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Introduction
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U-duality
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 Relates various objects in string/M-theory

T:  Dp ↔ D(p±1),  F1 ↔ P,  NS5 ↔ KKM,  …

S:  F1 ↔ D1,  NS5 ↔ D5,  …

 Enhances in lower dims.

 M-theory on Tk:   Ek(k)(Z)

k D G(Z)

1 10 1

2 9 SL(2,Z) x Z2

3 8 SL(3,Z) x SL(2,Z)

4 7 O(5,5,Z)

5 6 SL(5,Z)

6 5 E6(6)(Z)

7 4 E7(7)(Z)

8 3 E8(8)(Z)

[Hull+Townsend]



Codimension-2 objects (1)
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 U-duality on codim-2 objects produces exotic states

Known codim-2 
object Exotic states

U-duality
Known 10D/11D 

object wrapped on 
internal torus

10D/11D origin 
unknown!

[9707217 Elitzur+Giveon+Kutasov+Rabinovici]
[9809039 Obers+Pioline]

~ 𝑔𝑔𝑠𝑠−3,𝑔𝑔𝑠𝑠−4
 They can have mass



Codimension-2 objects (2)
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 Example:  Type II on T2

1 2 3 4 5 6 7 8 9

NS5 ∙ ∙ O O O O O ~ ~

T2

T-duality along x8, x9

We will see that 
this is a “T-fold”.

52
2



Supertube effect
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 Codim-2 object problematic
 Log divergences

 Are they relevant?  Why care?
 Supertube effect = spontaneous polarization

𝑉𝑉~
1

𝑟𝑟𝑑𝑑−2  

𝑉𝑉~ log �
𝜇𝜇
𝑟𝑟
� 

d=2

D0F1(1)
d2(1ψ): dipole charge

𝜓𝜓 

puffs up

[Mateos+Townsend]

𝑥𝑥1 𝑥𝑥1 



Relevance of exotic branes
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 Non-exotic branes can puff up to
produce exotic dipole charges

 No log divergence
 Exotic branes are relevant to non-exotic physics!

 Black holes:  bound states of branes
 Microstate (non-)geometries?



Outline
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 Introduction

 Exotic states & their higher-D origin

 Sugra description

 Supertube effect

 Conclusion



Exotic states and
their higher-D origin
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Exotic states in 3D (1)
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 M on T8 or Type II on T7

 3D N=16 sugra

 128 scalars (in 3D, scalar = vector)

 U-duality group E8(8)(Z):  generated by T- and S-dualities

 Particle multiplet: 

 Start from a point-like object

e.g.  D7(3456789) wrapped on T7

Take T- and S-dualities to get other states



Exotic states in 3D (2)
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 Particle multiplet:

 Notation for exotic states

𝑏𝑏𝑛𝑛𝑐𝑐  𝑏𝑏𝑛𝑛
(𝑑𝑑 ,𝑐𝑐)

 

[9707217 Elitzur+Giveon+Kutasov+Rabinovici]
[9809039 Obers+Pioline]

: 𝑀𝑀 =
𝑅𝑅𝑏𝑏(𝑅𝑅𝑐𝑐)2

𝑔𝑔𝑠𝑠𝑛𝑛
 : 𝑀𝑀 =

𝑅𝑅𝑏𝑏(𝑅𝑅𝑐𝑐)2�𝑅𝑅𝑑𝑑�3

𝑔𝑔𝑠𝑠𝑛𝑛
 

𝑀𝑀 =
𝑅𝑅3 ⋯𝑅𝑅7 (𝑅𝑅8𝑅𝑅9)2

𝑔𝑔𝑠𝑠2𝑙𝑙𝑠𝑠8
 52

2(34567,89) ∶ Example:

240 
states



: 52
2

 

: 52
1 = KKM 

Duality rules
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 Duality rules can be read off from:

 Example:

𝑇𝑇𝑦𝑦 :    𝑅𝑅𝑦𝑦 →
𝑙𝑙22

𝑅𝑅𝑦𝑦
,   𝑔𝑔𝑠𝑠 →

𝑙𝑙𝑠𝑠
𝑅𝑅𝑦𝑦

𝑔𝑔𝑠𝑠  𝑆𝑆:    𝑔𝑔𝑠𝑠 →
1
𝑔𝑔𝑠𝑠

,   𝑙𝑙𝑠𝑠 → 𝑔𝑔𝑠𝑠
1/2𝑙𝑙𝑠𝑠  

𝑀𝑀 =
𝑅𝑅3 ⋯𝑅𝑅7

𝑔𝑔𝑠𝑠2𝑙𝑙𝑠𝑠6
 →  

𝑅𝑅3 ⋯𝑅𝑅7

(𝑙𝑙𝑠𝑠/𝑅𝑅8)2𝑙𝑙𝑠𝑠6
=
𝑅𝑅3 ⋯𝑅𝑅7𝑅𝑅8

2

𝑔𝑔𝑠𝑠2𝑙𝑙𝑠𝑠8
 

 →  
𝑅𝑅3 ⋯𝑅𝑅7𝑅𝑅8

2

(𝑙𝑙𝑠𝑠/𝑅𝑅8)2𝑙𝑙𝑠𝑠8
=
𝑅𝑅3 ⋯𝑅𝑅7(𝑅𝑅8𝑅𝑅9)2

𝑔𝑔𝑠𝑠2𝑙𝑙𝑠𝑠10  

NS5(34567) →  KKM(34567,8) → 52
2(34567,89) 

T8 T9

T8

T9



Higher D origin

13

 240 states for 128 gauge fields??
 Higher D origin unclear

cf. D>3:  (#point particle states) = (#gauge fields)
Higher D origin: wrapped branes

 Claim:  higher D origin is
U-fold = non-geometric background



Higher D origin = U-folds (1)

14

E.g.  D7 on T7

 (magnetically) coupled to RR 0-form C0

 3D scalar ϕ = C0

 Monodromy:  ϕ ϕ +1 (part of SL(2,Z) symmetry of IIB)

ϕ

ϕ +1



Higher D origin = U-folds (2)
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 In 3D, charge = monodromy of scalar ϕ

 Shifting symmetry + S, T-dualities

 ϕ gets combined with other scalars to form moduli matrix

 Can consider a particle with general U-duality monodromy

Mq

M

𝑀𝑀 ∈ ℳ = 𝑆𝑆𝑆𝑆(16)\𝐸𝐸8(8)(ℝ)/𝐸𝐸8(8)(ℤ) 

𝐸𝐸8(8)(ℤ) 

𝑞𝑞 ∈ 𝐸𝐸8(8)(ℤ) ≡ 𝐺𝐺(ℤ) 

“Charge” of a 3D 
particle is U-duality 

monodromy around it!



Higher D origin = U-folds (3)
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 “Charge” of a 3D particle = U-duality monodromy around it

 No relation between #(gauge fields) = #scalars and #charges

 In 10D/11D, we have a non-geometric U-fold

M

Mq

3D

Exotic branes = U-folds

Start from a 
configuration…

…and come back 
to a U-dual version

10D/11D

codim-2 
hypersurface



How many “charges” are there? (1)
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1. Start from charge = monodromy                 , i.e.

2. Go to another U-dual frame by 
3. In the dual frame, charge and moduli are

4. Change moduli adiabatically back to
5. In the original frame, we have charge

𝑞𝑞 ∈ 𝐺𝐺(ℤ) 

𝑈𝑈 ∈ 𝐺𝐺(ℤ) 

𝑞𝑞� = 𝑈𝑈−1𝑞𝑞 𝑈𝑈  𝑀𝑀� = 𝑀𝑀𝑀𝑀  

𝑀𝑀 → 𝑀𝑀𝑀𝑀  

𝑀𝑀 

𝑞𝑞� = 𝑈𝑈−1𝑞𝑞 𝑈𝑈  

Starting from a charge     ,  can obtain other 
charges     by conjugation by U-duality matrix   

𝑞𝑞  

𝑞𝑞�  𝑈𝑈  

Caveats:



How many “charges” are there? (2)
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Example
 D7 has monodromy

 Conjugate by a general SL(2,Z) matrix

𝑇𝑇 = �1 1
0 1� ∈ 𝑆𝑆𝑆𝑆(2,ℤ) 

𝑈𝑈 = �
𝑠𝑠 𝑟𝑟
𝑞𝑞 𝑝𝑝� , 𝑝𝑝𝑠𝑠 − 𝑞𝑞𝑟𝑟 = 1, 𝑝𝑝, 𝑠𝑠, 𝑞𝑞, 𝑟𝑟 ∈ ℤ 

𝑇𝑇� = 𝑈𝑈−1𝑇𝑇𝑇𝑇 = �1 + 𝑝𝑝𝑝𝑝 𝑝𝑝2

−𝑞𝑞2 1 − 𝑝𝑝𝑞𝑞
� 

New charge:

:  monodromy of (p,q) 7-brane

Note:  there are only 2 parameters although U had 3



How many “charges” are there? (3)
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 Set of all charges obtained from given q: conjugacy orbit

 “Charges” live in discrete non-Abelian “lattice” 

 Meaningless to ask “how many” different charges there are

 Replace                         and compute dimension of 

conjugacy class in

 For 1/2 BPS objects, dimension = 58

 240 states are special points in this 58-dim space preserving  

rectangularity of internal torus

𝐺𝐺(ℤ) 

𝐺𝐺(ℤ) → 𝐺𝐺(ℝ) 

𝐺𝐺(ℝ) 



Sugra description
of exotic states

20



Sugra solution for 52
2 (1)
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𝑑𝑑𝑠𝑠2 = 𝑑𝑑𝑥𝑥056789
2 + 𝐻𝐻𝐻𝐻𝑥𝑥123

2 + 𝐻𝐻−1(𝑑𝑑𝑥𝑥4 + 𝜔𝜔)2 

𝑒𝑒2𝛷𝛷 = 1,   𝑑𝑑𝑑𝑑 =∗3 𝑑𝑑𝑑𝑑, 

𝐻𝐻 = 1 + �𝐻𝐻𝑝𝑝
𝑝𝑝

,    𝐻𝐻𝑝𝑝 =
𝑅𝑅4

2�𝑥⃗𝑥 − 𝑥⃗𝑥𝑝𝑝�
 

𝑥⃗𝑥𝑝𝑝 : positions of centers in ℝ123
3

 

𝐻𝐻(𝑟𝑟) = ℎ + 𝜎𝜎 log �
𝜇𝜇
𝑟𝑟
� 

KKM(56789,4):

compactify x3

T-dualize along x3

[Sen] [Blau+O’Loughlin]



Sugra solution for 52
2 (2)
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𝜎𝜎 =
𝑅𝑅3𝑅𝑅4

2𝜋𝜋𝛼𝛼′ 
 

52
2(56789,34) metric:

𝑑𝑑𝑠𝑠2 = 𝐻𝐻(𝑑𝑑𝑟𝑟2 + 𝑟𝑟2𝑑𝑑𝜃𝜃2) + 𝐻𝐻𝐾𝐾−1𝑑𝑑𝑥𝑥34
2 + 𝑑𝑑𝑥𝑥056789

2  

𝐵𝐵34
(2) = −𝐾𝐾−1𝜃𝜃𝜃𝜃,     𝑒𝑒2Φ = 𝐻𝐻𝐾𝐾−1,     𝐾𝐾 ≡ 𝐻𝐻2 + 𝜎𝜎2𝜃𝜃2 

 T-fold structure:
𝜃𝜃 = 0 ∶   𝐺𝐺33 = 𝐺𝐺44 = 𝐻𝐻−1, 

 𝜃𝜃 = 2𝜋𝜋 ∶   𝐺𝐺33 = 𝐺𝐺44 =
𝐻𝐻

𝐻𝐻2 + (2𝜋𝜋𝜎𝜎)2 

 x3-x4 torus size doesn’t come back to itself!

𝐻𝐻(𝑟𝑟) = ℎ + 𝜎𝜎 log �
𝜇𝜇
𝑟𝑟
� Cf. [Blau+O’Loughlin]: 63

1



T-fold structure of 52
2
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 Package 3-4 part of G, B:

T-duality monodromy around 52
2:

𝑀𝑀 = � 𝐺𝐺−1 𝐺𝐺−1𝐵𝐵
−𝐵𝐵𝐺𝐺−1 𝐺𝐺 − 𝐵𝐵𝐺𝐺−1𝐵𝐵

� 

Ω = � 1 0
2𝜋𝜋𝜋𝜋 1� :        𝑀𝑀(𝜃𝜃 = 0) → 𝑀𝑀(𝜃𝜃 = 2𝜋𝜋) 

T-duality acts as

𝑀𝑀 → 𝑀𝑀′ = 𝛺𝛺𝑡𝑡𝑀𝑀𝑀𝑀,        𝛺𝛺 ∈ 𝑆𝑆𝑆𝑆(2,2,ℝ) 

𝑀𝑀(𝜃𝜃 = 0) 

𝑀𝑀(𝜃𝜃 = 2𝜋𝜋) 

52
2



Comments
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 Can compute mass by putting it in flat space

 Not well-defined as stand-alone objects

 Log divergence

 Superpositions (cf. F-theory 7-branes)

Configs with higher codims. (next topic)

 Easy to get sugra metric for other exotic branes

 Questionable for states with M ~ gs
-3, gs

-4



Supertube effect and
exotic branes
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Dualizing supertube effect
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D1(1) + D5(12345) → KKM(2345𝜓𝜓, 1) 

D0 + F1(1) → D2(1𝜓𝜓) 

M2(12) + M2(34) → M5(1234𝜓𝜓) 

F1(1) + P(1) → F1(𝜓𝜓) 

Original supertube effect:

dualize

Various other known puff-ups:

FP sys

LM geom

black ring



Puff-ups involving exotic charges
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D4(6789) + D4(4589) → 52
2(4567𝜓𝜓, 89) 

D0 + F1(1) → D2(1𝜓𝜓) 

D3(589) + NS5(46789) → 53
2(4567𝜓𝜓, 89) 

NS5(46789) + KKM(46789,5) → 14
6(𝜓𝜓, 456789) 

Exotic puff-ups:

dualize

𝑔𝑔𝑠𝑠−𝑎𝑎 + 𝑔𝑔𝑠𝑠−𝑏𝑏 → 𝑔𝑔𝑠𝑠−𝑎𝑎−𝑏𝑏  

: part of 4D BH system



Sugra solution for D4+D4→52
2
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 Basic sugra supertube

 Exotic 2-charge solution

D0, F1 charges

d2 dipole charge

Dualize

D4 charges

52
2 dipole charge

T-duality 
monodromy



D4(6789)+D4(4589)→52
2 (4567ψ,89)

29

𝑓𝑓1 = 1 +
𝑄𝑄1

𝐿𝐿
�

𝑑𝑑𝑑𝑑
�𝑥⃗𝑥 − 𝐹⃗𝐹(𝑣𝑣)�

𝐿𝐿

0
,   𝑓𝑓2 = 1 +

𝑄𝑄1

𝐿𝐿
�

�𝐹̇⃗𝐹(𝑣𝑣)�
2

�𝑥⃗𝑥 − 𝐹⃗𝐹(𝑣𝑣)�
𝑑𝑑𝑑𝑑

𝐿𝐿

0
,   𝐴𝐴𝑖𝑖 = −

𝑄𝑄1

𝐿𝐿
�

𝐹̇𝐹𝑖𝑖(𝑣𝑣)
�𝑥⃗𝑥 − 𝐹⃗𝐹(𝑣𝑣)�

𝐿𝐿

0
 

𝑑𝑑𝛽𝛽𝐼𝐼 = ∗3 𝑑𝑑𝑓𝑓𝐼𝐼 , 𝑑𝑑𝑑𝑑 = ∗3 𝑑𝑑𝑑𝑑 

𝑑𝑑𝑠𝑠2 = −
1

�𝑓𝑓1𝑓𝑓2
(𝑑𝑑𝑑𝑑 − 𝐴𝐴)2 + �𝑓𝑓1𝑓𝑓5 𝑑𝑑𝑥𝑥123

2 + �
𝑓𝑓1

𝑓𝑓2
𝑑𝑑𝑥𝑥45

2 + �
𝑓𝑓2

𝑓𝑓1
𝑑𝑑𝑥𝑥67

2 +
�𝑓𝑓1𝑓𝑓2

𝑓𝑓1𝑓𝑓2 + 𝛾𝛾2  𝑑𝑑𝑥𝑥89
2 ,  

fi , A :  sourced along curve

𝛽𝛽𝐼𝐼 → 𝛽𝛽𝐼𝐼 − 2𝑄𝑄𝐼𝐼 ,      𝛾𝛾 → 𝛾𝛾 − 2𝑞𝑞, T-fold structure
just as before

 βi, γ have monodromy around curve

 Asymptotically flat 4D



D4(6789)+D4(4589)→52
2 (4567ψ,89)
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𝑒𝑒2Φ =
�𝑓𝑓1𝑓𝑓2

𝑓𝑓1𝑓𝑓2 + 𝛾𝛾2 ,      𝐵𝐵89
(2) =

𝛾𝛾
𝑓𝑓1𝑓𝑓2 + 𝛾𝛾2 ,      𝐶𝐶(3) = −𝛾𝛾𝛾𝛾 + 𝜎𝜎 

𝜌𝜌 = (𝑓𝑓2
−1 + 𝑑𝑑𝑑𝑑 − 𝐴𝐴) ∧ 𝑑𝑑𝑥𝑥4 ∧ 𝑑𝑑𝑥𝑥5 + (𝑓𝑓1

−1 + 𝑑𝑑𝑑𝑑 − 𝐴𝐴) ∧ 𝑑𝑑𝑥𝑥6 ∧ 𝑑𝑑𝑥𝑥7 

𝜎𝜎 = (𝛽𝛽1 − 𝛾𝛾𝛾𝛾𝛾𝛾) ∧ 𝑑𝑑𝑥𝑥4 ∧ 𝑑𝑑𝑥𝑥5 + (𝛽𝛽2 − 𝛾𝛾𝛾𝛾𝛾𝛾) ∧ 𝑑𝑑𝑥𝑥6 ∧ 𝑑𝑑𝑥𝑥7 

Other fields:



Circular D4+D4→52
2

31

𝑑𝑑𝑥𝑥123
2 =

𝑅𝑅2

(cos𝜙𝜙 − 𝑦𝑦)2 �
𝑑𝑑𝑦𝑦2

𝑦𝑦2 − 1
+ (𝑦𝑦2 − 1)𝑑𝑑𝜓𝜓2 + 𝑑𝑑𝜙𝜙2� 

𝑓𝑓𝐼𝐼 = 1 +
𝑄𝑄𝐼𝐼
𝑅𝑅
�
𝑐𝑐𝑜𝑜𝑜𝑜 𝜙𝜙 − 𝑦𝑦
−2𝑦𝑦  𝐹𝐹 �

1
4 ,

3
4 ; 1; 𝑧𝑧2� ,   𝐴𝐴𝜓𝜓 = −

𝑞𝑞𝑞𝑞
2

𝑦𝑦2 − 1
(𝑐𝑐𝑐𝑐𝑐𝑐 𝜙𝜙 − 𝑦𝑦)1/2(−2𝑦𝑦)3/2  𝐹𝐹 �

3
4 ,

5
4 ; 2; 𝑧𝑧2� 

𝛾𝛾 = −
𝑞𝑞�1 − 𝑦𝑦

4√2(−𝑦𝑦)3/2
�(1 + 𝑦𝑦)𝐅𝐅 �

𝜙𝜙
2
�

2
1 − 𝑦𝑦

� 𝐹𝐹 �
3
4

,
5
4

; 2; 𝑧𝑧2�

+ 𝑢𝑢𝐄𝐄 �
𝜙𝜙
2
�

2
1 − 𝑦𝑦

� �3𝐹𝐹 �
3
4

,
1
4

; 2; 𝑧𝑧2� + 𝐹𝐹 �
3
4

;
5
4

; 2; 𝑧𝑧2��� 

𝑧𝑧 = 1 − 𝑦𝑦−2
 

𝛽𝛽𝐼𝐼 = ⋯ 

For circular profile, all functions can be explicitly written down



Puff-ups and BH microstates (1)
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 Standard 4D BH system

 Possible puff-ups:

D0,   D4(6789),   D4(4589),   D4(4567) 

D4(6789)
D0 D4(4589)

D4(4567)
                       

NS5(6789𝜓𝜓) 52
2(6789,45𝜓𝜓)

NS5(4589𝜓𝜓) 52
2(4589,67𝜓𝜓)

NS5(4567𝜓𝜓) 52
2(4567,89𝜓𝜓)

 

non-geometric

More exotic charges?

puff up

puff up

:  Well studied for microstate counting [MSW]



Puff-ups and BH microstates (2)
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 5D BH system

 Possible puff-ups:

M2(56),   M2(78),   M2(9A) 

puff up puff upM2(56)
M2(78)
M2(9A)

 

M5(789A𝜓𝜓)
M5(569A𝜓𝜓)
M5(5678𝜓𝜓)

 

53(789A𝜙𝜙, 56𝜓𝜓)
53(569A𝜙𝜙, 78𝜓𝜓)
53(5678𝜙𝜙, 9𝐴𝐴𝜓𝜓)

 

:  Well studied for microstate geometry
[Mathur] [Bena+Warner] [Berglund+Gimon+Levi]
[de Boer+El-Showk+Messamah+Van de Bleeken]

cf. black ring non-geometric



Puff-ups and BH microstates (3)

34

2-charge system

 Worldvolume theory:

 Higgs branch coming from intersection of two stacks

 Gravity:

 Fluctuation of 1-dimensional object

Sbrane = Sgravity
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3-charge system

 Worldvolume theory:

 More complicated Higgs branch from triple intersection

 Gravity:

 Fluctuation of 2-dimensional object?

— Exotic branes has just the right dimensionality

 Explains missing entropy in sugra microstate geometries?

[Bena+Warner] [Berglund+Gimon+Levi]
[de Boer+El-Showk+Messamah+Van den Bleeken]Sbrane = Sgravity ??
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 Exotic branes = non-geometries (U-folds)

 Exotic charges = U-duality monodromies

 Relevant even for non-exotic physics by supertube effect

 Unexplored exotic land out there awaiting us!

 Classification of exotic branes (bound states, etc.)
 Non-Abelian anyon statistics
 AdS/CFT
 Microstate non-geometries
 4D black ring??
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