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Introduction



[ J d=3,N =6
UN)x X U(N)
1 Chern-Simons-matter
Type IIA on SCFT
AdS4_ X CPB (ABJM thEOI"Y)
R~ (kN)Yoly, ~ (B)7* 1y, gy ~ N1/2512

» Low E physics of N M2-branes on C*/Z,,

» Can tell us about M2 dynamics in principle (cf. /' ~ N3/?)
» More non-trivial example of AdS/CFT



ABJ theory

» Generalization of ABJM [Hosomichi-Lee?-Park, AB|]
» UN{)i X UN,)_j;;, N = 6 CS-matter SCFT
» Low E dynamics of N; M2 and (N, — N;) fractional M2

» Dual to M on AdS, X S7/Z,;, with 3-form A
Hs(S7 /2y, L) = Iy

Seiberg duality
D UN 4D X UN) e = UN), X UN 4+ — 1)y
“ABJ tl‘ia|ity” [Chang+Minwalla+Sharma+Yin]

» Ny, k - oo with 1 = =2, N;: fixed
dual to Vasiliev higher spin theory!?



Localization & ABJM

» Powerful technique in susy field theory

Reduces field theory path integral to matrix model

Tool for precision holography (1/N corrections)

» Application to ABJM [Kapustin+Willett+Yaakov]
N

. N N3z =N
Large N: reproduces F N N>/%, =

[Drukker+Marino+Putrov]

1 .
All pert. N corrections [Fuji+Hirano+Moriyama][Marino+Putrov]

Wilson |OOpS [Klemm+Marino+Schiereck+Soroush]



ABJ: not as well-studied as ABJ;
MM harder to handle

Goal: develop framework to study ABJ

» Rewrite AB] MM
in more tractable form

» Fun to see how it works

» Interesting physics emerges!



QOutline &
main results



ABJ theory

» d = 3,N =6 U(Nl)k X U(NZ)—R CSM theOI‘)'

e
» Superconformal
» |IB picture
N D3
(1,k) 5 NS5 U(N), XUN +1)_y

[ D3



Lagrangian
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ABJ MM [Kapustin-Willett-Yaakov]

(W Aa(V)? (2, -2, 12)

=1 i

matter multiplets

R Vy — U,
Ag(p) = (2 sinh (M1 u")) Ag(v) = H (2 sinh ( 5 b))
1<i<j< Ny 2 1<a<b<N

A ( ) ﬁﬁ (2 h(/'l"i_VCL)) z_%(N%_Ng)
ch\W, V) = COS — =1 s
uu 2 Napi =N > me=sen

» Pert. treatment — easy
» Rigorous treatment — obstacle: Az



Strategy

“Analytically continue” lens space (S®/Z,) MM

9/4 )/l

a=1

i 1 dva ‘ 2~ (5
rens (N1, Na) _Mm/H"’ o A (102 At ()2 D, )26 70w (Zii i+ oz )

(NZ+N3)

b)
NiIN,!

-

Mens _

Perturbative relation: [Marino][Marino+Putrov]

| |

Simple Gaussian integral Explicitly doable!




Expression for Zjgns

T —E(N23N2 g
Zlens(ﬂ'rl. *’\"2)1.: = 3 5 (NT+N3) (j_)

+ -
S(Ny, Ny) = Z C]J_q q q
(NLN>) C;<Da a7 5o,

_2mi
g=e Ys=e k, N =N; +N,
» G,(N + 1;q): g-Barnes G function
(1~ DG, + 1) = ]_[N_l(l ~)"

j=1

» (I3, V,): partition of {1, ..., N} into two sets

={Cy, ..., Cn, }, Ny ={Dy, ..., Dy, },
Cl < e < CNl’ D1 < 0 < DNZ

g sV (1 _ )sNW-DG (N + 1;q) S(V;

5 j\r‘)

)



Now we analytically continue:

It’s like knowing discrete data

and guessing



Analytically cont’d Z,pg;

N1{+Ns
- — E(N2LN 1ar (N, — - (M—-1) :
Bt N, Nl =4 7(1\12+N§)(_1)§1\1(‘\1 1) 9—Ni (2(/ ) 3 (1_(1)M =1 Go(M + 1 )
711
N1

j\/l )
1 (j j.—f-l 1 . qsk sJ
3 i +qN1
\ z H (15J+1 H ]_ + q"k j 2
N

e 1 <k

271

M=N,—N; =20, g=e Is=e k
q-Pochhammer symbol:

(@Wn=1-a)A-aq) 1 —aq"™)

» Analytic continuation N, = —N, has ambiguity
criterion: reproduce pert. expansion

» Non-convergent series — need regularization



Zpy- Integral rep (1)

‘Vl +.’V~2

K (N N N N ~— N (-_L,- M -
_ '—.—(;\iq+;\22)(_1)%;\1(;’\1—1)2 N1 (/ ) 2 (1 . (j) 5 Gg(ﬁ\[%_ .I.:(j)

Ny

1 -1 [ =ds;
= :
Ny! H {2?1’ lsin(

N
\\
ke
\
'f": A\ \
[ /N \
M-2 —M-1 . \
- +—+—+—+ +j -
’ 1;/’
poles from # €
: P =
1/sin(ms) o
o

(¢ )m
H (—q%t)u H

j=1

2
(1  u q.s;_.—.sj)‘_)
(1 +(j.sk—.9j)2

1<j<k<N,

» Finite

» “Agrees” with the
formal series

» Watson-Sommerfeld
transf in Regge theory



Zapy- Integral rep (2)

N T N T ._i(,\r2+;\r2) 1w (N1—1) o—N s N1+M2 M(M—1) _
Zaps(Ni, No) = i~ 5ONF+ND) (_1)5MNi=1) 9-Ni (2 ) (1— @) 2 @o(M +1; g)
T
: H BYECN)) fla Ny | g s
\ i1 271 slll TS ) i1 (_quJrl)M 1< <k<N (1 —+ q-f"k—'f"j)g

» Provides non-perturbative completion

Perturbative (P) poles
from 1/sin(ms)

Non-perturbative /
(NP) poles, s~ gi X
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Comments (1)

» Well-defined for all g

» No first-principle derivation;
a posteriori justification:
Correctly reproduces pert. expansions

Seiberg duality

Explicit checks for small Ny, N,



Comments (2)

» M = 0 (ABJM) reduces to “mirror expression”

1 q@
Z(N) = tanh’
) QNN!/ QWkNHQCOShq H o

1<J

— Starting point for Fermi gas approach

» Vanishes for M > k

M-1
(1—q) Ll 1)C)(\[+ 1:q) = H (q)j =0 for ¢= E)—%

g=1

— Agrees with ABJ conjecture




Details / Example



N
. . KT AT s \ 2 _Laprnr2_- 1arin_- oy e oA
Ziens(N1, Ny = i~ 5VE+3) (;—,)2 g EVN-D (] _ ) INWV-DQL (N 4 1: ) S(Ny, N)
q ‘|‘q C] -I—(] X
swivy- Y[ S [T Lt
(N1, N2) C;<Dq D <C;
2Tl

g=e Is=e k, N =N;+N,

» (IV3, NV5): partition of {1, ..., N} into two sets

—_ {Cll ""CNl}' NZ — {Dll ...,DNZ},
C]_ < e < CNl’ D1 < e < DNZ
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N1:1

S(Ny, ) = Z H q% + ¢Pe H q"e +Q

(N, N&) C;<D, g —q" D.<c; 1 e —q%

N ={c}, M={1..,C—1,C+1,.. N, +1},

No+1

s = > [ AL T EE

o—1 C<a ¢ T o1 —4

21



No+1 No+1 No—C+1 - C'—1 :
q“ + ¢ q* + q“ I+ ¢’ g
NI - I Syl

£= 1C<a,q —q a<Cq _q

No+1 Na
—Y)No— C+1 N2 —n\" Y)n
- z< g -3 i
=1 (Q)NQ—C-{-I — i) Nz —n (Q)n ‘

How do we continue this N, - —N,?

Whatis (a)_, ?
Sum range depends on N,




g-Pochhammer & anal. cont.

Forn=1,2, ...,

(@Wn=1-a)(A-aq)A—aqg"™") = (e

! (aq™) e
For z € C,
_ (@
(@2 = lagna
In particular,
(@)oo 1-q)(1—-q?)

COo

(Q)—n = (ql_")oo - (1 o ql—n)(]_ _ qZ—n) (1 — CIO) -

(=) n_n (—q), 2N extend sum range

(@)n2-n (@n  Good for any N, € C ©

(]G

|:> S(1=N2) —

I
o

n
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Comments

» q-hypergeometric function

» Normalization

Ziens(1L, Np)y = _J :> Ziens(1, —Np)g =

I'(1-— Nz) j

Need to continue “ungauged” MM partition function

Also need e-prescription: N, - —N, + €

24



(00] k (00)
Lin(2) = ) 0 Lig(=D = ) (~D%"
k=1 k=1

pd

=§gs +@gs +

25

1 1 Reprod t
3 / pro uces per . expn.

of AB] MM



Perturbative expansion

lens

N3  N2N. N:N2 N3 N N
Eens(\l N. ) Ftree(\ -4"\'?2):-9'5(_1-'_ - 2+ - 2+ S : 2)

19 4 4 12 12 12
N% N3N, N2ZN2 N3N, N! N2 NN, N2
1+ g fs 4 1542 4+ 2 : 1 58 2+Y1 i 2 _ 1 £ 1. 2 . 2
288 48 16 48 288 288 | 48 288
o gl Nf  NPN, N{NZ 5NEN3 NEN; NN NS
s\ 786400 7680 1536 1152 1536 7680 86400

Nt | TNEN, N2N} TN,N} L N} N} NN, N
34560 4608 768 | 4608 | 34560 57600 960 57600

cgo( NP NINa  NONP  NPNG TNING  NPNG NENG NN NG
s\ 10160640 * 645120 ' 92160 ' 92160 ~ 9216 92160 92160 ' 645120 10160640
__ NP NiNe N{NP NIN} NiN{ NiNj o N§
2177280 ' 92160 2304 27648 2304 ' 92160 2177280
‘e \ L NPN, | NPNR NN NS N2 NN, N
20 " 11520 '~ 3840 | 11520 ' 1451520 3048192 12006 3048192
. NJO ITNPNy  1TNPN?  NIN | OTNPNY  2821NPNF | OTN{Ng
9\ ~ 50012000 ~ 7131752140 8 575360 774144 | 4423680 14745600 | 4423680

N3NJ  17N2N} 17N, NP Njo N§ 20N7N,  259NSNZ
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41472000
S53NPNy  MSTNING  S3NGNP L4STNPNY | SS3NNF  Nf N
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23N}N; | 325NZNE 23NN} N} N} VNN, M

37158012 3006576 37158012 N 34836480 82944000 1382400 829440()()) '
26



Integral rep

A way to regularize the sum once and for all:

00 s+1 = 100—€ s+1
()N, 1 (—1)° :> —i rds | (¢ )N,-1

s=0 (_qs+1)N2—1 2008 f_foere SiIl(ﬂ'S) (_q3+1)N2—1

15

» Reproduces pert. expn.

—1 (7€ mds 1 —2ntt
n

n+1
(00]

—_— S _—
270 ) _joo— SIN(TTS) n+1

9

= Li_p(=1) - 2(—1)”5"
s=0

» But more!

27



Non-perturbative completion

N1 4 k )

X .
(") N1 (s + g » polesat s =5 —J
(— s+1)2 = ][ tan ( 2 /) = i ;
q"" " )Ny—1 e P zerosat s=k—j
\_ j=1,..,N, —1 )
I 1 .
s . S~k~g—2 non-perturbative
S

» Integrand (anti)periodic
s=s+k

Res P Integral = sum of pole
residues in “fund. domain’

» Contrib. from
both P and NP poles

, i
- N -1 |

’

fund. domain



Contour prescription

k large enough:

k
5~ Nz+12 0

k smaller:

k
5~ N2 +1<0

» Continuity in k fixes prescription
» Checked against original AB] MM integral for N, = 2,3



N, > 2

» Similar to Ny = 1
» Guiding principle: reproduce pert. expn.

» Multiple g-hypergeometric functions
appear

30



Seiberg duality

Passed perturbative test.
What about non-perturbative one!

U(N"‘l)k X U(N)_k — U(N)k X U(N"‘ |k| — l)—k

N k| — !

(1,k) 5 © NS5 (1,k) 5 NS5
&///
z

Cf. [Kapustin-Willett-Yaakov]

31



Seiberg duality: Ny =1
U X UN2) - = U(Q) i X U2 + |k| = N2)g

Partition function:

Zaps(1, No)i = (2|k]) ™' Zgg(Ny — 1)x I(1, Np)j, e

M = 7Tj ol
Zos (M) = |k|™2 H (28111 m)

j=1

No—1
| T ds (s + D)
I(1, Ny)p : = ——— t
(L, Nefi 2= —o5 | im(ms) 1] a“( % ) |

=il

0(1, Ny = —%NQ(NQ —1)(Ny — 2).

32



U(1)s X U(3)_5 (original)

» Integrand identical (up to shift), and so is integral [ v’
» P and NP poles interchanged



» Integrand and thus integral are identical \/

» P and NP poles interchanged, modulo ambiguity



Conclusions



Conclusions

» Exact expression for lens space MM

» Analytic continuation:
Zlens(Nb NZ) 2 ZAB](Nl; NZ)

» Got expression i.t.o. min(N;, N5)-dim integral,
generalizing “mirror description” for ABJM

» Perturbative expansion agrees

» Passed non-perturbative check:
Seiberg duality (N; = 1)

36



Future directions

37

» Make every step well-defined;
understand g-hypergeom

» More general theory (necklace quiver)
» Wilson line [Awata+Hirano+Nii+MS]

» Fermi gas [NagoyatGeneva]

» Relation to Vasiliev’s higher spin theory

» Toward membrane dynamics!?



Thanks!



