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Rotation about the symmetry axis

Z Equator part is expanded due to 
the centrifugal force 
→Moment of inertia increases

Example: The earth

Rotation about symmetry axis is 
quantum-mechanically forbidden 



Z

Spin alignments

By spin alignments which break the time-reversal 
symmetry, quantum objects can have angular momentum 

about the symmetry axis
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Physical phenomena in high-spin states

Return of Collective Rotation in 157Er and 158Er at Ultrahigh Spin
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A new frontier of discrete-line !-ray spectroscopy at ultrahigh spin has been opened in the rare-earth
nuclei 157;158Er. Four rotational structures, displaying high moments of inertia, have been identified, which
extend up to spin !65@ and bypass the band-terminating states in these nuclei which occur at !45@.
Cranked Nilsson-Strutinsky calculations suggest that these structures arise from well-deformed triaxial
configurations that lie in a valley of favored shell energy which also includes the triaxial strongly
deformed bands in 161–167Lu.
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The response of atomic nuclei to increasing angular-
momentum values, or rotational stress, continues to be a
fundamental and fascinating field of scientific study.
Indeed, the quest to observe ever increasing high-spin
states in nuclei has driven the field of !-ray nuclear spec-
troscopy for many decades. In the rare-earth region of the
nuclear landscape, nuclei can accommodate the highest
values of angular momentum and have provided a wealth
of new nuclear-structure phenomena. Some central topics
include the spectroscopy of (i) superdeformed (SD) nuclei
around 152Dy [1], (ii) triaxial strongly deformed (TSD)
bands and the associated ‘‘wobbling’’ motion in nuclei
around 163Lu [2], (iii) highly deformed structures in A!
174 Hf nuclei [3,4], and (iv) band termination in N ! 90
nuclei [5–9].

In this Letter, the identification of very weakly popu-
lated rotational bands in the N ! 90 nuclei 157;158Er, with
high moments of inertia, is reported. These structures
bypass the terminating configurations, marking a return
to collectivity that extends discrete !-ray spectroscopy to
well over 60@ in these nuclei. State-of-the-art cranking
calculations suggest that these structures may represent
triaxial strongly deformed bands that lie in a valley of
favored shell energy in deformation and particle-number
space.

The 157;158Er isotopes have featured prominently as the
spectroscopy of nuclei at extreme spin has progressed. A
schematic diagram of the structural evolution with spin in
the nucleus 158Er is shown in Fig. 1, where the interplay of
numerous coexisting structures near the yrast line is illus-
trated. 158Er was one of the initial nuclei in which Coriolis-
induced pair breaking (backbending) was discovered [10]
and the first nucleus in which the second alignment was
observed [11]. In Fig. 1, the first alignment of two i13=2

neutrons at spin !14@ is indicated, together with the

second alignment of two h11=2 protons at spin !28@. At
spin 38@, a dramatic change of structure occurs along the
yrast line when less-collective band structures become
energetically favored [6,12]. These bands reach high spin
by aligning their valence single-particle angular momenta,
outside the 146

64 Gd82 doubly magic core, causing the shape
of the nucleus to become oblate. The bands then terminate
at the maximum value of spin available to the valence
particles. In 158Er, band termination occurs at spin

 

FIG. 1 (color online). Evolution of the nuclear structure of
158Er with spin. Excitation energies of a variety of observed
structures are plotted with respect to a rigid-rotor reference in
order to emphasize the changes that occur along and close to the
yrast line. The strongest new high moment-of-inertia band is
included, but its exact excitation energy is not known. The inset
illustrates the changing shape of 158Er with increasing spin
within the standard "";!# deformation plane.
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Torus isomer is 
an extreme limit 

of oblate 
deformations



Objective 

A drastic example: 
If many nucleons break 
the time-reversal symmetry  
rotating about the symmetry axis 
  → torus configuration


Search for stable torus isomers in high-spin states from 28Si to 56Ni 
using the cranked Hartree-Fock (HF) method


How is their excited states? 
 → Precession motion 
 → Describe the precession motion using the time-dependent Hartree-
Fock (TDHF) method 
 



Search for torus isomer state in 40Ca
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Skyrme interactions：SLy6, SkI3, SkI4 
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FIG. 1. (color online) Total density for (a) the initial condition
of the HF iterations and (b) the calculated result with !ω = 1.5
MeV at the 15000 HF iterations. The density is integrated in the
z direction. The contours correspond to multiple steps of 0.05
fm−2. The color is normalized by the largest density in each plot.

Hamiltonian, Ĥ′, given by Ĥ′ = Ĥ − ωĴz, where Ĵz de-
notes the operator for the sum of the z components of the
total angular-momentum for each single particle, ĵz, given
by Ĵz =

∑
i

ˆj(i)z . In the HF approximation, Ĥ′ is rewritten
as Ĥ′ =

∑
i{ĥi − ω ˆj(i)z }, where ĥi denotes the Hamiltonian

for each single particle. The eigenvalue of H′ is given by〈
Ĥ′
〉
=
∑

i{(ei − λ) − !ωΩi}, where λ denotes the Fermi
energy at ω = 0 and ei and Ωi denote the energy and the z
component of the total angular momentum in the unit of !
for each single particle, respectively. In the present study,
we search for the stable state using the equivalent cranked
Skyrme HF equation, δ

〈
Ĥ − ωĴz

〉
= 0 [14, 15], by scan-

ning a large range of ω.
Before the HF calculations, we here discuss the shell

structure of the torus configuration using the radial dis-
placed harmonic oscillator (RDHO) model [9]. For the
torus configuration, not only Ω but also the z component of
the orbital angular momentum, Λ, are good quantum num-
bers (Ω = Λ + Σ, where Σ denotes the z component of the
spin values, ±1/2). Two nucleons in each Λ energetically
degenerate with the different spin values. At !ω = 0, the
lowest configuration for 40Ca is Λ = 0, ±1, ±2, ±3, and ±4
and the residual two nucleons can occupy any two states
with Λ = ±5. At !ω ! 0, the possible spin aligned config-
urations are (i) Λ = 0, ±1, ±2, ±3, ±4 and +5 for the total
angular momentum J = 20 ! [= 5 ! × 2 (spin degeneracy)
× 2 (isospin degeneracy)], (ii) Λ = 0, ±1, ±2, ±3, +4, +5
and +6 for J = 60 ! [= 15 ! × 2 × 2], and (iii) Λ = 0, ±1,
±2, +3, +4, +5, +6 and +7 for J = 100 ! [= 25 ! × 2 × 2].

In the self-consistent calculations, the single-particle
wave functions are described on a Cartesian grid with a grid
spacing of 1.0 fm. We take 32 × 32 × 24 grid points for the
x, y, and z directions, respectively. This was sufficiently ac-
curate to provide converged configurations. The damped-
gradient iteration method [16] is used, and all derivatives
are calculated using the Fourier transform method. We take
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FIG. 2. Convergence behavior of the expectation value of Jz in
the HF calculations versus the number of iterations. The dashed,
dash-dotted, solid, and dotted lines denote the calculated results
with !ω = 0.5, 1.0, 1.5, and 2.0 MeV, respectively.

three different Skyrme forces which all perform well con-
cerning nuclear bulk properties but differ in details: SLy6
as a recent fit which includes information on isotopic trends
and neutron matter [17], and SkI3 and SkI4 as recent fits es-
pecially for the relativistic isovector structure of the spin-
orbit force [18]. However, except for the effective mass,
the bulk parameters (equilibrium energy and density, in-
compressibility, and symmetry energy) are comparable in
the all interactions.

For the initial wave functions, we chose the ring configu-
ration with 10 α particles placed on the x-y plane, as shown
in Fig. 1(a). Each α particle is described by the Gaussian
function with its center placed on z = 0. Using this ini-
tial condition, we perform the HF iterations with 15000
times and investigate the convergence of the calculated re-
sults. Figure 2 shows the convergence behaviors of

〈
Ĵz
〉

versus the number of the HF iterations with various ω’s
using the SLy6 interaction. We can see that the result cal-
culated with !ω = 1.5 MeV converges rapidly to Jz = 60 !.
Figure 1(b) shows the density obtained with !ω = 1.5 MeV
at the 15000th iteration step. The calculated result is in-
deed the torus configuration. The obtained density distribu-
tion, ρ(r, z), can be well fitted by ρ(r, z) = ρ0e−{(r−r0)2+z2}/σ2 ,
where ρ0 = 0.13 fm−3, r0 = 6.07 fm, and σ = 1.61 fm for
the SLy6 interaction.

On the other hand, the calculated results with !ω = 0.5
and 1.0 MeV lead to unstable states. That for !ω = 2.0
MeV leads to the fission. Although it seems that

〈
Ĵz
〉
’s

with !ω = 0.5 and 1.0 MeV converge at the 15000th step,
those are in fact unstable. In Fig. 2, we can see that these
states first converge to a quasi-stable state. After that, the
instability of those states increases. In those quasi-stable

Spatial grid points
32 × 32 × 24 points
interval: 1 fm

Search for a stable state by varying various ω

→Energy variation in the rotating frame

Energy Density Functional 

ω: rotating frequency of 
the body-fixed frame



Density distribution of a stable solution
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Convergence of K (Jz)
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Alignments of orbital angular momentum
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Systematics of torus isomers
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FIG. 1. Schematic picture for the precession motion of torus
isomers taken from Ref. [2]. The bold solid line denotes the symmetry
axis of the density distribution. The dashed line denotes the precession
axis. The symbols θ and φ denote the tilting and the rotational angles,
respectively.

the precession motion. To build the first excited state of the
precession motion, we provide an impulsive force such that
the total angular momentum becomes I = K + 1.

To solve the TDHF equation, we use the code SKY3D and
take the Taylor expansion of the time-development operator
up to the 12th order. The setups of spatial grid points
and interactions are the same as those of the cranked HF
calculations described above. We start to perform calculations
from the initial density distribution obtained by the cranked
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FIG. 2. (Color online) Density distributions on the z = 0 plane
of the obtained stable torus isomers. The contours correspond to
multiple steps of 0.015 fm−3. The color is normalized by the largest
density in each plot.

TABLE I. Stable torus isomers obtained in the cranked HF calcu-
lation with various Skyrme interactions. The excitation energy, Eex, is
measured from the ground state. The calculated density distributions
are fitted to the Gaussian function ρ(r,z) = ρ0e

−[(r−R0)2+z2]/d2
and

the resulting values of the parameters, ρ0, R0, and d , are listed.
The symbols, T rid

⊥ and T rid
∥ , denote the rigid-body moments of

inertia for the rotations about a perpendicular and the symmetry axes,
respectively.

System Jz Eex ρ0 R0 d T rid
⊥ T rid

∥
(!) (MeV) (fm−3) (fm) (fm) (!2/MeV) (!2/MeV)

(SLy6)
36Ar 36 123.89 0.137 5.12 1.62 14.3 26.4
40Ca 60 169.71 0.129 6.07 1.61 21.0 39.6
44Ti 44 151.57 0.137 6.30 1.61 24.6 46.5
48Cr 72 191.25 0.132 7.19 1.60 33.8 64.7
52Fe 52 183.70 0.138 7.47 1.60 39.1 75.1

(SkI3)
36Ar 36 125.15 0.146 5.01 1.58 13.7 25.3
40Ca 60 173.52 0.138 5.90 1.58 19.9 37.5
44Ti 44 153.02 0.146 6.17 1.58 23.6 44.6
48Cr 72 193.66 0.141 7.00 1.57 32.0 61.3
52Fe 52 183.70 0.147 7.31 1.57 37.5 71.9

(SkM∗)
36Ar 36 124.80 0.131 5.16 1.65 14.6 26.9
40Ca 60 167.84 0.122 6.17 1.64 21.8 41.0
44Ti 44 152.20 0.131 6.36 1.64 25.1 47.5
48Cr 72 192.40 0.125 7.30 1.63 34.9 66.7
52Fe 52 187.08 0.132 7.55 1.63 40.0 76.7

HF calculations. The time step of the TDHF calculations is
0.2 fm/c. We calculate the time evolution until 3000 fm/c.
To excite the precession motion, we provide an impulsive
force at t = 0 by the external potential given by Vext(r,ϕ,z) =
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total angular momentum, %, for 36Ar. Solid and open circles denote
the single-particle energies of the positive- and negative-parity states,
respectively. To illustrate the degeneracy of positive- and negative-
parity states, some negative-parity states are shown by double open
circles.
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Macroscopic current of nucleons

J = 60 

12 nucleons rotate to the 
same direction about the 

symmetry axis

K

Macroscopic circulating current occurs in a torus isomer

40Ca



Nambu-Goldstone mode

How is the moment of inertia for rotation about the axis 
perpendicular to the symmetry axis when macroscopic 

currents occur?

J = 60 

?

T?
?

The symmetry of the density distribution is largely broken

Collective motion to restore 
the broken symmetry should 
appear (NG mode)

Collective rotation about an 
axis perpendicular to the 
symmetry axis 
→Precession motion



Precession motion

Torus isomer has very large angular 
momentum about the symmetry axis

If we give an impulsive force to the 
symmetry axis 
→ Rotation about an axis 
perpendicular to the symmetry axis


→ Precession motion starts

Z’ Z
☝

Describe the precession motion 
using time-dependent Hatree- 
Fock (TDHF) method

cf. a spinning top 
 in zero gravity



Schematic picture of precession motion
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Method

i~⇢̇ = [ĥ, ⇢]
Time-Dependent Hatree-Fock  (TDHF) equation

Initial configuration 
prepare by cranked HF
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ρ: density distribution
ĥ: Hatree-Fock Hamiltonian



Time evolution of density distribution



Calculated results
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Moment of inertia calculated by TDHF

Period 1 2 3 4 5 6 7

Tn (fm/c) 401.4 403.5 404.6 405.4 403.5 400.9 401.5

Tprec = 403.0 fm/c fluctuation is very small

!prec =
2⇡

Tprec
= 3.08 MeV/~ → Excitation energy of ΔI = 1

T TDHF
? =

I
!prec

= 19.8 ~2/MeV T rig
? = 21.1 ~2/MeV

The obtained moment of inertia is almost 
consistent with the ridged-body one



Pure collective motion

The random phase approximation (RPA) calculation for 
the precession motion (a simple model analysis)


RPA method can check whether the precession 
motion is the pure collective motion described by the 
coherent superposition of 1p-1h states or not

T rig
? = 21.1 ~2/MeVT TDHF

? = 19.8 ~2/MeV

T RPA
? = 19.6 ~2/MeV

Surprisingly, the moment of inertia for an axis perpendicular 
to the symmetry axis is consistent with the classical one, 
although a torus isomer is pure quantum object!



Summary
We find a stable state with the exotic torus configuration in high-
spin isomer of 40Ca


To build the torus state with K = 60 ℏ, the 12 nucleons for Λ = 4, 
5, and 6 are aligned with the symmetry axis for both proton and 
neutron

We also describe the precession motion of a torus isomer using 
the TDHF method

By comparing to the RPA calculation, we found that the 
precession motion obtained by the TDHF calculation 
correspond to the excited mode generated by coherent 
superposition of many 1p-1h excitations

PRL 109, 232503 (2012); PRC 89, 011305(R) (2014); PRC 90, 034314 (2014)


