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Lattice QCD

First principle calculation of QCD
Monte Carlo for path integral

hadron spectra, chiral symmetry, phase transition, etc.



Gradient Flow

8SYM Luscher, 2010

0A,

8,5Au (t, .CC) —

A powerful tool for various analyses on the lattice
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i l ] - nontrivial observable
(v on the lattice

@ Definition of the operator is nontrivial

because of the explicit breaking of Lorentz symmetry

1
ex: Ty = FypFyp = 70, FF

Ly —

@ Its measurement is extremely noisy

due to high dimensionality and etc.
the more severe on the finer lattices
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stem from small lose

N %k oK

[0 miss the wood for the trees
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Thermodynamics

direct measurement of

expectation values -

If we have

Ly



Thermodynamics Fluctuations and
direct measurement of Correlatlons

expectation values‘ O viscosity, specific heat, ...

(Too): (Ti) | {7 i 71 = ;™ t(Tics Tiz)
| Cy ~ <5T020>




Thermodynamics Fluctuations and
Correlations

direct measurement of

expectation values .~ =~ viscosity, specific heat, ...

(Too)s (Tii)

» vacuum cOnfiguration
> mixed state on 15t transition

Vacuum Structure




Themodynamics: Integral Method

e N
e—3p
directly observable
Y

£ :energy density

D :pressure
N




Themodynamics: Integral Method

4 _ h
£ :energy density e—3p
P :pressure directly observable
. J
Boyd+ 1996
/T _ € —3p
or 1!
p _ [ e
T4 T T5 » measurements of e-3p for many T

> vacuum subtraction foreach T
> information on beta function



Gradient Flow



YM Gradient Flow Luscher, 2010

8tAu(t, CE’) — 8SYM

' 614“ Au(0,z) = Ay(z)




YM Gradient Flow Luscher, 2010

ISy M
9A, A0 =4

atAu (tv ZU) —

[ transform gauge field like diffusion equation
oA, = D,G,, =0,0,A4,]+ -
O diffusion length  d ~ /8¢

[ This is NOT the standard cooling/smearing
O All composite operators at t>0 are UV finite LuescherWeisz,2011
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graining

[ This is NOT the standard cooling/smearing
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Small Flow Time Expansion
of Operators and EMT

1%



original 4-dim theory

Small t Expansion

e

O(t,x) —

t— 0

Luescher, Weisz, 2011

ci(t)O;" (x)




ConStru Ctl ng E MT E)L;T;I;il;kz)%?gatelIa,Rago,2013

Oft.x) — 3 ()0 @)

>
) i @(t, ) t
0 gauge-invariant dimension 4 operators
B 1
Uw(t,z) =Gt z)G,(t,x) — —0,,Gu(t, )G (t x)

4

1
E(t,x) = Z(SWGW(t,x)GW(t,x)

—



COnStrUCting EMT 2 Suzuki, 2013

Unlt,2) = ) | 71 )

E(t,z) = (E(t,z)) + ag(t)T,,(z) + O(t)

Suzuki coeffs. =

o

—

1
_ Z5“,,51”};;?;(:1:)] + O(t) —
O(t, x)
t) = ¢® [1 + 2bgs1> + O(g*
. 91[ i o) g=9(1/V8t)
ap(t) = T 1+ 2bgs2g” + O(g%)] s, = 0.03296. ..

so = 0.19783 ...



COnStrUCting EMT 2 Suzuki, 2013

1
4

Uw(t,x) =ap(t) [Tfy(a:) 6WT§)(:U)] + O(t)

E(t,z) = (E(t,z)) + ag(t)T,,(z) + O(t)

o

OdU(t) = g2 [1 S 2b08192 + 0(94)}
Suzuki coeffs. - 1 ) o 9= e/vED
ap(t) = T 11+ 2bos29” +O(g")] s, = 0.03296. .
- 59 = 0.19783 ...
Remormalized EMT
TRV(;U) — lim LUW (t,z) + Opr E(t, x)subt
H t—0 | ay(t) 4o (t) '



Numerical Analysis: Thermodynamics

Thermodynamics

direct measurement of
expectation valu;es‘_ T




Gradient Flow Method

. f' = ;;,'}. A
_Llulli “ ﬁi /]\,?%— jt ” S iy 8 ,?#

analytic
(perturbative)

o

continuum theory
(with dim. reg.)




Gradient Flow Method

1 13 e b2/
—LIM!Z KNMg KR

e ,.14-".'
measurement
on the lattice

analytic
(perturbative)

—

continuum theory
(with dim. reg.)




Caveats /Gauge field has to be\

sufficiently smeared!

a < /8t

i ’lgVPerturbative relation\» Beden
1 has to be applicable! g

q/8t < A—l T—l measuremeﬁt
\ ’

on the lattice

N

analytic
(perturbative)

o

continuum theory
(with dim. reg.)




Caveats /Gauge field has to be\

sufficiently smeared!

a <K V8t

_éaugVPerturbative relation\» - . w
{ has to be applicable! e
\/ —1 p—1 measurement
8t < A7, T .
-

\/_/ on the lattice

analytic
(perturbative)

O

N

continuum theory
(with dim. reg.)

a < V8t < A1




. 1 5y

Tm/(t) — —U,W(t) + 4aE(t)

TE =1lim T, (¢
OJU(t) E(t)subt. v 11 H ()

t—0

~

<TLW (t>> in continuum non-perturbative

A region
TI?/  —— —
(L) :

O(t) effect

classical




. 1 5y

To(t) = s U )+ 255

TE =1lim T, (¢
OJU(t) E(t)subt. v 11 H ()

t—0

~

<TW, (t>> in continuum non-perturbative

A region
T e
(L) :

O(t) effect

classical

on the lattice

O t—=>0 limit with keeping t>>a?



Numerical Simulation

» SU(3) YM theory
» Wilson gauge action

twi :
'Ce fina, lattice

Simulation 1 Simulation 2
(arXiv:1312.7492) (new, preliminary)

* lattice size: 323xN,
Nt=6, 8, 10
B=5.89-6.56
~300 configurations

lattice size: 643xN,
Nt =10, 12, 14, 16
B=64-7.4

~2000 configurations

<_=

using SX8 @ RCNP using BlueGeneQ @ KEK
SR16000 @ KEK efficiency ~40%



g-3p at 1=1.657T_

_ 1 5, T =1lim T, ()

TMV (t) — MUMU (t) -+ 4O{E(t) E(t>subt. o t—0

\/@ — 20/ : over

:smeared

_ 2a > sqrt(8t)
25 A -
for Nt =10—1 : |

|
for Nt =8 —>! |

I
Far N+ —6—>l

" 15
1 .

60 beta=6.20 Ne=6 : (" | )

TopmsNet Emergent plateaull

0.1 0.2 0.3 0.4 5 —1

BT 2a§\/8t§0.4T

\_ ),
Nt=-,2,10 the range of t where the EMT

~300 confs. formulais successfully used!



e-3p at 1=1.65T_

R .
= o 1 5”1/ T,uJV — %E}(l) ﬂil/ (t)
TMV (t) — m Ulﬂ/ (t) -+ 40{E(t) E(t>SUbt- /

V8t = 2a I over t>0

:smeared

_ 2a > sqrt(8t)
25 ] o1
for Nt =10—1 : |

|
for Nt =8 —l :

f N+ —A—al

1 .
6—>0 beta=6.20 Nt=0 : [
sabaodNes | Emergent pla
0.1 02 03 04 5 —1
BT 2a < V &t < 0.47T
\_ ,
Nt=6,8,10 the range of t where the EMT

~300 confs. formulais successfully used!



Entropy Density at T=1.65Tc

4 p
Emergent plateaul!

2a < V8t < 0.4T 1
g J

Nt=:,>,10 2N _ R
~300 confs. Direct measurement of e+p on a given T!

NO integral / NO vacuum subtraction
N Y,




Continuum Limit

B 323xNt
Nt=6,6 8, 10
T/Tc=0.99, 1.24, 1.65

Boyd+1996

)
0 0005 001 0015 002 0025

1Nt

V8T
0.4




Continuum Limit 0.4

B 323xNt
Nt=6,6 8, 10

Boyd+1996

A 4

T/Tc=0.99, 1.24, 1.65 0

o)

)
0 0005 001 0015 002 0025

)

1/
Comparison with
previous studies



Numerical Simulation

» SU(3) YM theory
» Wilson gauge action

twi :
'Ce finey lattice

Simulation 1 Simulation 2
(arXiv:1312.7492) (new, preliminary)

* lattice size: 323xN,
Nt=6, 8, 10
B=5.89-6.56
~300 configurations

lattice size: 643xN,
Nt =10, 12, 14, 16
B=64-7.4

~2000 configurations

=

using SX8 @ RCNP using BlueGeneQ @ KEK
SR16000 @ KEK efficiency ~40%



Entropy Density on Finer Lattices

T=2.31Tc
643xNt
e Nt = 10, 12, 14, 16
2000 confs.
[0 The wider plateau on the finer lattices

FlowQCD,2013
T=165Tc

[ Plateau may have a nonzero slope



Continuum Extrapolation | _, ...

(e — 3p)/T*

(e +p)/T*

0.002

0.002

0.004 0.006 0.008 0.01 0.012

0.004 0.006 0.008 0.01 0.012
1/‘N_T2

e 2000 confs
e Nt=10"~16

a—2>0 limit with fixed t/a?

Continuum extrapolation
is stable



Summary

T, (@)



Summary

EMT formula from gradient flow

TR (ZL‘) = lim [LUW(t,:E) + Our E(t, T)subt.

t—0 | (t) 405E(t)

This formula can successfully define and calculate the
EMT on the lattice. It’s direct and intuitive

Gradient flow provides us novel methods of various
analyses on the lattice avoiding & /> & X problem



Th‘ern%ﬁ,/r\/mffgs/ . Fluctuations and
) e @r,rrelations

direct measurement of

expectation values _— ;»{;f wscomf Q(rl (éZ
00/

-"V / = <T12; T12)

f
h

|

v

» vacuum configuration
» mixed state on 15t transition

Vacuum Structure

Other observables O(a) improvement
full QCD makino,Suzuki, 2014 Nogradi, 7E(Thu); Sint, 7E(Thu)
non-pert. improvement Patella 7E(Thu) Monahan, 7E(Thu) and etc.



Numerical Analysis: EMT Correlators

Fluctuations and
Correlations

viscosity, specific heat, ...

n= [y dit(Ti2;Ti2)
Cy ~ <5T020>




EMT Correlator

O Kubo Formula: T,, correlator € -2 shear viscosity

00 1/T
y — / it / i / P (Tha(z, —i7)Tia(0, 1))
0 0

» Hydrodynamics describes long range behavior of T,

O Energy fluctuation €2 specific heat

(0£7)

VTV




EMT Correlator : Noisy...

With naive EMT operators
(Th2(7)T12(0)) (T (7)1, (0))

107
10°
10°

107

8
10 0 1 2 3 4 5 6 7 8

Nakamura, Sakai, PRL,2005 Nt=16

N=3 standard action

|mproved.act|or.1 5x10* configurations |
~10° configurations ... N0 signal



Energy Correlation Function

(Too(7)To0

7‘<2\/27t

smeared

(0))/7°

t/a§=1.3 ——
t/a=1.6 —&—

@l ‘ t/a°=1.9 —A&—

141

T=2.31Tc
b=7.2, Nt=16
2000 confs
p=0 correlator



Energy Correlation Function

= T=2.31Tc
(Too(7)T00(0))/T h=7.2, Nt=16
2000 confs
p=0 correlator

O t independent const.
—> energy conservation

7‘<2\/27t

smeared




Energy Correlation Function

= T=2.31Tc
(Too(7)T00(0))/T h=7.2, Nt=16
2000 confs
p=0 correlator

[ specific heat
_ (5E%)
V1=
— Novel approach to
measure specific heat!
Gavai, Gupta, Mukherjee, 2005
cy /T3 =15(1) T/T.=2
—18(2) T/T.=3

differential method / cont lim.

Cv




