implies that the
transition is of the Kosterlitz-Thouless type. Let us now
consider a point at which the BOW phase shrinks to 0,
which is called a ‘‘critical end point’’. The BOW state is
still stable around the tricritical point and therefore the
critical end point (Uc, Vc) would exist for Uc > Ut. For a
fixed U (>Ut), the BOW order parameter has a maximum
around the BOW-CDW boundary. To find the critical end
point, we plot hBi on the BOW-CDW boundary as a
function of U=t in Fig. 4(b). hBi decreases with increasing
U=t and reaches to 0 at #Uc; Vc$ " #9:25t; 4:76t$. For U %
Uc, the transition is always first-order SDW-CDW one.

In Fig. 5 we sum up our results as the ground-state phase
diagram. One can see good agreement with the weak-
coupling renormalization group (RG) results [11] as well
as the strong-coupling perturbation results [9]. The BOW
phase has a maximum width at U& 4t, which is concerned
with the fact that the effective nearest-neighbor exchange
interaction is the largest at the intermediate couplings of U
in the half-filled Hubbard model [25]. It is so because the
large exchange interaction promotes the formation of spin-
singlet pair if the charge fluctuation is introduced by V.
Accordingly, we confirm that the magnitude of the spin gap
is maximized around U & 4t in the BOW phase.

In summary, we study the ground-state phase diagram of
the 1D half-filled EHM using DMRG method. We calcu-
late several quantities with considerable accuracy to deter-
mine the SDW-BOW and BOW-CDW boundaries. As for
the phase boundaries, our data agree quantitatively with the
RG results in the weak-coupling regime (U & 2t), with the

perturbation results in the strong-coupling regime (U *
6t), and with the QMC results in the intermediate-coupling
regime. We also find that the BOW-CDW transition
changes from continuous to first order at the tricritical
point #Ut; Vt$ " #5:89t; 3:10t$ and it locates far from the
critical end point #Uc; Vc$ " #9:25t; 4:76t$. Since the pre-
vious DMRG results could be insufficient in accuracy, our
results are not in agreement with them. We thus believe
that our DMRG results bring a sound conclusion and put an
end to the controversy on the phase diagram of the 1D half-
filled EHM.

We would like to thank R. M. Noack, E. Jeckelmann, F.
Gebhard, S. Glocke, and J. Sirker for useful discussions.
We are grateful to M. Tsuchiizu for his RG results and
helpful discussions.
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FIG. 5 (color online). DMRG phase diagram of the 1D half-
filled EHM. The BOW phase exists between the SDW and CDW
phases.
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Figure: Phase diagram of the 1D

half-filled EHM. Source: S. Ejima and S.

Nishimoto, Phys. Rev. Lett. 99, 216403 (2007).
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First order phase transition in equilibrium
happens around U ≈ 2V between
spin-density-wave (SDW) and
charge-density-wave (CDW), driven by
the competition between energy cost for
doublon generation and energy reward
due to the attraction between
doublon-holon pairs.
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Laser Added

In the 1D extended Hubbard model with laser pulse applied, the external field is
incorporated by means of the Peierls substitution:

c
†
i,σci+1,σ + H.c. → e

iA(t)
c
†
i,σci+1,σ + H.c.

A(t) = A0e
−(t−t0)

2/2t2d cos [ωpump (t − t0)] ,
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An illustration of the vector potential
A(t) with parameters as:

A0 = 0.10, ωpump = 4,

t0 = 12.5, td = 5
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Charge-Charge Correlations (14 sites)
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CDW Order Parameter (10 sites)
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CDW order parameters of
eigenstates

Observations
With increase of V , the states
with prominent CDW order
move to lower energy regime.
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CDW Order Parameter (10 sites)
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Parameter Sweeping (10 sites)
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(I) CDW order vs. A0 & ωpump

at V = 1.0, 3.0, 4.5 and 5.5.
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(II) Optical spectra, obtained from
the imaginary part of the
dynamical current-current
correlation functions.
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