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Fluctuations

O Fluctuations reflect properties of matter.
O Enhancement near the critical point
Stephanov,Rajagopal,Shuryak(’98); Hatta,Stephanov('02); Stephanov(’09);...
[ Ratios between cumulants of conserved charges
Asakawa,Heintz,Muller(’00); Jeon, Koch(’00); Ejiri,Karsch,Redlich(’06)

O Signs of higher order cumulants
Asakawa,Ejiri, MK('09); Friman,et al.("11); Stephanov(’11)
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Fluctuations
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Fluctuations

Free Boltzmann = Poi
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Conserved Charges : Theoretical Advantage

O Definite definition for operators ==

- as a Noether current
- calculable on any theory
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Conserved Char_ges : Theoretical Advantage

O Definite definition for operators ==
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O Simple thermodynamic relations

1 o"Q
ONT) =
ONC) VITn=1 oun

- Intuitive interpretation for
the behaviors of cumulants

1 O(SN2)
VT2 8”3

ex: (ON3) =




‘ Fluctuations of Conserved Charges

. . Asakawa, Heintz, Muller, 2000
O Under Bjorken expansion Jeon, Koch, 2000

t Shuryak, Stephanov, 2001

m z . 47

[ Variation of a conserved charge in An is slow,
since it is achieved only through diffusion.

»

Primordial values can survive until freezeout.
The wider An, more earlier fluctuation.




Charge Fluctuation @ LHC
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[ (6N3) is not equilibrated at freeze-out at LHC energy! ]




An Dependence @ ALICE

ALICE
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An Dependence @ ALICE

-------------------------------------
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I An dependences of fluctuation observables
encode history of the hot medium!




<oNg®>and < oN,?> @ LHC ?

|

(0NG), (0NB), (N,)

should have different Any dependence.
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<éNQ4> @ LHC ?

~

How does ((5Né)c behave as a function of An?
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‘ Hydrodynamic Fluctuations

Landau, Lifshitz, Statistical Mechanigs Il
Kapusta, Muller, Stephanov, 2012

Diffusion equation

[ &rn:D@%n ]

)

Stochastic diffusion eqguation

[&,n = D@gn + 0, &(n, 'r)}




Hydrodynamic Fluctuations

Landau, Lifshitz, Statistical Mechanigs Il
Kapusta, Muller, Stephanov, 2012

Diffusion equation

L &rn:Dagn }

)

Stochastic diffusion eqguation

[&rn = D@gn + 0, &(n, T)J

Conservation Law Fick’'s Law

On=—0p) || j=—-Don+¢



Fluctuation-Dissipation Relation

[&rn = D@gn + 0 &(n, T)J

Stochastic force

" O Local correlation (&(n,T1)E(N2, T2)) ~ d(m — n2)d(11 — T2)
_ (hydrodynamics)
O Equilibrium fluc. (6Q(t)?) — x2An An
- Q) >Hoo Q(T)=/O dnmn(n, )

X2 : susceptibility

e

[<£(k1,7'1)£(k2,7‘2)> — @5(]& + k2)6(7‘1 — TQ)J

D




A?] Dependence Shuryak, Stephanov, 2001

" O Initial condition: (5n.(11,0)0n(12,0)) = 598(11 — 1)

1 Translational invariance

—

»{ (0Q(7)?) = 02 F2(X) + x2(1 — F2(X))

initial equilibrium

Initial

0.8 |
Q 0.6
o™
04

0.2 _

[ ilibri @) - —— @’
; | | equilibrium RPN
0 1 2 3 4 5 . @ _ =,

X ~ T @ e @




A?] Dependence Shuryak, Stephanov, 2001

" O Initial condition: (5n.(11,0)0n(12,0)) = 598(11 — 1)

1 Translational invariance
2 An
B (001 = 022(X) + xall — Fa(X)) | Q(r) = / dnn(,7)
initial equilibrium 0
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Non-Gaussian Stochastic Force ??

{&Tn — D@gn + 0, &(n, T)J

Stochastif Force : 3rd order

—

O Local correlation (§(n1, 71)&(n2, 72)§ (03, 73))
(ETORAMIES) 611 — 1) (112 = 13)8(71 = 72)6 (2 = 75)

O Equilibrium fluc. (6Q(t)°) — x3An

- t — o0

An
Q(7) = /0 dnn(n, )

X3 : third — moment



Caution!

O (§(k1, m1)E(ka, m2)E(ks, T3)) = N o Pl (k1 + ko + k3)
[ diverge in long ><5(7-1 — 7-2)5(7-2 — 7-3)
wavelength

1 No a priori extension of FD relation to higher orders



Caution!

O (E(k1, 71)8(k2, 2)E(k3, T3)) = " hikaks (k1 + ko + k3)
[ diverge in long ><5(7-1 — 7-2)5(7-2 — 7-3)
wavelength

1 No a priori extension of FD relation to higher orders

4 )

Markov process-continuous variable
0 Theorem

. =» Gaussian random force |

cf) Gardiner, “Stochastic Methods”

[0 Hydrodynamics B Local equilibrium with many particles
m) Gaussian due to central limit theorem



Thee “NON"s

Physics of non-Gaussianity in heavy-ion
collisions is a particular problem.

Non-Gaussianitiy Is

O Non-Gaussian | .
Irrelevant in large systems

fluctuations observed so far

O Non-critical do not show critical enhancement

o Non_equi"brium Fluctuations are not
equilibrated



Diffusion Master Equation

Divide spatial coordinate into discrete cells

MNyp—1 Ty

)

(

probability
P(n)

\

J




Diffusion Master Equation

Divide spatial coordinate into discrete cells

4 )
" ‘nx_'l‘ " an+1 Tiw+2‘ ‘ probability
NRT Pl
v
(Master Equation for P(n) )

\_ — 2n,P(n)]

P =7 Y+ 1) {5 = 1)+ Pt 7 - )

x-hat: lattice-QCD notation J

Solve the DME exactly, and take a=>0 limit

No approx., ex. van Kampen’s system size expansion



Solution of DME

(ng)(t) = e_wkt<ffbk>o wi ~ va’k?

L initial
Deterministic part follows diffusion equation
at long wave length (1/a<<k)

O (ns(t)) = vady(n.(t))
B » Appropriate continuum limit with ya?=D

_—




Solution of DME

(f) () = e~ “*"{fg)g wr = va°k?

L initial
Deterministic part follows diffusion equation
at long wave length (1/a<<k)

O (ns(t)) = vady(n.(t))
B » Appropriate continuum limit with ya?=D

_—

<5ﬁk1 5ﬁk2>(t) :<ﬁ’€1+k2>0(e_w’cl+k2t — 6_(wkl+wk2)t)

+ (87, 0T, Yo~ (Whr FWrs )t

Consistent with stochastic diffusion eq.
for sufficiently slowly-varying initial condition.



Total Charge IN A7_7

An _ % — X k? /1 ik(z+2)
[@(ﬂ— / dnn(n,ﬂ] 1@X)= [oze ™ ), e
0

dz(n(z))olan(z

— —

(6Q°) (1) = | dzidza(6n(z; )0n(22))olan (21, X )Ian(22, X)
+/ A(n(2))o(Tag(2, X) — B2, X)

(5Q%)(t) = -- X =5




Net Charge Number

Prepare 2 species of (non-interacting) particles

o/ ®0| ® |%¢
I
_ An
0 — / dn (na () — na(n))

>
X

Let us investigate

Q%) (Q*). at freezeout time t



Initial Condition at Hadronization

gu—

0 Boost invariance / infinitely long system

O Local equilibration / local correlation

O Initial fluctuations
<Q2>c <Q4>c <Q2Q(tot)>c (Q%tot)>c

*

*

suppression owing to strongly dependent on
local charge conservation | | hadronization mechanism




An Dependence at Freezeout

<Q2>c — <Q4>c —

{ Initial fluctuations:

<Q2Q(tot)>c =0 ]

1

0.8

0.6

0.4 |

0.2 1

U n

-0.2

‘:Q( E}C [ <Q tot)=
":Q(net “>c 1 <Qion>




<éNQ4> @ LHC
 « boost invariant system

Assumptions - < tiny fluctuations of CC at hadronization
 short correlaition in hadronic stage

14

Suppression of

Ah-order cumulant is

anticipated at LHC energy!
] O

do5

I T T TR TR T TR TR -.15




An Dependence at Freezeout

|

Initial fluctuations:

<Q2>c — <Q4>c —

<Q2Q(tot)>c — 0-5<Q(tot)>]

1 =

0.8

‘:Q( E}C / ﬂ:Q tDt] I
":Q(net “>c 1 <Qion>

0.6 _____c::T__—___—____ <Q(t0t)>
- c:=f)_.7..’:_____—_ t_
0.4 | —
c=0
0.2 .
0 1 4 5 6




Summary

-

Plenty of physics in
An dependences of
various cumulants
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Physical meanings

of fluctuation obs.
IN experiments.
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Diagnozing dynamics of HIC

O history of hot medium

0 mechanism of hadronization

1 diffusion constant
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[ Search of QCD Phase Structure ]




Open Questions & Future Work

0 Why the primordial fluctuations are observed only at the
LHC, and not the RHIC ?

[0 Extract more information on each stage of fireballs using
fluctuations

] Model refinement

O Including the effects of
nonzero correlation length / relaxation time
global charge conservation

[0 Non Poissonian system < interaction of particles



‘ Evolution of Fluctuations

thermalization hydro

hadronization freezeout

Fluctuation
In initial state

Time evolution
In the QGP

approach to HRG
by diffusion

volume fluctuation

experimental effects
particle missID, etc.



Chemical Reaction 1

k
[ X = A J X: # of X
% a: # of A (fixed)
4 5 A
Master eq.: aP(a;-, t) =koaP(x — 1,t) + k1(x + 1)P(x + 1,1)
— (k1z + koa)P(x, )
- Y

/” Cumulants with fixed initial condition P(z,0) = 6, , )

(z(t)) = Noe ™t + N, (1 — e F1?)
2) _ No(e—klt . €—2k1t) + Neq(l . e—klt)
No(e—klt . 36—2k1t _|_ 26—3k1t) + Neq(]- . e—klt)

\_ initial equilibrium ~_/

w
~
I




Chemical Reaction 2

Higher-order
cumulants
grow slower.
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Charge Fluctuations @ STAR-BES
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\_

g Baryon vs Proton Number

Fluctuations

MK, Asakawa, PRC85,021901C(2012); PRC86 , 024904(2012)

~

/

<5N£’>c <5N1?>C

T ONgY. T 5N,

O (ON3). are experimentally observable



Nucleon Isospin as Two Sides of a Coin

W
® @

Nucleons have
two Isospin states.

MK, Asakawa,2012



Nucleon Isospin as Two Sides of a Coin

a coin

Nucleons have Coins have two sides.
two Isospin states.

MK, Asakawa,2012



Slot Machine Analogy



Extreme Examples

Fixed # of coins Constant probabilities

N

Ne




Reconstructing Total Coin Number

4 )

Pg (Ng )= z@: P@ (Ng)B12(Ng iNg)

J

B,(k;N) = p*(1 —p)N =% L.Cx :binomial distr. func.



Nucleon Isospin in Hadronic Medium

» Isospin of baryons can vary after chemical freezeout
via charge exchange reactions mediated by A(1232):

p,m _> Di ['=3/2
S A(1232) ~ [' >~ 1.8 [fm]
| DT L | I I |||||||‘ T
o ﬁ’*(‘/ 200mb=20fm?2 |~ e
o 10 . s s
QO ;
O i
@ |
7 |
0 |
N |
O i
B 10



A(1232)

-
P+7T+_—>3/ ATT——p+m

n+naxt_I— 1 4+ 7"

n+xd 1 in—l—wo
@+W’——>A_ n+w)

decay rates of A

cross sections of p

)

0




A(1232)

cross sections of p
e

[p+w+34> APt —— p4 7t
4 )
p+m Tls _I?pJ”TO p+m— ATV
+j N +
n—l—’n_ ln—l—w_ jl> Spin
n4+ad Ly -+ 7Y ______ = Y
\n—kw—% AT ‘/ﬁn—l—w_j

decay rates of A



A(1232)

-
p+w+_—>3/ ATt—— p+m

cross sections of p
e

)

p—l—'ir =E = p—|—7T0
n—|—7r+j _\ln—l—wJr

p_i_ﬂ-_'?“_) AO _,?p_l_ﬂ_—
n4+ad _lrln—l—wo

\n—kw—% AT ‘/ﬁn—l—w_j

decay rates of A

Lifetime to create A* or A°

APk g
1 = /—30'(Ecm)v7rn(E7r) é

(27) =

(freezeout time) ~ 20[fm] ” 3 |

= Lpin

4 )
p—|—7T—>A+’O

= 5:4

\_

BW for ¢ & thermal pion

130 140 150 160 170



Nucleons In Hadronic Phase time

Vv

ol
° o H
o e o
- o

]
°c 0%,
Nl S S
c| ™ "G
Ol E 10~20fm =
g -
' O < ny < 1
- N * rare NN collisions
— D, P @ mesons * NO guantum cofr.
— 1, @ baryons ny < Ny
- A(1232) ) * many pions




Probability Distribution P(N,, Ny, N5, Ny )

$ * 0@ - o (]
° ° *® o0 o 2
"Q 3 o & ?a“ ‘ v
2® 3 + b -

O

——> N nucleons

- = > Ny anti-nucleons

=) F(Nn,Ny)

N, protons
O Nw

NN,, neutrons

binomial distribution func.

=) B(N,; Ny)
1 Detector \ —
e
P(Np,Nn,Np,Nﬁ)
= F(Nn,Ny)B(Ny; Nny)B(Np; Ny)

\

J

» for any phase space in the final state.




Nucleon & Proton Number Fluctuations
(6N,)?)
Np Nn
Ny ((6NN)?)

o

ne 1 ne 1 O
((ON")%) = {ONY)?) + 2 (NN™)

(BNN')?) =4((BN"V)?) — 2(N{*Y)

—

~

p
» for isospin symmetric medium For free gas

. effect of isospin density <10% ((ONre)?) = ((5N (et))2y
« Similar formulas up to any order! /




3d & 4t Order Fluctuations

(Mo = N |

ne 1 ne 3 ne (@)
(BNSDY) =2 (ONG™)?) + SONG NG ™),

ne 1 ne ne O
(BN e =2 (BN + SUONG™) 6N )

3 (tot)\2\

co| W

1 0
é(N](Bt t)>7

(%)

<(5N]gnet))3> :8<(6N(net))3> . 12<6N1gnet)5ngtot)>
4 6< (net)>’
<(5N](3net))4>c :16<(5N}gnet)) >C o 48<(5NI()net))25N]gtot)>
+ A8 ((SN")2) + 12((SNS)2) — 26(N L),

p



Difference btw Baryon and Proton Numbers

f p
(1) Nglet) — Ny — Ngzdeviates from the equilibrium value.

\(2) Boltzmann (Poisson) distribution for Ng, Nj. )




Difference btw Baryon and Proton Numbers

e
(1) Nénet)

\(2) Boltzmann (Poisson) distribution for Ng, Nj.

= N — Npzdeviates from the equilibrium value.

~N

J

»<

_—

~——

D((ENS)2) S (NG (V™)) e
2((ON"9)?) %«m];“e”)% + S(ONE™) e
(BN, 4 UENE™) ] +

genuine info.

For free gas
2((SN{N)™) . = (NG

|




Strange Baryons

Decay Rates:

ma ~ 1116[MeV]

>p:n>~1.6:1

. ms: =~ 1190[MeV]

> p:n~1:1.8

Regarding these ratios even, protons from these decays

Decay modes:
A j p+7T 64%
Lo+ 36%
T L n+nT 48%
p+7T 64
$0sp = 0 64%
L on+7Y 36%
N n—+mT
\_

IS Incorporated into the binomial distribution. Then, Ny=>Ng




MK+, in preparation

Secondary Protons

Secondary (knockout) protons
20% of observed protons @ STAR

0.2 T I T

i Au+Au 0-5%, 0.40 < p <0.45 GeVic ]

i op — pfitted 1
— 0.5 °fF - P scaled N
= I A bkgd: 0.004( 1-¢ ¥ )**
3] - g y?/ndf = 1.13 ]
= o1 i |
cl B % g ]
S S i
Z  0.05Ham b . N
© N 1

—é:l 5 - !‘“hﬁmm i

] -'|" 1 Il

%

Measurement STAR, PRC79,034909(2009)




Secondary Protons

MK+, in preparation

Secondary (knockout) protons

dN/d(dca) [cm™]

Measurement

0.2

o
iy
[3))

e
—

0.05:—D

20% of ob

served protons @ STAR

Au+Au 0-5%, 0.40 < P, < 0.45 GeVic |
o p — p fitted ]
°P e B sCaAlEd ]

------ bkgd: 0.094{ 1-¢%°"%)*¢
y2/ndf = 1.13 ]

STAR, PRC79,034909(2009)

(Their contribution can be eliminated!

\_

(ONSAEENM) e = (N7 —

. (BN

h <N1and)>
Nzg2nd)>
J




