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Analytic approach to relativistic hydrodynamics 

Hydrodynamics—a universal tool for long-distance phenomena 

 

 

 

A set of nonlinear differential equations of many variables,  
need heavy numerics to solve.   

 Difficult to analytically solve Navier-Stokes (first-order) equation  
   (cf. Millennium prize problem) 
    

Second-order hydro…hopeless? Conformal symmetry helps a lot. 

With sufficient symmetry, one can find analytic solutions of  
ideal hydrodynamics (e.g., Hubble flow, Bjorken flow,…) 
     



Energy momentum tensor 

Hydrodynamic equation 

 projection operator 

flow velocity 

energy density 
bulk pressure 

shear-stress tensor 
(vanishes in ideal hydro) 

 pressure 



Shear-stress tensor in second-order hydro  

Denicol, Niemi, Molnar, Rischke (2012) 

vorticity tensor 

 shear tensor 

Navier-Stokes 
 Israel-Stewart 



Conformal hydrodynamics 

• The equation of state is simple  

• Some transport coefficients are related 

 

• Utilize the Weyl transformation.                                    
A complicated flow in Minkowski space may 
look simpler in a different coordinate system. 

 

Baier,Romatschke,Son, Starinets, Stephanov (2008) 
Bhattacharyya, Hubeny, Minwalla, Rangamani (2008) 



Solutions of ideal hydrodynamics 



Bjorken flow 

proper time                                              rapidity 

QGP created in heavy-ion collisions is approximately boost-invariant. 

Comoving solution 



Gubser flow 
Gubser (2010) 

3D de Sitter space 

Minkowski space conformally equivalent to   dS3 £R

Boost-invariant, cylindrically symmetric solution 



Hubble flow in Milne universe 

Milne universe 

3D proper time and rapidity  

¿r =
p
t2 ¡ r2



Conformal soliton flow 
Friess, Gubser, Michalogiorgakis, Pufu (2007) 
                                                           

Einstein static universe 



Alternative look 

3D anti-de Sitter space 

Hydrostatic fluid in AdS  conformal soliton flow 

YH, Noronha, Xiao (2014) 



Solutions of second-order hydro 
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Most general 2nd order equation with conformal symmetry 

First consider spherical solutions 

¾¹º = 0



2nd-order Hubble flow  
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2nd-order conformal soliton flow 
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Obtained via  AdS3 £S1

Obtained via Einstein static universe  





2nd-order Bjorken flow 
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Not spherical….more complicated! 
 
The most general second-order equation 
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Exact solutions 

Explicitly depends on six transport coefficients! 
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Rotating second-order solutions 



Rotating Hubble flow 
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ideal rotating solution 

 new term from vorticity 
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Elliptic flow in heavy-ion collisions 

More particles here 

Less particles here 

dN

dÁ
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Zhukovsky transform 

A conformal map in 2D between a circle and an ellipse. 

ẑ = z +
a2

z
  An approximate elliptic solution of 
       the Navier-Stokes from Gubser flow.  YH, Xiao (2014) 



Momentum anisotropy of the flow 
 YH, Xiao (2014) 

 viscosity effect 
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